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Abstract	
wing to the problems caused by propellers, research has turned to the biological world 
for inspiration for non­propeller propulsion.  Rays were chosen for further study and it 
was found that a key feature of their swimming is the asymmetric­in­time movements of their 
pectoral fins.  The main goal was to determine whether asymmetric­in­time oscillations 
produced a larger resultant force.  Two flexible fins were used (NACA and biomimetic stiffness 
profile “BIO”).  Asymmetry was defined by the proportion of the time period taken to effect one 
half­stroke.   
The experiments showed that at low frequencies, asymmetric oscillation produced greater 
resultant force and that this force was at an angle to the chord of the fin at rest.  At high 
frequencies, the BIO fin produced lower resultant force when oscillating asymmetrically and 
the angle of the resultant force was the same as for the symmetric oscillations.  There was no 
difference between the resultant force magnitude or direction produced by the NACA fin at 
high frequencies.  More power was used when oscillating asymmetrically but the force 
efficiency, the resultant force per watt, was often the same for symmetric and asymmetric 
oscillations. 
The trailing edge kinematics of the fins were analysed.  Some of the kinematics variables 
correlated with the resultant force magnitude independently of fin type. 
The wake structures behind the fins oscillating at two different frequencies were examined.  The 
wakes were geometrically asymmetric behind both fins oscillating asymmetrically at low 
frequency.  At the higher frequency, the wakes behind the asymmetrically oscillating fins were 
no different to their symmetric counterparts. 
Asymmetric­in­time oscillation is suggested as a method of effecting turning manoeuvres and 
forward propulsion with only one motor.  Despite the increased energetic cost, asymmetric­in­
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Chapter	I	- Introduction	
ropulsion through fluids is most often achieved using propellers, however, whilst they are 
effective propulsion units, propellers have multiple disadvantages.  A propeller produces thrust 
by converting a mechanical rotation of the blades into the translation of fluid along the axis of 
rotation.  However, the fluid continues to rotate long after it has passed the blades.  This rotation is 
not necessary for the forward motion of the craft and so energy is wasted.  For underwater 
applications of propellers, the residual water movement not only wastes energy but it can have 
negative impacts on the surrounding environment.  The erosion of delicate structures, such as coral, 
soil and aquatic habitats, can lead to animal and plant deaths as well as changing the physical 
landscape.   
In addition to the potential damage caused, propellers can create high levels of noise.  At best 
propeller noise can be considered an unwanted by­product; however noise has ramifications for any 
submersible attempting to operate covertly since each propeller set generates a signature noise 
pattern that can reveal information about the craft. 
These disadvantages can be overcome, or at least mitigated, if propellers, and other rotating devices, 
are avoided.  To this end, the natural world is being used as inspiration for non­propeller propulsion.  
Many underwater animals have been used as inspiration for propulsion, such as lamprey (Leftwich 
and Smits, 2011), turtles (Licht et al., 2004), and rays (Low and Willy, 2005), with applications usually 
confined to small submersible craft.  Bandyopadhyay (2005) gives a comprehensive review.
The inspiration for my work came from observations of rays.  Unlike other fish, the rays have two 
enlarged pectoral fins that they flap dorso­ventrally (up and down) in order to propel themselves 
forward.  The versatility of the rays as an order of animals is what makes them appealing and 
interesting to study, as they have different sized bodies, live in different habitats and use different 
swimming styles.  The width, as viewed from above, of a member of the rajiformes, can be anywhere 
from 40 mm to 4 m.  Additionally, the swimming style of the rays is a continuum from undulation to 
oscillation, with combinations of the two in between (Rosenberger, 2001) and their habitat can be the 
P
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seabed or the open ocean.  This range of operating environments and adaptations provides a rich 
resource for exploitation.  Because primary applications of non­propeller propulsion have been 
unmanned underwater craft, which require a useful payload volume, the larger rays, such as the 
manta ray, were the fish chosen for further study. 
1. RAY MORPHOLOGY
The manta ray, Manta birostris (Walbaum, 1792), is one of the largest of all the ray species.  Like the 
other batoids, i.e. the cartilage­boned fishes that are not sharks, they are dorso­ventrally (top to 
bottom) flattened and have their large pectoral fins fused to their heads.  Figure 1 shows view from 
above of a manta ray, in which the sweptback pectoral fins create a distinctive silhouette.  Mantas 
have an average width of 4·5 m across (Stehmann, 1981) with the largest reported size being over 9 m 
(White et al., 2006). 
Figure 1 – Sketch of the manta ray, Manta birostris, showing the two enlarged pectoral fins, often 
referred to as wings, and other features.  Sketch is based on the drawing found in Bigelow and 
Schroeder (1953). 
The size and shape of the batoid pectoral fins means they are often referred to as “wings”, an obvious 
parallel when one considers the lift­based propulsion of some of the larger rays (see Section 2 for 
details of the swimming of rays).  
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The manta rays are very large and the number of cartilaginous skeletal elements needed to support 
the pectoral fins is also large.  In cownose rays, Rhinoptera bonasus (Mitchill, 1815), and other large 
rays, the dorsal musculature is bigger and/or heavier, implying that the upstroke plays a more 
important role in locomotion (Heine, 1992) (Martin, pers. comm.).  The large number of small skeletal 
elements allows spanwise, as well as chordwise, flexibility.  Heine (1992), who notes that overall 
morphology is very consistent between species of the larger rays, found during his cownose ray 
dissections that radial segments ranged from 5 mm to 13 mm in an animal with a wingspan of 
approximately 500 mm.  At the maximum wingspan of a butterfly ray, Gymnura crebripunctata
(Peters, 1869), Schaefer and Summers (2005) found up to 30 segments made up one fin radial.  In the 
blue­spot stingray, Taeniura lymma (Forsskål, 1775), which is an undulatory swimmer, waves are 
passed along the fin via the alternate contraction of dorsal and ventral muscles (Rosenberger and 
Westneat, 1999).  In cownose rays, there is one muscle bundle for each fin ray (Heine, 1992), implying 
that each radial is actuated. 
Side on, the profile of some batoid wings is of a series of hydrofoils (Lindsey, 1978) – one of the 
reasons why blade­element theory, whereby forces around slices through the wing are summed to 
approximate the total force on the wing, has become popular in the hydrodynamic analysis of these 
fishes.  Figure 2 shows how the camber of each wing section changes as the reference plane is taken 
from near the body (medially) to out by the wingtip (laterally).  In both these species one can see the 
camber eventually becomes negative near the wingtip.  Since these profiles were taken from dead 
specimens, it is unknown whether the animals actually use the lateral sections with negative camber. 
Heine (1992) describes how the camber of each section affects its ability to produce lift during a 
flapping cycle.  It can be seen that the trailing edge of the section is very fine, unlike on the smaller 
undulatory skates and rays whose wings are rounded on every edge. 
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(a) (b) 
Figure 2 – Batoid wing profiles show similarity in shape and camber and are remarkably like 
standard aerofoil shapes.  In panel (a), profiles of the body and sections through the wing of a 
cownose ray, Rhinoptera bonasus, are shown (Heine, 1992) and in panel (b) CAT­scan of sections 
through the body of a lesser devil ray, Mobula hypostoma (Bancroft, 1831), images supplied by 
Frank Fish. 
2. SWIMMING OF RAYS
The smaller rays and skates generally propel themselves by undulating their pectoral fins, a 
swimming mode known as rajiform, whereas the larger species oscillate (flap) their wings for 
propulsion, which is termed mobuliform (Webb, 1994).  Table 1 shows that there are typically three 
designations for the propulsive mode, which depend on the number of waves on the fins.  Oscillation 
and undulation are parts of a continuum of movement however, and categorising swimming, as in 
Table 1, ignores the subtle differences between different ray species (Rosenberger, 2001).   
Even if the kinematics represent a continuum, it is helpful to categorise the movements because the 
hydrodynamics are significantly different.  The undulatory mode of swimming works much like an 
Archimedes screw: water is passed from the front towards the back of the fish’s body and it is this 
mass, therefore momentum, transfer that causes the fish to move forwards.  The oscillatory flapping, 
as exhibited by the larger rays, is long wavelength undulation but it is thought to produce forwards 
motion of the animal in a different manner; however the details of the mechanism by which thrust is 
produced remain unclear.  Despite a detailed study using several live animals, Heine (1992) was 
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unable to make provision for unsteady effects in his analysis of ray swimming and he concluded that 
the flapping pectoral fins produce no net thrust by themselves.  He hypothesized that the body, 
shaped like a foil in section, was the main propulsor, with the movement of the wings serving to 
move the body. 
Table 1 – Swimming styles and their common names for ray and skate propulsion as used by 
Breder (1926), Rosenberger (2001) and Webb (1994).  The bold (red) portion of the wave in each 
picture gives an indication as to what the curve on a pectoral fin might look like compared to a 
sine wave (in black). 
Style  Undulatory  Intermediate  Oscillatory 




 1+ wave(s)  0·5 < waves < 1  < 0·5 waves on wing 
2.1. Observations of ray swimming 
Visits were made to two aquaria: the Oceanário in Lisbon, Portugal, and the Blue Planet Aquarium, 
in Ellesmere Port, UK.  Video footage taken was used to perform qualitative analysis of the 
swimming movements of several ray species: determining the shapes traced by the wings in straight 
swimming and during turns.  Some very basic quantitative analysis was done by looking at the fin 
beat frequencies and the perceived swimming speed.  As Heine (1992) notes, and from my own 
observations of manta and cownose rays, it is obvious that their swimming styles are more than just 
a simple flap up and down.  In particular with the large manta rays, the wing flexibility adds much 
complexity to the stroke; to both the shape and the timing of the movements. 
2.2. Geometry and timing of large ray movements 
The flap of a ray wing is a large and complicated movement, and, although each species is subtly 
different, general patterns are similar.  From my visits to aquaria, I was able to determine that when 
the wings are moved up, the wing tips sweep out a larger angle than the medial sections.  From 
behind, this curvature is obvious on both the up­ and the downstroke: the movement of the wing tip 
lags that of the rest of the wing.  At the end of the down stroke, the wing tips may reach the bottom 
of the body, as with cownose rays, or they may extend below the body, as with manta rays.  
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Simultaneously, there is a change in the angle of attack of the wing, which varies along the span.  
Finally, the presence of large waves on the wing, as described in Table 1,  can vary the camber. 
From his studies, Heine (1992) describes the stroke patterns in cownose and bullnose rays (Myliobatis 
fremenvillei, Lesueur, 1824).  Flapping frequencies were around 1·0 Hz but each animal had its 
preferred frequency, which was not correlated to forward swimming speed.  The angle of attack of 
the wing changed during the stroke, in a manner similar to that shown in Figure 3.  The stroke 
shown is based on the data given by Heine (1992) and his measurement of the wing angle was at 
approximately 60% of the span, although this angle changed as sections closer to the wing tip were 
considered. 
Figure 3 – One flap of the wing angle of the cownose ray shows that the downstroke lasted longer 
than the upstroke and the angle of the wing changed throughout the stroke. Based on data from 
Heine (1992).  It has been hypothesized that for cownose rays and other large rays, the dorsal 
musculature is bigger and/or heavier, which implies that the upstroke plays a more important role 
in locomotion (Heine, 1992) (Martin, pers. comm.).   
The time spent in each part of the stroke was not even, with the upstroke being completed faster than 
the downstroke, shown in Figure 3.  The body of the ray also moved; pitching out of phase with the 
wing flap and heaving.  Heine (1992) found that the forward speed of the cownose ray was positively 
correlated with the wing tip speed on the upstroke only.  For other ray species, Rosenberger (2001) 
notes that a variety of strategies are used to increase the forwards speed (such as fin beat frequency, 
stride length, wavespeed, number of waves present), with fin beat frequency and wavespeed 
probably the most easy to alter for rays. 
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The manta ray in the Oceanário, Lisbon, performed similarly.  When in constant flapping mode, she 
performed, approximately, one full flap every 5 seconds, giving a flapping frequency of 0·2 Hz.  The 
cycle was normally split into three portions.  First, the downstroke lasted approximately 2 s – 3 s and 
this was followed by a period that I called the transition phase.  This period was the transition 
between the down and the upstrokes, in which the wingtips had not yet finished the upstroke but the 
leading edge had already started the downstroke.  This may have been due to the wing twist or large 
wavelength waves present on the wing.  The downward movement was first initiated by a point on 
the leading edge that was approximately 40% along the span and it was followed by the asymmetric 
movement of the rest of the wing.  After this period came the upstroke but it did not last as long as 
the downstroke.  During the flap and coast mode, there was a glide after the upstroke that could last 
more than 10 seconds.  The glide was always performed with the wings curved upwards and the 
manta ray body chordline was aligned along the axis of the glide. 
Some rays, including mantas can also jump out of the water and move through the air, known as 
breaching, which is shown in Figure 4.  An estimate of jump height can be made by comparing the 
distance to the water with the width of the animal available in photographs such as Figure 4.  
Assuming a width of 4 m, a jump may be at least this high.  If the potential energy associated with 
this height is equated to the kinetic energy of the ray swimming to achieve this jump, then the 
velocity can be found.  Assuming a value of 4 m for the jump height, the mass­independent value of 
the forward swimming speed is equal to nearly 9 m/s, which equates to approximately three body­
lengths per second. 
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Figure 4 – A ray, probably an M. mobular (Bonnaterre, 1788) breaching.  © Michael Albert. 
3. SUMMARY AND PRESENTATION OF THE THESIS 
This chapter has identified some of the features of large ray swimming and for me the most striking 
of these was that forward speed of cownose rays was correlated with fin­tip speed but only on the 
upstroke and with the overall frequency approximately constant.  This is intriguing as it suggests 
that a stroke that is asymmetric­in­ time produces larger thrusts than symmetric flapping.  However, 
Heine (1992) concluded that the fins may only serve to oscillate the body of a ray, which in turn, 
provides forwards movement. 
In order to frame my hypothesis in the context of research already done on fin­based propulsion, a 
survey of the literature was carried out and this is presented in Chapter II.  At the end of Chapter II, 
my hypotheses are presented.   
Chapter III is dedicated to the set­up of the experiments: the equipment used and the modelling of 
the fins used.  It also describes the tests undertaken to characterise the experimental tank and 
identifies potential sources of error relating to the equipment.   
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Chapter IV reports the results of the experiments undertaken to test the principal hypothesis that 
asymmetric­in­time oscillations of flexible fins produce larger forces than symmetric oscillations do.  
This is undertaken for multiple frequencies, amplitudes and degrees of asymmetry, using two rubber 
fins.  The results of the experiments are discussed in the context of how asymmetry might best be put 
to use for underwater craft. 
Chapter V describes the introduction of a torque sensor to the experimental set­up, which was used 
to calculate the power usage of the symmetric and asymmetric oscillations.  The efficiency of the 
force production is also considered in this Chapter. 
A principal difference between rigid and flexible fins is the non­uniform angular velocity that results 
from the flexibility.  Chapter VI seeks to understand how the kinematics of the fins’ movements 
related to the forces produced by analysing high­speed video footage.  This Chapter concludes by 
proposing several parameters that may be used to predict the performance of flexible fins oscillating, 
both symmetrically and asymmetrically, based on the kinematics. 
In the literature (see Chapter II), simulations of a rigid oscillating foil showed that flow patterns were 
different when asymmetric oscillations were used.  To determine whether this was the case with 
flexible fins, flow visualisation experiments were conducted for a subset of the parameter space.  The 
flow visualisation was done using digital particle image velocimetry and these experiments are 
presented in Chapter VII. 
Chapter VIII summarises the main findings of the work and discusses how they may be exploited by 
engineers.  It also considers the results of Chapter IV, in particular the unsteady force responses, and 
how they might fit in with the explanation of cownose ray swimming proposed in the literature 




hapter I considered the possibility of moving away from propeller­based underwater 
propulsion and exposed an interesting area for research: bio­inspired propulsion.  Two 
approaches may be taken when studying natural systems: study of the behaviour in situ or creation 
of an analogue system such that only characteristics pertinent to the research are maintained.  Thus 
to study the complicated three­dimensional movements of the large rays discussed in the previous 
Chapter, I propose to study the movements of an analogous system – a flexible fin. 
In this Chapter, the movements of foils, fins and plates are considered, along with a summary of 
useful concepts from aero­ and hydrodynamics, that were instrumental in the identification of a 
problem to study.  The concepts from the literature reviewed in this Chapter are summarised on 
page 29 and following this, the hypotheses for this work are presented. 
1. FLOW AROUND BODIES
A body moving through a fluid, or a stationary body with a fluid moving around it, experiences a 
resistive force collinear with the direction of the fluid motion called drag.  This force has different 
components: friction drag resulting from the fluid’s contact with the surface area of the body and 
pressure drag caused by the changes in pressure of the fluid, particularly in the body’s wake.  These 
two types of drag are known collectively as parasitic drag and increase with the Reynolds number.  
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where  is the density of the fluid [kg/m3], U is the freestream velocity [m/s], D is the characteristic 
length [m] and  is the dynamic viscosity [N·s/m2].  Re is a dimensionless number that allows 
different size systems to be compared since the Reynolds number is a key parameter for 
characterising the behaviour of a flow. 
Using a cylinder in a flow as a basic example, at very low Reynolds numbers (Re < 1), the flow 
around the cylinder will not separate (Nakayama and Boucher, 1999).  As Re increases the boundary 
layer will separate from the surface of the cylinder and create eddies, behind which the main 
streamlines come together, Figure 5(a).  Further increases in Re cause the alternate­sided shedding of 
the vortices, with the separation of these vortices described by the ratio of w/l = 0·281 (Nakayama and 
Boucher, 1999), as defined in Figure 5(b). This shedding pattern is called the Kármán vortex street.  
As the Reynolds number increases, the wake becomes more turbulent and unpredictable, and 
parasitic drag increases. 
Figure 5 – Flow separation around a cylinder and shedding of vortices at two values of Re, (a) 
Re = 2 ~ 30, (b) 102 < Re <105 separation occurs nearer the stagnation point and vortices are shed in 
a Kármán vortex street.  Spacing of vortices is described by the width, w, and length, l, between 
them.  Redrawn from Nakayama and Boucher (1999). 
The movements of bird wings and fish fins are complicated three­dimensional movements with 
many degrees of freedom.  The influence of three­dimensional effects is related to the aspect ratio of 
the animal’s fin or wing; with an aspect ratio of one, the wake can be substantially different to the 
two­dimensional case, owing to the vorticity shed from all sides of the object (Godoy­Diana et al., 
2009).  To simplify the analysis of an animal’s natural movements, flapping is often reduced to 
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movements in two dimensions.  The two­dimensional case may not seem very applicable, but it is an 
important step to understanding how vortices generated by animals interact with each other and the 
animal, since two­dimensional wake mechanisms are a subset of the three­dimensional case (Lentink
et al., 2008).  This subject is considered again in Chapter VII. 
Objects that are streamlined have been designed to keep the surrounding fluid flow as laminar as 
possible to reduce parasitic drag.  The flow around a NACA foil, for example, does not separate to 
form a Kármán vortex street, though it will still be subject to friction drag.  Wings and fins are often 
employed to create forces that counteract the weight of an object (typically in air) or forces that allow 
manoeuvring.   
The three most common movements studied are pitching, which is rotation about an axis normal to 
the cross­section; heaving, which is the translation of the wing or fin along an axis normal to the 
planform of the fin (perpendicular to both the direction of travel and the cross section); or a 
combination of both.  For solely pitching and solely heaving fins the flow patterns were found to be 
very similar (Freymuth, 1988) and so only pitching is presented in this section. 
For foils and fins that flap in a flow, the Strouhal number, StA, is an important parameter for 
classifying the motion, Equation (2), where f is the frequency of oscillation, Aw is the flapping 
amplitude and the U is the speed of the surrounding fluid.  Typically, the lateral distance travelled 
by the trailing edge, 2Aw, is used to approximate the width of the wake.  Another version of the 
Strouhal number is to use a characteristic dimension of the fin itself, and so Schnipper et al. (2009) 
define Std = fd/U, where d is the width of the fin used.  As with the Reynolds number, the Strouhal 







Schnipper et al. (2009) created a vortex­phase diagram to show how many vortices were created per 
oscillation period when the amplitude and StA were varied.  At low pitching frequencies, these 
vortices created a Kármán vortex street, and as the frequency increased, which increased both Re and 
StA, a reverse Kármán street was produced, as shown in Figure 6.  In the reverse Kármán vortex 
street, the vortices on a particular side of the wake rotate in the opposite direction to those in the 
forward Kármán street.  The forward Kármán vortex street represents a drag wake since the water 
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movement directly behind the body is slower than the freestream.  The transition from a forward to a 
reverse Kármán street occurs when the vortices move across the centreline, which was found to be at 
StA = 0·18 (Schnipper et al., 2009). 
Figure 6 – Oscillating foils produce a Kármán vortex street at low Re, producing a drag wake (a) in 
which the central column of water travels more slowly than the surrounding fluid owing to the 
orientation of the vortices.  At higher values of Re, a reverse Kármán vortex street is produced (b) – 
a so­called thrust wake since it provokes a jet of fluid that travels faster than the surrounding 
fluid. 
As the Strouhal number increases, it is possible to create vortex wakes with multiple vortices 
produced on each stroke.  The total number of vortices that form in one oscillation period has been 










St w00   and f0 is the shedding frequency of the vortex boundary layer, based on the 
shedding frequency around a cylinder (Schnipper et al., 2009). 
Another dimensionless parameter that may be used to quantify the oscillating fin system used in this 
thesis is the Keulegan­Carpenter number (KC), which was formulated to assess cylinders in 
oscillating flows (Keulegan and Carpenter, 1958).  The Keulegan­Carpenter number is given by the 
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ratio of the product of the amplitude of the velocity, V, and time­period of the oscillation, T, to a 







The force around a cylindrical body oscillating in a flow is composed of three parts: the inertia of the 
outer flow, the influence of the viscous boundary layers and the separation of these layers (Bearman
et al., 1985).  Physically, the KC represents the ratio between the time­period imposed by the flow and 
the inertial timescale (given by L/V) (Nehari et al., 2004). 
It can be seen that KC is relates to the inverse of the Strouhal number but instead of using the 
freestream velocity, it uses the largest value of velocity in a (typically sinusoidally) oscillating flow, 
or the maximum velocity of a body oscillating sinusoidally in quiescent flow.  Despite its usefulness 
in the context of my experiments, the Keulegan­Carpenter number was not used to classify the 
performance of the fins since the majority of the literature concerning heaving and pitching foils 
reports using the Strouhal number.  The idea of the Keulegan­Carpenter number is revisited in 
Chapter VI. 
When heaving and pitching are combined, the flow patterns around the fin are more complicated 
and vary with the angle of attack, that is, the angle of the oncoming flow relative to the fin, and the 
Strouhal number.  An example of the different wakes is seen in Figure 7, which is based on the 
results of experiments by two different research groups.  Anderson et al. (1998) state that their results, 
which are combined into Figure 7, demonstrate the role that St plays in the wake form and how 
much the leading edge vortex is affected by the angle of attack, .  The lack of agreement between 
the wake patterns shown in Figure 7 and those described by Lentink et al. (2008) are probably the 
result of scale effects: Lentink et al. (2008) increased the dimensionless wavelength of their oscillating 
fin (i.e. the number of chord­lengths travelled during each stroke) during their investigations.  As a 
consequence, the heave amplitude based St decreased. 
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Figure 7 – Predicted vortex wake patterns showing the effects of Strouhal number and the angle of 
attack redrawn from Anderson et al. (1998) to include data from Lentink et al. (2008).  The 
markers show the position of experiments conducted on a heaving pitching foil in a soap film 
(Lentink et al., 2008) and the subscripts represent the state of the leading edge vortex (LEV), with 0 
for no LEV, p for a prematurely shed LEV and A for an “attached” LEV (Lentink et al.’s 
description).  Underlined symbols indicate that the wake patterns described by Lentink et al.
matched those presented in Anderson et al.’s diagram. 
2. FORCES OF FLAPPING FINS IN FLOW
When an object, such as a plate or a fin is heaved or pitched in a flow, it produces a force.  This force 
can be decomposed in two ways: by considering the resultant force as a product of lift and drag, 
relative to the resultant fluid motion, or by decomposing the resultant force with respect to the 
direction of travel of the object.  For the experiments conducted as part of this thesis (see Chapters 
IV – VII), I used the second system and so thrust, T, and lateral force, L, refer to the forces 
perpendicular and parallel to the centrelines of the fins at rest. 
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Figure 8 shows both systems for a heaving fin, based on the example given by Walker (2002).  In 
Figure 8 (a), the resultant force, R, has a component in the direction of travel: thrust, T.  Walker (2002) 
explains that as Re decreases, which is shown in Figure 8 (b) and (c), the viscous drag increases, 
changing the angle of the resultant force, R.  This may produce negative thrust, labelled D on Figure 
8 (b), or positive thrust, as shown in Figure 8 (c). 
Figure 8 – The forces around a heaving fin at some angle to the oncoming flow, shown in three 
cases, adapted from Walker (2002).  The fin heaves with speed equal to |vflap| and faces an 
oncoming flow, U, thus the resultant fluid velocity is given by vresultant.  The resultant force on the 
fin, R, is decomposed into its two components, RLift and RDrag, where the latter is collinear with 
vresultant.  In (a), R is tilted towards the leading edge, and so produces a net thrust.  Case (b) shows 
the same kinematics as (a) but at a lower Re. In (b) R is tilted away from the normal vector, n, 
towards the trailing edge of the fin, resulting in drag (relative to the oncoming flow, the direction 
of travel).  In (c), R is tilted towards the trailing edge, as in (b) but a net thrust is produced, owing 
to the reduced oncoming flow speed.  The angle of attack, i.e. the angle between the chordline 
(dash­dot line) and vresultant, is the same in all three cases. 
If a fin undergoes pitching that is sinusoidal with time, the angle between the fin’s chord line and the 
flow (the angle of attack) will also change with time.  For pitching with equal positive and negative 
angles of attack, the forces averaged over one full cycle of the fin’s movement will result in a time­
averaged drag or thrust, since the positive and negative lateral force will cancel, which is also true for 
heaving and pitching.  Indeed, it has been noted that all flying animals (whether in air or in water), 
use a similar method in which the wing or fin is pitched down on the downstroke and vice versa in 
order to produce thrust, T, throughout a full stroke (Walker, 2002). 
According to the Kutta­Joukowski theorem, the lift force per unit span about a body in two­
dimensional inviscid (ignoring viscosity) flow is a function of the circulation.  More precisely, the lift 
is the product of the circulation, the fluid density and the speed of the body relative to the free­
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stream.  It can be shown that two stagnation points (points where the fluid velocity is zero) are 
expected around the body of a wing (Nakayama and Boucher, 1999) but that the value of circulation 
is not necessarily fixed (Crighton, 1985).  To counter this, the Kutta condition is imposed which fixes 
the rear stagnation point at the trailing edge.  More formally, this is described by Crighton (1985): “in 
the unsteady start­up phase the action of viscosity is such that, in ultimate steady motion, viscosity 
can be explicitly ignored but implicitly incorporated in a single edge condition”.  In a physical sense, 
the Kutta condition prevents the fluid at the trailing edge of a wing from moving around the sharp 
trailing edge, and instead requires that it leaves the trailing edge smoothly and tangentially to the 
trailing edge.  In numerical solutions of steady state flow regimes, this is implemented by fixing the 
velocity at the trailing edge to zero (or by forcing the pressure difference between the two sides of the 
wing to be zero at the trailing edge). 
In unsteady flow regimes, the role of the Kutta condition, and its implementation, is less well 
understood.  Chen and Ho (2000) citing Poling and Telionis (1986) state that the steady­state Kutta 
condition requires that the shedding vorticity at the trailing edge be zero, which is not true for 
unsteady motions.  Vortex shedding occurs when there is a change in the bound circulation, which is 
related to the boundary layer velocity on the upper and lower (left and right) surfaces of the foil 
(Chen and Ho, 1987).  This means that for the streamline to leave tangentially to one of the surfaces, 
the velocity at the other surface should be zero.  Chen and Ho (1987) state that this reveals a paradox: 
that the rear stagnation streamline is required to change direction discontinuously (jump) when the 
shedding vorticity changes sign.  In the unsteady case of a pitching or heaving foil, there are periodic 
changes to the bound circulation and hence periodic vortex shedding into the wake.  This implies 
that the trailing edge streamline also changes direction (smoothly) (Chen and Ho, 1987).   
La Mantia and Dabnichki (2009) state that there is no experimental evidence in favour of the pressure 
difference at the trailing edge being zero for high frequency, large amplitude motions and they find 
evidence in the literature suggesting that the pressure difference should be finite.  They conclude that 
the Kutta condition is not sufficient to ensure a unique solution to unsteady motions. 
The work presented in this thesis does not seek evidence in favour of an unsteady Kutta condition.  
However, its role will be discussed in terms of the trailing edge deflection (detailed in Chapter VI) 
and the flow fields found as part of the DPIV experiments of Chapter VII. 
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Describing the lift and drag (or thrust) in terms of the other experimental parameters such as a 
characteristic dimension, p, and the velocity of the fluid or object, U, leads to lift and drag (thrust) 
coefficients; CL and CD (CT), Equations (5) and (6).  Typically, the cross­sectional area to the resultant 
fluid velocity is used, but for foils, the chord length (Nakayama and Boucher, 1999) or the maximum 
projected wing area is used, (Fox and McDonald, 1998).  These coefficients allow different systems to 
be compared regardless of the physical dimensions, just as the Reynolds number allows 

















Experiments have shown that thrust is only produced above a certain value of St (St = 0·1 
Triantafyllou et al. (1993) and Koochesfahani (1989) cited in Triantafyllou et al. (1993)) and below that 
any fin movement produces drag.  The transition from drag to thrust in the wake does not exactly 
match the point of transition from a forward to a reverse Kármán vortex street, but occurs at slightly 
higher values of St (Koochesfahani, 1989; Michelin and Llewellyn Smith, 2009; Schnipper et al., 2009).  
Schnipper et al. (2009) observed the forward to reverse Kármán vortex street occurred at St = 0·18.  
Thus it is possible to have a reverse Kármán vortex street and a net drag (Michelin and Llewellyn 
Smith, 2009).  Triantafyllou et al. (2004) state that the reverse Kármán street requires minimal energy 
and therefore sinusoidal pitching represents the optimum motion.  
The movement of the foil in the direction orthogonal to the planform area is known as heaving (or 
sometimes as plunging or sway).  A review of flapping wing aerodynamics (Platzer et al., 2008) 
shows that a foil in pure heave will produce thrust in a similar manner as the foil solely pitching – 
the effective angle of attack is created by the combination of freestream and heave velocities, with a 
positive thrust component on both up and down strokes.   
The efficiency of such movements is often given as the ratio of the product of the thrust, T , and the 
fluid velocity, U, to the input power, P , Equation (7), where the over­bar indicates time­averaged 
values, see for example Triantafyllou et al. (1991) or Platzer et al. (2008).  If the velocity of the 
surrounding fluid is zero, then the speed of the object is used, if it is free to move.  






The geometric parameters governing the heave and the pitching motions play a role in thrust 
generation and efficiency, .  Maximum thrust and efficiency are decoupled occurring at two 
different values of St (Triantafyllou et al., 1993; Anderson et al., 1998; Platzer et al., 2008).  Thrust 
production is governed by St (Triantafyllou et al., 1993) with an increase in the Strouhal number 
causing a rise in thrust.  For a given St, having a higher frequency and a smaller heave is beneficial 
since adverse effects due to the presence of a leading edge vortex, such as reduced thrust coefficient 
(Young and Lai, 2004), are minimised (Platzer et al., 2008).  However, optimisation studies have 
shown that to maximise the thrust coefficient at a given frequency, the heave amplitude must be 
large (Tuncer and Kaya, 2005), represented by region C in Figure 7.  The presence of a leading edge 
vortex is not always undesirable, however: Wang (2000) found that if a leading edge vortex formed 
but was not shed, lift could be increased, albeit at the expense of efficiency.  
Experimentally, using a fixed maximum angle of attack and a fixed heave to chord ratio, two peaks 
of  have been observed, one at low St (~0·15), with a low thrust coefficient and one at higher St
(0·3 – 0·4) with a CT of about one (Anderson et al., 1998).  Triantafyllou (1993) found the efficiency to 
always fall within the St range of 0·25 – 0·35 depending on the other kinematics parameters.  This 
special range of the Strouhal number (said to be the range on which most flying and swimming 
species converge) has been corroborated by others: (Taylor et al., 2003) although its importance has 
been recently been downplayed for the reason that this cannot be the only parameter governing the 
shape of the wake and the thrust developed (Young and Lai, 2004; Bandyopadhyay, 2009).  For 
example the heave frequency is a factor, independent of St, that affects thrust and propulsive 
efficiency (Platzer et al., 2008).  Dabiri (2009) proposes instead, the concept of optimal vortex 
formation as a classifier of optimal propulsion stating that the “Strouhal frequency constraint is but 
one consequence of the process of optimal vortex formation and that others remain to be 
discovered”.  This view is shared by Young and Lai (2004) who conclude that Strouhal number and 
reduced frequency, k, although related (k = St/2h where h is the non­dimensional heave amplitude), 
should be considered separately as wake descriptors for a given Reynolds number when k < 4.  
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3. HOW TIMING AFFECTS PERFORMANCE
The research done on heaving and pitching foils can be divided into two groups depending on 
whether the pitching is active: e.g. Koochesfahani (1989), Yamamoto et al. (1995), Anderson et al. 
(1998), Prempraneerach et al. (2003), Read et al. (2003), Hover et al. (2004), or passive: e.g. Heathcote et 
al. (2004; 2008) and Heathcote and Gursul (2007a; 2007b) with some passively pitching foils free to 
rotate and others able to bend to produce a “pitch angle”. 
One of the main differences between the active and the passive pitching foils is the timing between 
the pitching motion and the heaving: for passively pitching wings, the rotation or bend will always 
follow the heaving but with active pitching, any timing lead or lag can be set.  This has led to 
investigations into how the phase angle between the heaving and the pitch, , affects the forces 
produced.  
The phase angle, , affects the timing of the shedding of the leading­ and trailing­edge vortices, 
which has a moderate effect on efficiency (Triantafyllou et al., 2005).  As with the solely pitching case, 
the right kind of interaction between the leading and trailing edge vortices leads to an increase in 
efficiency (Anderson et al., 1998).  If there are already vortices in the oncoming flow, they can interact 
with oscillating foils to affect the efficiency of the forces produced.  Gopalkrishnan et al. (1994) 
showed that the relative timing of the arrival of incoming vortices and the heaving and pitching of a 
foil resulted in three distinct modes: an expanding wake, a destructive wake and a constructive 
wake.  They found that maxima in efficiency were associated with the destructive wake, since little 
energy was left in the flow and minima of efficiency were linked to the constructive wake.  Upstream 
disturbances have also been shown to augment the propulsive characteristics of conventional 
propellers (Usab et al., 2004). 
Experiments have shown that thrust coefficients may be higher for higher maximum angles of attack 
but are dependent on Strouhal number (Read et al., 2003).  By controlling the heave motion, the angle 
of attack profile with respect to the timing of the other motions can be modified, and this affects the 
propulsive capabilities of a heaving pitching foil (Schouveiler et al., 2005).  Large changes in angle of 
attack relative to time were the cause of additional vortices being shed into the wake, interfering with 
its structure and causing a degradation of the reverse Kármán street at high Strouhal numbers 
(Hover et al., 2004).  This was shown to be mitigated by adapting the angle of attack profile; the 
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cosine angle of attack profile, Figure 9, was shown to give a significantly higher efficiency for the 
whole range of thrust coefficients. 
Figure 9 – Extra vortices in the wake led to the breakdown of the reverse Kármán street for the 
harmonic angle of attack profile but not for the cosine profile, redrawn from Hover et al. (2004) .  
Change in angle of attack profile has moved wake structure from region D to region C from 
Figure 7. 
Interestingly, Hover et al. (2004) found that the fast change of angle of attack provoked additional 
vortices to be shed into the wake, whereas Koochesfahani (1989), found multiple vortices were shed 
when the fin oscillations are slow i.e. when the angle of attack was changing more slowly (than 
during the other part of the stroke).  This implies that the rate of change of the angle of attack might 
not be the governing parameter for vortex shedding. 
Reducing the energy left in the wake is a technique thought to be used by fish.  The tail (caudal) fin 
creates a vortex on the first part of the stroke and during the return stroke, to the body mid­line, the 
fish may exert a force on the shed vortex, simultaneously “pushing off” from it and reducing its 
angular momentum (Ahlborn et al., 1991).  The authors of this study report that this vortex pair 
annihilation dissipates vortices faster than viscous dissipation by about one order of magnitude. 
The phase angle for optimum thrust and/or efficiency was calculated using numerical studies to be 
between 80° and 104° depending on the other parameters used (Tuncer and Kaya, 2005), and 
experimental work has suggested that optimum efficiency occurs at a phase angle of ~90° (Anderson
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et al., 1998; Read et al., 2003; Heathcote and Gursul, 2007a).  Since then, many studies (Anderson et al., 
1998; Prempraneerach et al., 2003; Read et al., 2003; Hover et al., 2004; Schouveiler et al., 2005; Lentink
et al., 2008; Techet, 2008; Wang et al., 2008) have tended to fix the phase angle at 90° for their 
investigations. 
4. FLEXIBLE FINS
Since animals are not generally rigid, the study of chordwise and spanwise flexible foils should give 
a more accurate picture of the hydrodynamic mechanisms used by swimming animals.  There is little 
in the literature to define the limit of rigidity, although Heathcote et al. (2004) define a dimensionless 









where E is the Young’s modulus [N/m2] and b is the section depth [m] and 	, 	 and c are the 
viscosity [kg/m·s], kinematic viscosity [m2/s] and chord length [m], respectively.  Michelin and 
Llewellyn Smith (2009) define the non­dimensional rigidity, r, in their model in terms of the chord­






The point of rotation has been shown to affect the thrust coefficient and the efficiency of a flexible fin.  
Moving the point of rotation from the leading edge to approximately the ¼ chord decreases the 
efficiency and the CT either decreases or remains constant depending on the frequency.  After the ¼ 
chord, moving the point of rotation further towards the trailing edge results in larger thrust 
coefficients and either constant or increased efficiency, again depending on the frequency (Katz and 
Weihs, 1978). 
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4.1. Chordwise flexibility 
Both experiments (Prempraneerach et al., 2003; Heathcote et al., 2004) and numerical simulations 
(Katz and Weihs, 1978; Wang et al., 2008) have shown that adding a degree of chordwise flexibility 
seems to benefit the efficiency of a heaving pitching foil.  Gains in efficiency are often at a cost of 
reduced thrust generation, although Michelin and Llewellyen Smith (2009) suggest that with a 
certain amount of flexibility, the peak mean thrust can be doubled and the efficiency made to climb 
from 27% to nearly 60% compared to the rigid case.  As the rigidity of a fin or foil decreases, the 
trailing edge amplitude may increase depending on the kinematics of its movement.  Thus for a 
specific kinematics, an ideal value of rigidity, one that increases the trailing edge motion, exists.  An 
increase in trailing edge amplitude for a given forcing frequency means stronger vortices in the wake 
and hence more thrust (Michelin and Llewellyn Smith, 2009).   
The relative timing of the kinematics is a parameter that dominates the propulsive performance of 
flexible foils.  Le et al. (2010) showed that for a heaving flexible foil, the highest ratio of the thrust to 
lift coefficient (their definition of propulsive efficiency) occurred when the phase angle between the 
leading and trailing edges was between 240° and 330°, with the exact value depending on the trailing 
edge excursion; itself a function of stiffness, forcing frequency and input amplitude.  The larger the 
trailing edge excursion, the lower the optimum phase angle.  Le et al. (2010) also found that the larger 
the trailing edge excursion, the more the propulsive efficiency was affected by the phase angle. 
4.2. Spanwise flexibility 
Heathcote et al. (2008) found via experiment that by increasing the spanwise flexibility of a heaving 
foil, the effective heave amplitude was increased.  This served to increase the thrust coefficient by 
reported values of 50%.  Liu and Bose (1997) also looked at spanwise flexibility but used simulations 
to model the forces around a whale fluke shaped foil.  They found that for increased spanwise 
deflections and at low spanwise phase angles, , the efficiency and the thrust were reduced 
compared with a rigid model under the same conditions.  They found that the efficiency and the 
thrust could be increased if the wing tips deflected in the same direction as the heave motion.  
Heathcote et al. (2008) found that too much flexibility caused the root and the tip to oscillate in 
antiphase, severely limiting the strength of the vortices in the wake and so limiting the associated 
thrust. 
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5. ASYMMETRIC OSCILLATIONS
Flying animals need to produce a resultant force that keeps them airborne and propels them 
forwards, and so they require non­symmetric forces.  The non­symmetric motions of pitching or 
heaving and pitching fins and wings typically produce non­symmetric forces and these can be used 
to balance weight or to manoeuvre.  Such motions can be realised by creating movements that have a 
geometric asymmetry or whose timing is altered to create an unequal duty cycle (asymmetric­in­
time), or a combination of the two.  At the end of this section, the phenomenon of symmetric 
movements causing an asymmetric wake is considered. 
The simplest way in which the balance of forces can be altered for a heaving and/or pitching foil by 
adding an offset angle to the pitching, such that there is a non­zero mean pitch angle.  This leads to 
an asymmetric flapping geometry with higher values for angle of attack on one side of the heave.  
This has been shown to increase the magnitude of the instantaneous force in the heave direction 
(cross­stream) and to decrease the instantaneous force magnitude in the freestream direction 
(Schouveiler et al., 2005), since the resultant force angle is rotated by the angle of the offset.  It was 
also found by Schouveiler et al. (2005) that changing the value of the angle offset can change the sign 
of the freestream aligned force, indicating that there is a limit for this angle, where only a heave 
direction force would be produced (for a given St and maximum angle of attack). 
Read et al. (2003) explored the forces on heaving and pitching foils focussing on manoeuvring forces.  
They found that since a foil can be pitched up or down in relation to the oncoming flow, two states 
are created: one producing thrust, one producing drag.  This allowed them to investigate using the 
drag­producing regime for braking, which could be of use during manoeuvring.  Read et al. (2003)
made another interesting discovery as a result of the investigation into braking forces: the drag­
producing state did so over all values of St tested, unlike the thrust producing solution, which 
produced drag at low values of St and then transitioned to thrust production, as noted in Section 2.  
This meant that the drag could have a magnitude twice the size of that of the thrust in the range they 
tested (St = 0·1 – 0·4). 
By altering how the pitch amplitude varies with time, such that there is a fast stroke and a slow 
stroke, the size and number of vortices shed are affected.  Koochesfahani (1989) observed that during 
the faster stroke, a single strong vortex was formed by a rigid NACA0012 foil but during the slower 
stroke, more than one vortex could be formed depending on the oscillating amplitude: the larger the 
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amplitude, the more vortices were shed.  This is shown in Figure 10 (a) as two positive 
(anticlockwise) vortices at the top of the picture, formed during the slow stroke, and a larger negative 
(clockwise) vortex just below.  In the case shown in Figure 10, the arrangement of the vortices is such 
that about the midline of oscillation, marked 1 in Figure 10 (b), the flow is slower than that of the 
freestream; however, to the right, at point 2 (x/c ≈ 0·15), it is faster (a jet).  The mean velocity profile, 
Figure 10 (c), shows that the jet produced at point 2 is 20% faster than the surrounding fluid velocity. 
Figure 10 – Vortex patterns behind a foil pitching 2° about its ¼ chord point at f = 4·0 Hz.  The flow 
is from top to bottom and the flapping profile is non­sinusoidal, such that the anticlockwise is 
faster (corresponding to asymmetry of 38%).  Panel (a) shows the flow pattern with the direction 
of the free stream, U, and the centreline of the fin at rest, x = 0, indicated.  The orientation and 
approximate size of the vortices have been highlighted in panel (b) with arrows indicating the 
local fluid movement.  Panel (c) shows the mean relative velocity profile (local velocity, vl, 
divided by freestream velocity) for points across the stream.  The local upstream movement of 
fluid caused by the Kármán vortex street arrangement of vortices, as at point 1, caused a lower 
velocity than the freestream.  The reverse Kármán street arrangements, such as at point 2, caused 
higher velocity than the freestream to be recorded.  Adapted from Koochesfahani (1989). 
Numerical simulations of foils pitching asymmetrically in time indicated that vortices shed as a 
result of the fast half­stroke were smaller but had higher vorticity, which led to increased thrust, 
when compared to a symmetrically pitching foil (Xiao and Liao, 2009).  Vorticity, , describes the 
rotation of a fluid element in a flow and is a vector field defined as the curl of the velocity field, such 
that the vector normal to the velocity field is the axis about which there is rotation, with 
anticlockwise rotation defined as positive.  Thus the higher vorticity in the example above was due to 
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the larger trailing edge velocity vTE, during the faster half­stroke.  Vortex circulation can be estimated 
by assuming a vortex has a constant magnitude vorticity and multiplying the area of a vortex by its 
vorticity, or more formally, the circulation, , is equal to the surface integral of vorticity, which is 
referred to as Stokes’s theorem (Nakayama and Boucher, 1999).   
Since the vorticity of trailing edge vortices, and therefore circulation, TE, is dependent on the 
velocity at the trailing edge, the input kinematics of a rigid fin can be used to deduce vTE and 
therefore approximate TE, Equation (10), where d is the amplitude of the trailing edge excursion 














Xiao and Liao (2009) also showed that the wake behind their rigid pitching foil was asymmetric: the 
vorticity plots presented in their paper show that the wake was biased to the side on which the faster 
half­stroke finished.  The vortices with the same sign rotation as the faster half­stroke were also 
smaller, and this is shown schematically in Figure 11. 
Figure 11 – Asymmetric wake and vortices behind a rigid fin pitching asymmetrically­in­time.  
Based on the data and figures of Xiao and Liao (2009). 
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A more complicated form of asymmetry was used by Licht et al. (2010) as an analogue to sea turtle 
propulsion, and four parameters were created to define the asymmetry, three spatial and one 
temporal, which produced a faster downstroke (power stroke) and a slower, feathered upstroke.  
Feathering is the act of re­orientating the fin so that the chord is in line with the direction of motion.  
Perhaps counter­intuitively, Licht et al. (2010) found that by moving the fin backwards on the 
downstroke and forwards on the upstroke, in relation to the travelling platform onto which the fin 
was mounted, they could create substantial time­averaged thrust, at high efficiency and avoid large 
lift forces.  At all values of St tested, an increasing advance angle, i.e. the angle of the foil trajectory 
with respect to the horizontal on the power stroke, provoked a decrease in CL and an increase in CT
(Licht et al., 2010), which means the resultant force was rotated by some angle. 
6. ASYMMETRIC WAKES FROM SYMMETRIC OSCILLATIONS
A strange phenomenon that is reported in the literature is that of an asymmetric wake occurring 
behind a symmetrically oscillating foil or fin.  Asymmetric wakes occur when the reduced frequency, 
k, which is related to the Strouhal number, and the heave amplitude are increased past critical values 
(Platzer et al., 2008).  This has been shown to occur behind rigid fins, e.g. Godoy­Diana et al. (2009), 
behind flexible foils, e.g. Heathcote and Gursul (2007b), and has even been predicted by simulations, 
e.g. Jones et al. (1996). 
In the asymmetric wake, the vortices behind a heaving pitching foil travel at some angle to the 
freestream velocity and so both thrust and lateral force components occur (Heathcote and Gursul, 
2007b).  The direction of the wake has been shown to be dependent on the first movement of the foil 
(from rest), (Jones et al., 1996; Heathcote et al., 2008; Godoy­Diana et al., 2009), but may switch from 
one side to the other either periodically (Heathcote and Gursul, 2007b) or randomly (Jones et al., 
1996).  The first movement of the fin creates a pair of vortices, which alters the direction of the mean 
flow behind the fin and because of this, the following pair of vortices is perturbed slightly.  Godoy­
Diana et al. (2009) noted that this happened throughout their parameter space, but only flapping 
motions above a certain threshold created a persistently asymmetric wake, the other wakes all 
became symmetric.   
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Platzer et al. (2008) suggest that the cause for this behaviour of the vortices in the wake is their 
proximity, so that vortices that are close have more influence over each other.  Godoy­Diana et al.
(2009) propose that a threshold exists to predict the presence of an asymmetric wake that depends on 
the relationship between the phase velocity of the vortex street, i.e. the velocity of the street in the 
freestream direction, and an idealised self­advection velocity of two consecutive vortices, which is 
related to the circulation strength of the vortices and their separation.   
7. RELATING KINEMATICS, FORCES AND WAKE
The goal of studying the wake and forces created by a two­dimensional flapping object is to be able 
to predict the performance of a real swimming or flying object – be it artificial or biological.  If the 
forces produced by a particular system cannot be directly measured (it is quite hard to instrument a 
fish for example), then forces can be inferred from both the kinematics and the wake. 
Lighthill (1960) created a method to estimate the mean thrust created by a fish in order to sustain a 
certain swimming speed, based on the fish’s kinematics – known as slender body theory.  This 
method was adapted by Wu (1977) to estimate thrust from a simplified set of kinematics variables.  
This adaptation allowed McHenry et al. (1995) to investigate how the driving kinematics of fish­
shaped rubber fins affected the swimming speed.  By comparing the results with free swimming fish 
kinematics, McHenry et al. (1995) predicted that fish will actively stiffen their bodies in order to swim 
at higher velocities.  These methods are discussed further in Chapter VI, which investigates the link 
between kinematics and steady­state force production. 
Dabiri (2005) states that the time­averaged forces are inadequate for determining dynamics, since the 
time­averaged force only dictates the time­averaged acceleration, not the position or the time­
averaged velocity of a swimming or flying animal.  This led him to examine the number of wake 
properties necessary to be able to determine the locomotor forces from the wake.  The distinction 
between time­averaged values and unsteady (time­dependent) values of force is an important one, 
and is addressed in some detail in Chapter IV.  Dabiri (2005) concluded that knowing the velocity or 
vorticity field in the wake is insufficient, and the fluid pressure (or an equivalent measure) is needed 
in addition to be able to determine the forces involved, hence the role of instantaneous forces and 
wake­vortex­added­mass cannot be overlooked. 
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8. SUMMARY AND HYPOTHESES
From this review it is reasonable to state the following:  
 Two dimensional wake mechanics are a subset of three dimensional wake 
mechanics and so a problem is often reduced to two dimensions (pg 12) 
 Form of the wake is affected by angle of attack, , and St (pg 14) 
 Reverse Kármán street represents optimum motion (pg 18) 
 Pitch and heave geometry also play a role in thrust production/efficiency (pg 19) 
 For maximum thrust at a given frequency: heave is large, for maximum 
efficiency heave is small and pitch angle is large (pg 19)  
 Strouhal number is a governing parameter for heaving pitching foil experiments 
but other parameters may exist (pg 19) 
 Phase angle between pitch and heave is a modifier of efficiency (pg 20), thrust 
performance (pg 20), and wake structure (pg 21), and its optimum value is 
thought to be 90° (pg 21) 
 Heaving and pitching foils operating in an already vortical flow can have 
increased thrust and efficiency depending on timing (pg 20) 
 Thrust coefficients are generally higher for higher maximum angles of attack (pg 
20) 
 Experiments on pitching and heaving foils show more vortices in wake on parts 
of stroke where angle of attack changes quickly (pg 21) 
 Fish can use vortices in the wake to “push off”, reducing the vorticity in the 
wake (pg 21) 
 Adding chordwise flexibility benefits efficiency of 2D and 3D foils perhaps at a 
cost of thrust generation (pg 23) 
 For each heave velocity and amplitude there is an optimum foil stiffness (pg 23) 
 Spanwise flexibility can increase effective heave amplitude leading to higher 
thrust production and increased efficiency (pg 23) 
 Pitch bias (asymmetrical geometry) produces side forces (pg 24) 
 Asymmetrical timing of rigid foil oscillation can lead to: 
 Asymmetrical wake vortices: more shed on slow part of stroke (pg 25) 
 Bias angle to the wake (pg 26) 
 Larger vortices with higher vorticity (pg 25) 
 Increased thrust at a cost of efficiency (pg 25) 
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 Asymmetric wakes can come from symmetric oscillations, which indicates non­
zero lateral force (pg 27) 
 Kinematics can be used to estimate thrust and swimming speed of fish (pg 28)  
 Wake parameters can be used to estimate forces of a swimming or flying animal 
(pg 28) 
In Chapter I, the forward swimming of a cownose ray was reported to correlate with the fin tip 
speed, but only on the upstroke, suggesting that asymmetric­in­time oscillations of a flexible fin 
might produce the larger forces required for faster swimming.  In the review of the literature, 
asymmetrical pitching of rigid fins has been shown to provoke a different fluid response to that of 
symmetrical pitching and to increase the thrust produced.  Therefore my main thesis is that 
asymmetric­in­time oscillations of a flexible fin produce larger resultant force magnitudes than 
symmetric oscillations do.  This is addressed in chapter IV. 
Rigid foils were found to be less efficient when oscillating asymmetrically and so my second 
hypothesis is that power consumption of asymmetric kinematics is larger than that of symmetric 
kinematics, but that asymmetry may still produce favourable force efficiency (force/power).  This 
is the subject of Chapter V. 
The link between the kinematics and the time­averaged forces is an interesting one to explore.  I 
predict that the difference between forces produced by symmetric and asymmetric oscillation can 
be linked to the trailing edge kinematics in a quantifiable way and that this will allow propulsive 
performance to be predicted for other kinematics.  Chapter VI covers these hypotheses. 
Finally, wake patterns resulting from asymmetric kinematics will show a bias to one side of the 
fin centreline and vortex sizes will be unequal.  The final results chapter, Chapter VII, presents 




his chapter describes the creation and set­up of the experimental equipment and details the 
equations used to derive the forces at the fin from the force sensor readings.  Factors that might 
affect the results are split into two sections: those affecting the force sensors’ responses and those 
caused by the physical set­up of the rig, which are analysed in terms of their effect on the forces 
produced.  A summary of the factors affecting the results of the experiments is given at the end of the 
Chapter along with the ways in which they were mitigated. 
Two fins were used in the work presented in this thesis: a NACA0012 shaped fin (hence referred to 
as the NACA fin) and a fin with a biomimetic stiffness profile (referred to as the BIO fin).  The design 
of these fins is detailed in Section 2.1 of this Chapter.  The BIO fin was used for the experiments 
reported in this Chapter, since its performance was more consistent throughout the parameter space, 
as reported in Chapter IV.  The parameter space explored during the experiments of Chapters IV and 
V had the following values: 
 frequency, f, varied from 0·5 Hz to 4·0 Hz, in steps of 0·5 Hz 
 demand amplitude, , varied from 2° to 16°, in steps of 2° 
 asymmetry, A, had values of 50% (symmetric), 35%, 25% and 15% (most asymmetric) 
and all the tests reported in this Chapter had parameters chosen from this parameter space.  Chapter 
IV gives the definition of the asymmetry values. 
1. SET-UP OF THE TANK
The experimental tank was a glass­fibre former fish­holding tank.  It rested on a sand bed, primarily 
to avoid points of high pressure on the base where it may have been uneven due to the nature of 
T
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glass­fibre construction, but also to attenuate any vibrations that may have been transmitted through 
the concrete floor of the laboratory. 
At one end, an area of the tank was partitioned off for the filter equipment (filtration pump, meshing 
and gravel) and so the working volume of the tank was 1·6 m x 0·92 m x 0·70 m.  The presence of the 
filter equipment meant that a small portion of the tank was open to the area partitioned off to allow 
the water to flow through to be filtered.  The wall between the main portion of the tank and the filter 
area had 28 holes, each of about 0·015 m in diameter in an area approximately 0·25 m x 0·25 m located 
at the bottom of the tank at (+x, +y, ­z), as defined by the right­handed axes in Figure 12.  There were 
also some gaps in the seal between the working area of the tank and the filter area.  The depth of the 
tank was nominally 0·70 m, and the actual water depth was measured before each experiment.  More 
information as to how the depth of the water affected the experimental results is available in Section 
4.1. 
The experimental equipment was suspended over the tank, supported by a frame that was bolted to 
the outside of the tank (with boltholes drilled through the rim of the tank).  The frame was made 
from Dexion Slotted Angle, a pre­drilled, imperial­unit steel construction system.  The centre­line of 
the fin’s drive shaft was placed as close to the centre of the tank as allowed by the frame.  Using the 
coordinate system of the tank, where the origin was coincident with the centre of the tank, Figure 12, 
the centre­line of the fin shaft was at (­0·025 m, +0·025 m).  Thrust was defined as the force along the 
chord of the fin in the direction of the leading edge.  Since the fin was typically collinear with the y­
axis of the tank, thrust was often the same as the force in the y­direction and the lateral force with the 
force in the x­direction.  In the case where the fin was at some angle β, as defined in Figure 12, the 
thrust and the lateral force kept their relationship to the fin.  The deviation of the resultant force 
vector from the direction of thrust was denoted by  and was positive from the thrust to the lateral 
force axis i.e. clockwise, Figure 12. 
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Figure 12 – Coordinate systems of the rig and tank.  The fin shaft centreline was not coincident 
with the origin of the coordinate system of the tank owing to the spacing of the bolt holes on the 
Dexion frame (not shown).  The centreline of the tank is represented by the black line (­ · ­).  The 
solid blue lines give the axes of the test rig, where the origin is coincident with the pivot point.  
The red dashed line meets the y­axis at the centre of the fin shaft (not shown), which represents 
the point about which the forces are calculated, dubbed the force origin.  Thrust, T, and lateral 
force, L, were positive in the direction shown.  The inset picture gives the definition of , the zero 
displacement angle of the fin, and , the angle of the resultant force, R, plotted relative to the 
centreline of the fin profile.
2. DESIGN OF THE RIG
The experimental rig and the fins were designed and built for a previous doctoral research project 
(Riggs, 2010).  The rig was later adapted by me to allow a reliable measure of the power delivered to 
the fin, as Chapter V details.  The rig consisted of two sub­assemblies: the force sensor module and 
the driving module. 
The driving module rested in two places on the force sensor module: at the aft on a metal pin and on 
three force sensors (Sensortechnics FSS1500NSB) at the forward end, as shown in Figure 13.  The 
force sensor module was made from four pieces of square­section aluminium to form a rectangle in 
the x­y plane and was suspended over the tank via the rigid Dexion frame.  The origin of the axes as 
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defined in Figure 13 was coincident with the top of the pin.  The pin was a steel spike embedded into 
the piece of square­section aluminium that ran along the x­axis and the spike was fixed in place using 
epoxy putty.  The pin was located in a hole cut into the square­section cross beam at the aft end of the 
driving module.  At the forward end, there was one sensor oriented in the z­direction (on the 
negative x side of the rig) and two sensors at ±45° to the z­axis (on the positive x side of the rig). 
The driving module consisted of an aluminium frame, which rested on the force sensor module, and 
the driving mechanism itself.  Attached to the frame were two ball bearings, Figure 13, which were 
the contact points between the driving module and the force sensors.  The drive mechanism was a 
servo motor (HS­6965HB Hi­Speed Coreless, Hitec, Poway, CA) controlled through a micro serial 
servo controller circuit board (SSC03A, Pololu, Las Vegas, NV), shown in the wiring diagram of 
Figure 16.  The servo motor output arm was mechanically connected to a potentiometer (357, Vishay 
Spectrol, Vishay, Malvern, PA) that measured the real angle of the servo motor.  Data sheets for these 
components are given in the Appendix.  The servo motor was connected to a universal joint to 
compensate for any misalignment.  A stainless steel drive shaft was attached to the universal joint 
and ran through a ball bearing to a coupling section: an aluminium thick­walled tube that used grub 
screws to connect the drive shaft to the fin shaft, inset picture, Figure 13. 
Counterweights were added to the driving module to pre­load the force sensors to the middle of 
their range, ~7·5 N, which allowed positive and negative forces to be recorded.  The inertia of the rig 
due to the mass of the components, in particular the counterweights, was sufficient that the driving 
module typically did not leave the sensors during normal operation.  The sensors measured the 
components of force resolvable in the x­ and y­directions, shown in Figure 13.  Equations (11) to (20) 
describe how the force sensor readings were converted to torques about the rig axes’ origin 
(coincident with the top of the spike, Figure 13), and they are accompanied by a free body diagram 
given in Figure 14.  The torques were used to derive the forces at the fin about the force origin, as 
shown in the free body diagram in Figure 15 and described by Equations (21) – (27). 
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Figure 13 – The rig comprised the driving module and the force sensor module, and the associated 
electronics (shown in Figure 16).  The driving module sat on the force sensor module at the rear 
end on a spike and at the forward end on the force sensors.  The driving module was 
counterweighted to load the three force sensors to the middle of their range.  The fin is shown at 
 = 0° and approximately to scale with the rest of the rig. 
C H A P T E R  I I I  
 36



















































xbxbbx FFF 21  (17) 
022110 yzbzbazy xSensorFxSensorFxSensorF  (18) 
021 xzbzbazx ySensorFFF  (19) 
021 zxbxbz ySensorFF  (20) 
Figure 14 – Free body diagram of the rig with fin (approximately to scale) and the equations 
describing the derivation of the torques about the origin of the rig axes (coincident with the top of 
the pin). 
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Figure 15 – Free body diagram of the rig and fin (approximately to scale) showing the torques and 
how they related to the forces at the fin.  Also given are the necessary equations, numbered (21) to 
(29). 
The readings from the force sensors and the angle­measuring potentiometer were sent to a bespoke 
signal conditioning box, to amplify and clean the signals.  The conditioned signals were then read 
into a data acquisition box (PMD 1208FS and later PMD 1208LS, Measurement Computing, Norton, 
MA), connected to a PC, Figure 16.  The sample rate of the data acquisition was 1000 Hz when using 
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the PMD 1208FS data acquisition box (one data set only) and 300 Hz for subsequent experiments that 
used the PMD 1208LS data acquisition box. 
Figure 16 – Schematic of the mechanical and electrical components of the rig showing how they 
were connected.  See text for model numbers of the components. 
Riggs (2010) states that the rig was designed to be stiff enough that the natural frequency of the rig 
was much higher than the forces being measured.  He made no measure of the effects of resonance in 
his experiments nor did he consider how the driving module might oscillate on the force sensors. 
When oscillating with the fins in the water, the servo motor achieved a smaller percentage of the 
demand amplitude as the frequency increased (dropping from between 80% and 90% at f = 0·5 Hz to 
between 70% and 80% at f = 4·0 Hz).  Measurements of the forces were made when the fin was 
oscillated out the tank (in air) to examine the effect on the angle achievable by the servo motor.  For 
both the BIO and the NACA fin no drop in the achieved amplitude was measured in the range 
f = 0·5 Hz – 2·0 Hz, which indicates that the added mass of the system when the fins were in the 
water was significant to the behaviour of the rig.  What was apparent during these tests is that the 
movement of the servo motor caused high frequency vibrations of the fin shaft and caused the 
driving rig to become unsteady on the force sensors.  The high frequency vibration was very much 
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reduced when the fins were oscillated in the water and the driving module appeared much steadier 
on the force sensors throughout the oscillations. 
2.1. Design and creation of the fins 
The two fins used in this work were cast in silicone rubber (Silastic 3483, Nottcutt, Ripley, UK) in two 
shapes: a NACA0012 fin and a biomimetic fin, shown in Figure 17.  Both fins were cast to have the 
same planform area (1·44 x 10­2 m2) and an aspect ratio of one.  The NACA0012 shape was chosen 
since many other researchers have used this profile (albeit most usually with rigid fins), see Chapter 
II for details.  The BIO fin’s profile was based on the stiffness profile of a Pumpkinseed Sunfish, 
Lepomis gibbosus (Linnaeus, 1758), (Riggs et al., 2010).  The data for this stiffness, taken from McHenry 
et al. (1995), was used to change the profile based on the equation of the second moment of area, I: 
I=bd3/12  [m4] 
where b and d are the local section breadth (0·012 m) and depth respectively (various).  The fin 
dimensions were scaled so that the fin was 14 times stiffer than the actual fish in order to produce a 
fin of similar dimensions to the NACA fin.  This produced a profile that was thicker just after the 
leading edge than the NACA0012 but thinner towards the trailing edge, as shown in Figure 17. 
Figure 17 – Fin shapes used in the experiments.  Left: the BIO stiffness profile and right: the 
NACA0012 profile, henceforth referred to as the NACA fin. 
In addition to these fins, two more fins were made: a rigid NACA0012 and a biomorphic manta ray­
shaped fin.  Both these fins caused the overload of the rig and so were not analysed in great detail.  
More details of the rigid NACA fin are given in the Appendix.  The biomorphic fin and experiments 
that may be conducted with it are discussed in Chapter VIII. 
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The fin moulds were created by making a Boolean subtraction of a CAD model of the fin from a 
rectangular prism.  From the CAD model, a CNC program was created and this was used to machine 
the final mould from poly(methyl methacrylate), also known as PMMA or Perspex. 
Because the moulds were open, a bottom section was fitted to prevent the resin leaking out before 
setting had occurred.  Latex adhesive was used to create a water­tight seal around the base of the 
mould.  The bottom section included a recess for the location of the fin shaft and a top section was 
included to keep the fin shaft in the correct alignment during the casting process. 
The fin shaft had cotton string wound around it and glued in place with cyanoacrylate adhesive to 
ensure a good bond between the rubber and the shaft.  The shaft was placed in the mould and they 
were both set­up in a vacuum chamber along with the components of the silicon rubber mix.  The 
two parts of the silicon rubber (resin and catalyst) were degassed in a vacuum chamber for 20 
minutes prior to mixing.  The mixing of the resin and the catalyst took place inside the chamber 
while still under vacuum.  Once thoroughly mixed, the resin was poured into the mould and the air 
was gradually re­introduced into the chamber.  Removing the vacuum caused any gas bubbles that 
had not yet escaped the resin to collapse under the increased air pressure and the cast was left bubble 
free.  The resin was left to cure overnight before de­moulding the fin. 
2.2. Calibration of the rig and the sensors 
The force sensors, which had a maximum load of 14·7 Ni, were individually calibrated to ensure a 
good match between the applied load and the sensor reading.  The calibration of the sensors was 
done in two stages.  First, the calibration routine built into the rig controller program was used to 
calibrate the individual sensors.  The second stage was to load the rig at the force origin of the fin to 
verify that the forces were resolved correctly by the analysis program, as summarised in Section 2.3. 
2.2.a Sensor calibration 
Using the guide detailed by Riggs (2010) the force sensors were calibrated when the rig was re­
assembledii.  The driving module was removed from the force sensors and a reading (averaged over 
i Data sheet states force range was 0 – 1500 g 
ii The rig had been dismantled in the move between experimental tanks. 
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500 samples) was taken for each force sensor, which was the channel offset value.  The driving 
module was re­placed on the force sensor module with extra mass attached to put the sensors at 
approximately 95% of their maximum force capacity.  The value of calculated reaction force was then 
divided by the loaded force reading (minus the channel offset value) to give a conversion factor.  The 
offset value and the conversion factor were then defined as constants in the rig controller program. 
2.2.b Loading of the rig 
A second stage calibration was undertaken in order to verify that a 1·0 N force on the fin was 
interpreted by the force sensors and MATLAB data analysis program correctly.  The fin was 
substituted with a shaft that had a mark where the midpoint of the fin would have been (force 
origin), as this was the point about which the forces were calculated.  A loop of thread was fixed to 
the shaft at this point and the hook of a spring balance was put through the thread loop.  The rig 
controller program was set to continuously record the data without activating the servo motor.  The 
spring balance was used to put a force of between one and three newtons on the rig in its principal 
directions (± x and ± y), shown in Figure 18. 
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Figure 18 – Pulling the rig along the x­ and y­axes, which were with respect to the tank, shows that 
the analysis program correctly interpreted the forces.  The orientation of the fin is indicated by the 
blue outline of the NACA fin overlaid on the graph.  The red markers (o) show “serifs” on the 
vertical portions of the data set where the test bed lifted off the sensors and dropped back on to 
them.  Slight angular deviation from the x­axis was attributed to human error. 
Figure 18 shows that the force placed on the rig was correctly interpreted by the sensors and the 
analysis program.  At forces greater than about 1·5 N along the x­axis, the driving module tended to 
lift off from the sensors, so that when it returned to position, the impact caused high force readings, 
as shown by the red markers (o) on the force trace shown in Figure 18. 
2.3. Analysis of signals 
A series of MATLAB programs was created to manage the data.  Many of these were based on those 
of Riggs (2010) but were substantially modified to tailor the analysis to my experiments.  For each 
experimental run, the main analysis steps were as follows: 
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1. Open file, read data, sort data, get experiment information from file header 
2. Check that no overload was recorded 
3. Calculate start and end row numbers for each oscillation, calculate the resultant force per 
oscillation 
4. Calculate variables for the whole experiment (ignoring ramp cycles) 
5. Close file, write data to appropriate structure, move on to next file 
Each file represented a unique combination of frequency, demand amplitude and asymmetry.  For all 
the experiments detailed in this chapter, the force magnitudes from individual oscillations composed 
the data sets, unless otherwise stated. 
3. FORCE SENSOR RESPONSE
After leaving the bespoke signal processing unit, as shown in the diagram of Figure 16, the sensor 
signals were read by the data acquisition box.  For one data set per fin (all f,  and A values) the 
sample rate was 1000 Hz but for the majority of the data collection the sample rate was 300 Hz.  The 
reduction of the sample rate did not affect the results since it remained over twenty times the 
frequency of the fastest half­stroke; well above the lowest frequency to avoid aliasing. 
Both models of the data acquisition box had a resolution of 11 bits (analogue input mode) giving a 
lowest resolvable voltage of 2·4 mV (5/2047) i.e. 7·3 x 10­3 N (1·5 x 9·81/2047).  This was lower than the 
lowest value resolvable by the force sensors (1·5 x 9·81/1500 = 9·81 x 10­3 N).  
3.1. Variation of the sensor readings 
The output from the force sensors was recorded with no load on the sensors (47504 samples) and 
then with the driving module in place but at rest (64576 samples).  The sensors showed a higher 
variation with the driving module in place, Figure 19.  Furthermore, by calculating the forces at the 
fin, using the equations detailed in Section 2, the variation in the readings in the Fy direction were 
shown to be higher, which if the fin direction, , were zero, would be the thrust direction. 
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Figure 19 – Standard deviation of the force sensor readings with and without the driving module 
in place for one experiment (n = 47504 for no load, n = 67576 with driving module in place).  Also 
shown are the standard deviations of the forces calculated about the force origin (Fx and Fy) and 
the resultant force standard deviation. 
The standard deviation of the two force components resulted in a standard deviation of 1·3 x 10­2 N 
for the resultant force, however, for each force experiment of Chapter IV, the resultant force was 
calculated using between 5400 and 43200 data, depending on the frequency.  The noise of a signal is 
inversely proportional to the number of data being averaged (if the noise in the signal is Gaussian).  
Thus to determine how the noise would be reduced as a result of my experimental methods, the 
resultant force data from the experiment with the rig in place (but not running) were sampled and 
averaged over six “experiments”.  The details of this calculation are available in the Appendix.  The 
maximum standard deviation of the averaged data was 1·95 x 10­4 N, which was over ten times 
smaller than the mean resultant force standard deviation for 99% of the experimental runs of Chapter 
IV.  For the experiments presented in Chapter V, the average standard deviation was 2·39 x 10­4 N 
when calculated for four experiments, which was the number of data sets available for the BIO fin. 
To determine whether forcing the sensors provoked a drift of the force sensor readings, the BIO fin 
was oscillated at a low frequency (f = 0·5 Hz,  = 10°) and a high frequency (f = 4·0 Hz,  = 16°) for 
1000 oscillations each.  The raw sensor readings were compared to the cycle number and linear trend 
lines were fitted to the data.  If the forcing of the sensors caused a drift in the sensor readings, the 
trend lines would exhibit significant gradients.  During the high frequency forcing, the gradients of 
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the trend lines were all bigger than in the low frequency forcing case (see the Appendix for details).  
However, the largest of these gradients was very small (–1·38 x 10­5).  If this rate were typical, the 
variation in the sensor response would be greatest over the longest test, which lasted 9000 samples 
and the variation would be equal to –0·1242 points.  The sensor readings were translated from 
voltages to integers in the AD box, and one point represented approximately 0·001 N for each force 
sensor.  This means that the higher reading on a sensor would be likely to be rounded down (by the 
conversion to an integer data type) and even if it were not, a one point increase of the sensor reading 
represented 0·001 N, and would certainly be disguised by the inherent sensor variation (chatter), 
which was ± 2 points at its lowest. 
3.2. Effect of sensor overload 
The rig controller program would stop an experiment if the instantaneous force on any of the force 
sensors surpassed 95% of the maximum force capacity or dropped below the 5% threshold, which 
gave the sensors an operating range of approximately 0·74 N to 13·97 N.  If the force created by the 
fin was very large, the driving module would lift off one or more of the sensors and would land back 
on the sensors heavily.  Thus the lower threshold was in place to halt an experiment if it seemed 
likely that the driving module was leaving the sensors.  If the heavy landing of the driving module 
back on the force sensors did not cause readings large enough to halt the experiment, it was often 
enough to provoke an anomalous response from the sensors.  Despite the loading of the sensors 
remaining unchanged, the forces from channel 0 and channel 1 (as designated in Figure 13), F0 and 
F1, sometimes only registered half of the typical amount, shown in Figure 20 (b) with typical values 
of the force sensors given in Figure 20 (a) for comparison. 
Even though the rig took an average baseline reading at the start of each experiment meaning the 
only variations in the sensor readings were important, there were several problems with this 
situation.  First, with a lower static reading on the sensors they were nearer to the threshold that 
provoked the premature end of the experiment, Figure 20 (c).  The second problem was that the force 
sensors sometimes spiked between the anomalous low values and the typical values, shown in 
Figure 20 (d) and this could happen both when the sensors recorded their typical values or the low 
values at the start of the experiment.  This problem was more serious because it sometimes went 
undetected until the data were analysed, indeed, the example in Figure 20 (d) was not detected as an 
error by the rig controller program, which would have prevented its analysis. 




Figure 20 – Values from the force sensors during the first 5 s of four experiments.  The four 
examples had different input kinematics to demonstrate the required behaviours.  (a): normal 
functioning (here a symmetric oscillation is shown).  (b): Low readings by F0 and F1 but which did 
not affect the cycle­averaged resultant force magnitude.  (c): Low readings by F0 and F1 caused the 
premature ending to the experiment owing to F0 showing a value out of the designated safe range.  
(d) All force sensor values were “normal” at the beginning of the experiment but F0 and F1 spiked 
between normal and low values.  This behaviour did not cause the experiment to be terminated 
but seriously affected the cycle­averaged resultant force magnitude. 
The overloading of the force sensors was not typical for the BIO and NACA fin, indeed no file from 
the experiments of Chapter IV was affected.  However, if the cycle­averaged force values were not in 
keeping with the typical values (experiments were repeated to give six data sets for each frequency, 
amplitude and asymmetry combination), the affected file was examined to search for evidence of 
sensor drift due to overloading.  The preferred solution was to repeat the experiment in isolation but 
keeping the same experimental protocol.  Re­positioning the driving module on the force sensors was 
usually enough to re­set the sensor readings.  In a few cases, an error message was appended to an 
affected file to prevent its analysis.  This did not happen for any of the experiments reported in 
Chapters IV and V, nevertheless it is worth mentioning because the problem could have been 
overlooked if the results were not eccentric enough for me to notice. 
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3.3. Repeatability of zeroing phase 
At the start of each experiment, the force and angle sensor values were recorded to provide baseline 
torque values to be subtracted during analysis, see Equations (18) – (20).  The zeroing operation 
could be done manually, in which the rig controller program took the average value of five hundred 
samples at the request of the user, or automatically, as during a series of experiments in which the rig 
controller program averaged samples over a period of ten seconds.  To investigate the repeatability 
of this phase, the zeroing procedure was conducted five times in a completely still tank and once 
after an oscillation experiment.  Table 2 shows the zeroed torque values and the calculated resultant 
force of a sample data set when these values were used as the baseline readings. 
Table 2 – Zeroed torque values for five zeroing periods in a still tank and the mean resultant force 
of a sample data set calculated using these zero values.  The row in italics shows the values taken 
immediately after a symmetrical oscillation experiment at f = 4·0 Hz,  = 16°.  The resultant force 
in this case was statistically significantly different to the other values. 




0·1570 4·0050 0·0335 –30·5844 0·0872 
Mean = 0·0881, 
Standard 
deviation = 0·007 
0·1571 4·0049 0·0335 –30·5749 0·0875 
0·1571 4·0045 0·0337 –30·5776 0·0888 
0·1572 4·0045 0·0336 –30·5722 0·0887 
0·1571 4·0046 0·0335 –30·5749 0·0884 
0·1591 4·0086 0·0283 –29·8319 0·0715  
Despite the differences in the zeroed torque values from the still­water experiments, the differences 
in the resultant forces were not statistically significant; all values were within 1·22 standard 
deviations from the mean value of resultant force (1·63 standard deviations for the angle data).  The 
resultant force calculated from the disturbed­water baseline readings were significantly different to 
those for which the baseline readings were taken in still water: the difference between the two was 
nearly 23 times the standard deviation of the still­water resultant force.  For the angle, the disturbed 
water readings were different by nearly 160 times the standard deviation of the still water angle 
readings.  This shows that the zeroing process in still water was very repeatable. 
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3.4. Tank settling time 
Experiments measuring the wake of a goldfish found clear vortical structures in the water 30 s after 
the fish swam past and particle image velocimetry revealed higher background velocities up to three 
minutes after (Hanke et al., 2000).  This, combined with the result from the previous section regarding 
the force sensor zeroing procedure, indicated the need for a basic investigation into the settling of the 
water in the tank and how this would affect the experiments. 
To determine how long it took for the water in the tank to settle after an experiment, the fin was 
oscillated at f = 1·0 Hz, at an input amplitude of 10° for about thirty cycles.  After the fin was stopped, 
it took around seven minutes for the surface to stop visibly oscillating, around 10 minutes for the 
reflections on the surface to stop oscillating and 15 minutes for the particulate matter floating on the 
surface of the water to stop moving appreciably.  After 20 minutes, the tank appeared completely 
still.   
A set of oscillations experiments was then conducted to determine how the forces generated were 
affected by decreasing the water settling time between experiments.  The program controlling the 
experiments had a pre­defined pause time between the successive experiments.  In the first 
experimental tank, this was set to 110 seconds between symmetrical oscillation experiments and 
230 seconds between asymmetrical experiments.  The rig paused for 10 seconds at the start of each 
experimental run to record the baseline sensor readings. 
Four values were chosen for the new ‘pause between’ time: 170 s, 290 s, 590 s and 1190 s (3, 5, 10 and 
20 minutes minus the ten seconds used for reading the baseline sensor values).  The experiment was 
run at three frequencies (0·5 Hz, 2·0 Hz and 3·5 Hz) at a demand amplitude of 10° for both the 
symmetric and asymmetric profiles.  The most asymmetric (A = 15%) profile was chosen under the 
assumption that if no difference was observed for this kinematic profile, there would be no difference 
observed for the other asymmetric profiles.  At each value of frequency, one test run (symmetric or 
asymmetric) was repeated with a different pause between value.  The order of the pause between 
values was chosen using a random number generator.  An example of the program structure in 
pseudocode is given on the next page.  The eight data files (four symmetric, four asymmetric) were 
saved and analysed in the usual way (see Section 2.3 for details). 
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Amplitude = 10 //degrees 
PauseBetween1 = 170 //seconds, (3 minutes-10s) 
PauseBetween2 = 290 //seconds, (5 minutes-10s) 
PauseBetween3 = 590 //seconds, (10 minutes-10s) 
PauseBetweenMax = 1190 //seconds, (20 minutes-10s) 
//guaranteed to let tank settle from observation 
for Frequency = 0.5, 2, 3.5 //Hz 
 Run Symmetric(PauseBetween2) 






If the residual water movement in the tank affected the subsequent test run, then the resultant force 
magnitude and direction would have changed.   
The mean resultant force magnitude was calculated for flaps numbered 4 to 15, ignoring the three 
ramp cycles at the beginning of each run, giving a total of 12 data per sample.  The mean resultant 
force magnitude values are given in Table 3.   
The angle data could not be used directly: taking the arithmetic mean of two angles, such as 
0·1 radians and 6·18 radians (approximately 0·1 rad either side of zero) would have resulted in 
3·14 radians rather than zero radians.  In addition, circular data need to be treated differently to 
linear data since the range of angular data is limited to the (0, 2π) range, whereas linear data belong 
to the range (–)iii.  To overcome this, the data were presumed to fall on a unit circle and the sines 
and cosines of the angles were used to determine a mean resultant vector whose length, r, and mean 



























































iii Thus an angle of, say, 5 radians is the same as an angle of  radians, since 5 (mod 2) = . 
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where 	i is the angle of sample data, n is the number of data in a sample, ᾱ is the sample mean 
direction (typically in radians but I have converted to degrees in Table 3) and r is the length of the 
mean sample vector and has a range from zero to one. 
As r is the length of the mean sample vector, it is also a measure of the clustering of the data: if all the 
points were coincident, r would be equal to one.  Thus the greater the value of r, the more (angularly) 
clustered the data.  An r value of one indicates that the data were clustered on one point at an angle 
given by the mean direction (Zar, 1998).  The sample mean direction and vector length were 
calculated for each data set and the results can be seen in Table 3, which also details the mean 
resultant force magnitude.  The calculation of ᾱ and r, along with all other test statistics listed here, is 
available in the Appendix. 
Table 3 – Values of mean vector length and direction (in degrees) for the 24 experimental cases 
show that the data tended to be concentrated, with the majority of r values greater than 0·9.  The 
mean resultant force magnitude for flaps #4 – 15 inclusive, is also shown. 
Symmetric, f [Hz] Asymmetric, f [Hz] 
t [s] 0·5 2·0 3·5 0·5 2·0 3·5 
ᾱ 
[deg] 
170 84.4 0.9 1.0 ­144.8 ­9.9 0.7 
290 144.8 0.4 ­0.5 ­145.1 ­6.9 2.4 
590 94.5 5.6 1.2 ­147.8 ­10.1 ­2.0 
1190 57.7 1.8 0.8 ­118.6 ­13.9 7.2 
r 
170 0.760 0.975 0.979 0.994 0.995 0.994 
290 0.927 0.979 0.983 0.992 0.990 0.956 
590 0.853 0.969 0.978 0.989 0.997 0.979 




170 0.003  0.124  0.106  0.037  0.100  0.147 
290 0.004  0.106  0.158  0.035  0.106  0.169 
590 0.004  0.132  0.157  0.038  0.093  0.149 
1190 0.004  0.105  0.159  0.017  0.088  0.206 
Table 3 shows that the mean direction, ᾱ, of both the symmetric and asymmetric series at f = 0·5 Hz 
was large and not consistent with the other values.  This was due in part to the thrust component of 
each oscillation sometimes being negative.  For the asymmetric oscillations, the ᾱ values of the two 
lower frequencies, f = 0·5 Hz and f = 2·0 Hz were also much larger than zero.  The results of Chapter 
IV show that this is not unexpected since the asymmetric oscillations created a non­zero average 
lateral force. 
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A Watson­Williams test, which is a multi­sample test for the mean direction, was performed for the 
data since it is analogous to the ANOVA test for linear data (Zar, 1998).  The null hypothesis was that 
the four data sets estimated the same population mean, the alternative, HA, was that they did not all 
estimate the same population mean (not that they were all different). 
The test statistic, F, for the Watson­Williams is given by Equation (32) where k is the number of 
samples (here k = 4); Rj is the product of the number of data in each sample, n (12) , and the sample 
mean direction, r; and R is the combination of all the sample R values.  K is a correction factor that is 
dependent on the sum of Rj and N, the total number of data from all samples (which was 48), and the 






































The calculated values of the test statistic, F, along with the critical value are given in Table 4 on page 
52, which also shows the results of a one­way ANOVA computed on the resultant force magnitudes 
at each frequency for each value of A.   
The results of the ANOVA on the resultant force magnitudes indicated that for most frequencies, not 
all the values estimated the same population mean.  However, there was not one series that was 
consistently above or below the estimated population mean, as indicated in the notes of Table 4 (see 
Appendix for more information on the pairwise comparisons).   
The Watson­Williams test showed that the null hypothesis could not be rejected for any frequency, 
except f = 0·5 Hz for both the symmetric and asymmetric oscillations.  So at f = 0·5 Hz, the symmetric 
oscillations produced the same amount of force regardless of the pause between time of the 
experiments, albeit not consistently at the same angle.  
The results of Chapter IV will show that at f = 0·5 Hz, negative thrust was often recorded, as was the 
case with the data gathered for this test.  This means that it was unlikely, given that thrust could be 
both positive and negative, that the resultant force angle would be the same.  The asymmetric data 
were more clustered but the 1190 s pause series also had both positive and negative values of thrust. 
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Table 4 – F values based for the mean resultant force magnitude and direction as the result of a 
one­way ANOVA and the Watson­Williams test, respectively.  Results are based on four groups of 
12 samples per group and the derivation of the values is given in the Appendix.  H0: all samples 
approximated the same population mean, HA: that they did not all estimate the same population 
mean.  F0·05(2),3,44 is a linear interpolation between F0·05(2),3,40 and F0·05(2),3,45, with values taken from the 
statistical tables in (Zar, 1998). 
Symmetric, f [Hz]   Asymmetric, f [Hz] 
0·5 2·0 3·5 0·5 2·0 3·5 
F (magnitude) 0·637  9·995  30·882  33·887  4·455  12·186 
Result H0 HA(i) HA(ii) HA(iii) HA(iv) HA(v)
F (direction) 14·539 0·314 0·041 3·763   2·679 0·282 
Result HA H0   H0 HA H0 H0
F0·05(2),3,44 3·428 (linear interpolation between F0·05(2),3,40 and F0·05(2),3,45) 
(i) Two groups formed: (1190 s, 290 s) which showed a lower mean resultant force than (590 s and 
170 s) 
(ii) 170 s had lower mean resultant force than the other three (no difference between those) 
(iii) 1190 s showed lower mean resultant force than other three (no difference between those) 
(iv) 1190 s and 290 s groups’ mean resultant forces were different (1190 s showed lower value), though 
no difference between any other combination of groups 
(v) 1190 s showed higher mean resultant force than any other group
For the other frequencies (f = 2·0 Hz and f = 3·5 Hz), the pause between time affected the magnitude 
of the resultant forces produced by both the symmetric and the asymmetric oscillations, but the angle 
of the force was not affected.  Since there was not one value of pause between time that consistently 
affected the results (and differences found were not always in the same direction either), the 
variations in the resultant force magnitude were attributed to random error.  Therefore, any time 
greater than 170 s was considered an adequate amount of time to let the tank settle.  During the 
experiments of Chapter IV and V, four minutes (250 s) was left between each experiment since 
250 s > 170 s and furthermore a full parameter space run for all values of asymmetry took nearly 
18 hours, meaning it was convenient to leave experiments running overnight. 
3.5. Physical perturbation of the tank 
The tank was struck to determine the effect of a physical disturbance.  The side rim of the tank (port 
side) was struck five times with the palm of the hand, progressively harder.  The end rim of the tank 
(aft) was then struck and the aft wall was also struck.  As a final test, the port­side edge of the tank 
was leant on, as occurred when the driving module was being lowered on to the force sensor 
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module.  The force sensor readings plotted as functions of time are shown in Figure 21 and the four 
types of perturbation are visible as four groups of disturbed readings. 
Figure 21 – Four different perturbations of the tank: striking the edge, striking the side wall, 
striking the end wall and leaning on the edge, were all registered by the force sensors. 
The sensor readings, Figure 21, show that hitting the side rim of the tank (zero to 10 s) had a 
profound effect.  When transformed to Fx­Fy space, striking the edge the tank caused a force greater 
than 6·0 N to be registered.  Striking the aft of the tank (10 – 20 s) showed a similar pattern of 
disturbance, though the magnitude of the impact on the sensor readings was lower, likewise, the 
striking of the aft wall (20 – 30 s).  From the activity recorded from 30 – 45 s, it was clear that even 
leaning on the port­side rim had a noticeable effect.  The standard deviation of the resultant force 
during this period was 0·03 N, which was three times higher than the when the rig was at rest in still 
water (cf. Section 3.1) thus it was concluded that all physical contact with the tank was to be avoided 
during testing and zeroing. 
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4. INFLUENCE OF EQUIPMENT SET-UP ON FORCES DURING 
EXPERIMENTS
The analysis to calculate the forces created by the fin assumed that the rig conformed physically to 
the model upon which the equations were based (as described in Section 2).  This section considers 
some of the physical parameters of the equipment set­up, in particular those that would introduce 
systematic errors into the experiments. 
4.1. Vibration of the rig 
The mass of the rig (including the counterweights) was approximately 3 kg.  One approximation for 
the added mass per unit length of a fish is the mass of the water contained in a disc of diameter equal 
to the fish’s tail depth (Wu, 1977) and so the added mass may be in the region of 0·2 kg per unit 
length of the fin or 2·7  kg total (assuming constant added mass along the length), thereby doubling 
the mass of the system and reducing the natural frequency of the vibrations. 
If the rig were oscillating at or near its natural frequency, a resonant effect would be expected: an 
increase in the amplitude of the forced vibration, either of the fin or of the rig itself on the sensors.  
No increase in oscillation amplitude of the shaft was observed for the fins.  If the rig itself oscillated 
(rotation about the y­axis) with increased amplitude due to being near its resonant frequency, a 
greater difference between the vertical components of the force sensors would be expected on each 
half­stroke, which could be interpreted by the analysis programs as a greater difference in the 
measured values of Fy from each half stroke.  Since this will cause both an underestimate and an 
overestimate of that force component, there should be no net effect on the cycle averaged force 
values.  In addition, if the rig’s lateral oscillation amplitude were increased by a large amount, the rig 
would leave the sensors and the experiment would be terminated.  Therefore, it was concluded that 
the vibration of the rig was not an issue that affected the results of the experiments. 
4.2. Temperature of the electronics and depth of water 
The evaporation rate of the tank was estimated from logbook records to be approximately 2 mm 
every three days, though the increase in ambient temperature associated with the onset of 
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spring/summer was not accounted for.  A test was undertaken to determine whether the depth of the 
water in the tank made a difference to the resultant force magnitude of the oscillation cycles.   
The maximum possible distance between the top of the fin and the surface of the water was 205 mm, 
although the surface of the water was then touching the force sensors, which was undesirable, so the 
maximum water depth tested was 714 mm (144 mm between top of fin and surface, 120% of the 
depth of the fin).  The minimum water depth for comparison was 667 mm, giving 97 mm between 
the top of the fin and the surface of the water (80% of the depth of the fin). 
This water­depth test was combined with a test to check the influence of the temperature of the 
electronics: the electronics were considered cold if the equipment had only just been turned on and 
hot after thirty minutes had passed.  Therefore there were three experimental runs conducted: cold 
electronics, shallow water; hot electronics, shallow water and hot electronics, deep water.  The BIO 
fin was oscillated symmetrically at f = 2·0 Hz and  = 16° and the results analysed in the usual way. 
The null hypothesis of the test was that the set of 12 resultant force magnitudes (one per oscillation) 
for each test condition approximated the same population mean.  A two­way (unbalanced) ANOVA 
was computed and failed to reject the null hypothesis (water depth p = 0·915, electronics temperature 
p = 0·588, see Appendix for ANOVA table) and so the temperature of the electronics and the depth of 
the water were shown not to make a difference. 
4.3. Fin is not orthogonal to the shaft axis 
The fins were cast directly onto the shafts so good alignment between the fin shaft and the mould 
was necessary.  If the shaft were not perpendicular to the fin’s section, shown in Figure 22, the fin 
would sit at an angle  in the water.  The forces generated, which were presumed to be in the plane 
of the fin section, would then be at the angle of  to the plane of the rig, causing an extra vertical 
component, Fv.  If  were positive in the direction indicated in Figure 22, Fv would be negative, 
meaning that all the sensor readings would be higher than usual, that is, the forces may be 
overestimated.  The analysis program would also calculate, not R but Fh as the forces on the fin are 
derived from torques.  The relationship between the two depends on the value of  and is given by 
Equation (33) on page 56.  This assumes that a fin oscillating in this manner will produce the same 
amount of force as if not set at an angle. 
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Figure 22 – If the fin shaft were not properly located when the fin was cast, the angular  
discrepancy, , would cause the resultant force created by the fin, R, to be at an angle to the 
horizontal.  If  were positive, a negative force (labelled Fv) would be created, therefore all the 
sensor readings would be higher than if there were no discrepancy.  This would cause all the force 
magnitudes to be overestimated.  In addition, the calculated value of R would actually be the 
magnitude of the horizontal force, Fh. 
The difference between the resultant force, R, and the value measured, Fh, caused by this error is 
small; for an angle of  = –2·5°, which was perceptible on this scale, the percentage of the R that 










4.4. Rig is not flat 
When the force rig was constructed, a spirit level was used to check that the sensor module was flat 
in the x­y plane.  However, if the sensor module were at an angle to the y­axis, the fin shaft would no 
longer be aligned with the centre of gravity of the rig.  This means there would be an extra torque on 
the rig due to the weight of the fin and the fin would be acting at an angle in a similar manner to the 
situation described above. 
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The problem can be simplified by assuming the torque due to the weight is negligible, since some of 
the weight is countered by the buoyancy of the rubber, i.e. the apparent immersed weight of the fins 
is reduced (relative density of the silicone rubber used: 1·2 at 25° C).  The value of torque, x, remains 
the same: the unloading of the sensors caused by the reduced fraction of the rig’s weight is countered 
by the shorter lever arm over which the force acts, Figure 23. 
However, in the derivation of the forces (see Equations (21) to (29)), x is assumed to be caused by the 
force produced by the fin (Fr) acting over the lever arm dz.  In this case, the force is given by 
Frcos() = Fh, and the lever arm by dzcos().  In this instance the fraction of measured (Fm) to the real 
force (Fr) is cos2(), so for an angular discrepancy of 2·5°, we would measure 99·8% of the true force.  
This is small enough that any angle considered horizontal by using a spirit level would produce no 
statistically significant difference in the force readings.  If the rig were rotated in the other direction, 
i.e. about the y­axis, the problem cannot be resolved without knowing actual the force sensor values.  
However, since the orientation of the rig was checked in both directions with a spirit level, it is 
reasonable to assume that no error was introduced by the orientation of the rig in either direction. 
Figure 23 – If the rig were at an angle so that the force sensors were higher than the pivot point of 
the rig, the measured force, Fm, would be lower than the real force, Fr, by a small amount.  
However, the rig set up was checked with a spirit level and so this was not a problem. 
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4.5. Oscillation around a non-zero angle 
The fin was attached to the rig through a coupling with grub screws to hold it in place, as shown in 
Figure 13, but there was no rotational location mechanism, which meant that the fin could be fixed in 
at any angle.  The general procedure for alignment of the fin was to screw the fin in approximately 
along the  = 0° axis and to use the servo motor offset value in the rig controller program to correct 
for any discrepancy, and this was done by eye both when the fin was stationary and moving.  The 
discrepancy was estimated to never be more than ±2°. 
The rig controller program allowed oscillation around angles where   0° and calculated the thrust 
and lateral force relative to   The repercussions of oscillating around an angle that was not the  as 
defined in the analysis program is as follows.  Since the x­y plane was relative to the tank, the forces 
Fx and Fy would be correct, however the magnitude of the calculated thrust and lateral force would 
have changed because they are relative to the fin’s direction.  For symmetric oscillations, where the 
resultant force angle was zero (see Chapter IV), any discrepancy would underestimate the thrust and 
introduce a non­zero average lateral force. 
For the asymmetric oscillations, the situation was more complicated because a non­zero average 
lateral force was expected.  Figure 24 shows two scenarios of how the thrust and lateral force would 
be affected, (a) for the fin at a negative value of  (fin rotated clockwise) and (b) for a positive value 
of .  Chapter IV will show that for the asymmetric oscillations, which had the fast half­stroke going 
anticlockwise,  was generally negative with a larger value when the frequency of oscillation was 
high and so both cases in Figure 24 show negative  angles that are larger than . 
Figure 24 shows that the real thrust and lateral force produced, Tr and Lr, would be misinterpreted 
by the analysis as Tm and Lm, but the resultant force magnitude, R, would be unaffected.  If the fin 
were at an angle, – as in (a), then the measured thrust would be larger than the real thrust and the 
measured lateral force would be less than the real lateral force.  The measured value of  would also 
change and in (a) would be overestimated because the measured  was given by real –   If the fin 
were the other way round, as in (b), the thrust would be underestimated and  and the lateral force 
would be overestimated. 
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Figure 24 – Unsuspectingly oscillating around a non­zero angle leads to a misinterpretation of the 
force.  In part (a) the resultant force, R, is at a negative value of .  The measured thrust and lateral 
force, Tm and Lm, are given by the solid blue lines and the dashed red lines give the thrust and 
lateral force actually produced, Tr and Lr, rotated to be in the x­y space.  If the fin were at some 
angle, –, but the analysis assumed that  = 0°, and || > , thrust would be overestimated 
(Tm > Tr), lateral force would be underestimated, and the value of  would be underestimated, 
despite the magnitude of the resultant force being the same.  In (b), the fin is at +, and so in this 
instance the thrust is underestimated and the lateral force and  are overestimated. 
The value of the under­ or overestimate of T and L depends on the relationship between  and , as 










Table 5 gives example values based on a resultant force magnitude of 1·0 N.  Even with a 3° 
discrepancy between the real and presumed value of , the magnitudes of the differences are small.  
Since the force data resulting from the experiments described in Chapters IV and V were averaged 
over multiple experiments, the discrepancy between the real and the presumed value of  was not a 
significant source of error unless a systematic bias existediv.  This is unlikely: the data concerning the 
values of  as the frequency varied, as reported in Chapter IV, did not show a bias to the symmetric 
data for which  should be zero. 
Table 5 – Measured values of the resultant force vector direction depend on the discrepancy 
between where the fin is supposed to be and where the fin actually is.  These example results are 
based on a resultant force magnitude of 1·0 N. 
iv For example, since the fin was aligned by me by eye, I may have always erred to one side – though 
I believe this to be unlikely. 










Tr [N]  Tm [N]  Difference 
[N] (% of Tr) 
–45  3  –48  0·707  0·669  0·038 (5·4%) 
–45  1  –46  0·707  0·694  0·012 (1·8%) 
–10  3  –13  0·985  0·974  0·010 (1·1%) 
–10  1  –11  0·985  0·982  0·003 (0·3%) 
4.6. Direction of the fast half-stroke in asymmetric oscillations 
Throughout this work, the first movement of the servo motor was always anticlockwise and all 
asymmetric oscillations were programmed to perform the faster half­stroke first, if A < 50%.  Since 
the fin started at zero amplitude, the first movement anticlockwise represented one quarter of a 
stroke in space though not necessarily time. 
For a fin oscillating symmetrically at 1·0 Hz, the time taken to do this first movement would be 0·25 s.  
When considering the most asymmetrical case used in the parameter space: A = 15%, the time taken 
for the first quarter­stroke would be 0·075 s or 0·425 s for A = 85%, i.e. the same amount of asymmetry 
but starting with the slower half­stroke.  If the fin were programmed to conduct the slower portion of 
the stroke first, A > 50%, the acceleration of the fin during this first quarter­stroke would be much 
lower than if A < 50%.  The forces resulting from the acceleration of the fins from rest were mitigated 
by including ramp cycles at the beginning: three oscillations at reduced amplitude to prevent the 
force sensors from overloading. 
To determine the difference between oscillating fast or slowly first, two sets of 15 oscillations were 
recorded with no ramp cycles, one at A = 15% and one at A = 85%, at f = 1·0 Hz and an amplitude of 
4°.  The first two quarters of the first oscillation is shown for each value of asymmetry in Figure 25.  
The figure shows that although during the first quarter oscillation, both values of asymmetry caused 
mostly negative thrust, the magnitude of the thrust and lateral forces were different.  The first 
quarter produced negative thrust since as the fin moved and the water immediately behind the fin 
was sucked into the void where the fin had just been, causing water to move in the positive y­
direction.  The difference in the magnitude of the forces was due to the difference in speed of the 
movements; however the second quarter did not show the same degree of difference. 
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Figure 25 – The direction of the first servo motor movement and the asymmetry value create 
different forces in the first two quarters of the first oscillation from rest.  Data in this figure are 
from experiments with two different asymmetry values, A = 15% and A = 85% for the BIO fin 
oscillating at a demand amplitude of 4° and a frequency of f = 1·0 Hz. 
During the steady state, the direction of the fast half­stroke made a small difference to the form of the 
results: Figure 26 shows the forces produced by the A = 15% and A = 85% asymmetric experiments 
for all oscillations.  The A = 15% force trace is not quite the mirror image of the A = 85% but is slightly 
rotated, by approximately 10°, to where the mirror of the A = 85% trace would fall.  I believe this is 
related to the difference in speed of the first quarter stroke, as described below. 
By moving fast first, it may be that an effective  angle was created; the fast acceleration of the fin 
may have affected the alignment of the fin.  In Chapter IV it will be shown that the fins oscillating 
symmetrically at f = 4·0 Hz showed a slight positive rotation to the force trace (thrust and lateral force 
through time), Figure 37 and Figure 38.  This provides more evidence for this hypothesis and 
indicates that it may be a problem that affects the symmetric oscillations that have an average speed 
above a certain threshold.  This hypothesis was not tested because it was only during the analysis 
that the problem was identified.  Testing would be simple, however; by programming the servo 
motor to move clockwise first (and by repeating the experiment to determine if the difference 
observed were statistically significant), the link between the resultant force angle, , of the symmetric 
oscillations and the direction of the first movement of the servo motor could be investigated. 
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Figure 26 – The force traces in the lateral force­thrust space for all the oscillations from the 
experiments with A = 15% and A = 85% show that a difference may exist between the two 
asymmetry values.  This was hypothesized to be due to the fast first movement of the servo motor 
influencing the alignment of the fin, thereby introducing an effective .  The experimental 
parameters are the same as those detailed in Figure 25. 
4.7. Angle of zero amplitude 
The rig controller program allowed the stationary position of the fin to be any angle designated by 
the user, defined by Figure 12.  When  = 0°, the trailing edge of the fin pointed to the aft section 
of the tank. 
The working area of the tank was rectangular and the fin shaft was placed close to, but not coincident 
with, the centre, Section 1, q.v.  When  = 90° or  = 270°, the fin trailing edge was closer to the edge 
of the tank although it was always more than four chord lengths away, a value cited by Milano and 
Gharib (2005), to indicate the absence of tank effects, however they did not state whether that was 
valid only for flow tanks. 
A run of flapping experiments was conducted at f = 2·0 Hz and 	 = 16° for values of  ranging from 
180° to 360° (i.e. 0°).  The angle of the fin was determined by a 360° protractor that had a hole cut out 
of its centre so that it could be positioned around the fin shaft.  During an experimental run, fifteen 
oscillation cycles were completed with the first three being the ramp cycles, so flaps 4 – 15 were full­
amplitude oscillations.  To determine the significance of  on the force, the average resultant force 
magnitude for flaps numbered 4, 5 and 6 was compared with the average resultant force magnitude 
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for flaps numbered 13, 14 and 15.  A difference in the force magnitudes from the beginning and end 
of the experimental run would indicate that there was water movement in the tank that affected the 
results, i.e. a tank effect.  The time separating the first and the last groups was 3·0 s and this was 
presumed long enough for a flow in the tank to become established.   
Figure 27 shows a polar plot of the resultant force: the blue triangles represent the average resultant 
force magnitude from flaps 4, 5 & 6 and the red circles represent the same variable for the later flaps, 
plotted such that the radius is the resultant force magnitude.  The black crosses represent the 
resultant force for all fifteen flaps, including the ramps cycles, meaning the value was lower and so 
the markers are closer to the centre of the plot.  The vectors emanating from each point are scaled to 
represent the resultant force magnitude and direction,  with relation to the angle of the fin, .
Figure 27 shows that in the principal directions of the tank (fore, aft, port), the difference between the 
mean force magnitudes at the beginning and the end of the experiment was small: less than 0·01 N.  
In most cases, the value of  was small and did not seem to vary in a predictable manner. 
Evidence of anomalous results is also shown: an experiment at  ≈ 300° and one at  ≈ 200° showed 
that when something was amiss, both the thrust and the lateral force vectors were affected.  This was 
not due to the bad estimation of the fin angle (as described in Section 4.5), for two reasons.  First, 
since the perceived  is equal to the real  minus the discrepancy and if a  of zero is assumed, the 
discrepancy would need to be in the order of thirty degrees to produce the results seen in Figure 27, 
which is unlikely.  Secondly, if the value of  were badly estimated, the magnitude of the resultant 
force would not be affected.  Figure 27 shows this was not the case: the magnitudes of the resultant 
force of the two affected data are smaller than the others.  The experiments at these two angles were 
repeated, as can be seen on Figure 27, and the anomalous data were excluded from the analysis. 
To further analyse the results, a two­way ANOVA was done comparing the cycle resultant force 
magnitudes from the beginning (flap #4, 5 and 6) and the end (flap #13, 14 and 15) for the twenty 
values of  tested.  The results showed that there was no significant difference between the resultant 
force magnitudes from the beginning and end groups (p = 0·58 and that there was no interaction 
between the value of  and the group effect, p = 0·41), however the value of  did make a significant 
difference (p = 1·01 x 10­22) to the resultant force magnitudes. 
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Since the ANOVA found that the resultant force magnitudes did not all estimate the same 
underlying population mean, there may have been an angle effect, in particular at  = 270°, where the 
distance to the edge of the tank was smallest.  Figure 28 shows the beginning and end resultant force 
data at each of the values of  tested split into two groups:  = 180° – 270° and  = 270° – 360°, with a 
linear trend line fitted to each group. 
Figure 27 – The symmetric flapping profile resultant force vectors for various values of .  The 
circumference markers are values of , the zero­amplitude angle of oscillation, in degrees, and 
the radius is the resultant force magnitude in newtons.  The blue triangles represent the resultant 
force of flaps 4, 5 and 6, while the red circles represent flaps 13, 14 and 15.  The vectors are 20% of 
the magnitude of the resultant force, i.e. 20% of the radius, and are rotated by an angle  showing 
the resultant force direction.   is zero when the force is along a radius of the circle, i.e.  is a 
measure of the deviation of the force from the angle  – 180°. 
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Figure 28 – Graph of the resultant force magnitude from flaps #4, 5, 6, 13, 14 and 15 for all angles 
of  tested, in two groups:  = 180 – 270° and  = 270° – 360°, the  = 270° data were part of both 
groups.  Linear trendlines describe the relationship between  and the resultant force magnitude 
from a particular cycle.  Positive correlation was found for  = 180 – 270°, describing the angles 
between which the fin trailing edge pointed towards the forward section of the tank and the port 
side.  No correlation was observed for  = 270° – 360° which described the fin trailing edge at 
angles between the trailing edge pointed at the port side and towards the aft section – the typical 
position. 
The trend lines fitted to the data of Figure 28 show a slight positive correlation existed between the 
value of  and the resultant force magnitude for  = 180 – 270° but no correlation for  = 270° – 360°.  
The experiments detailed in Chapter IV and Chapter V were all conducted at an angle of  = 0°, apart 
from one set that was at  = 270°.  The results of this section show that there was no correlation 
between the resultant force magnitude and the value of  for this range.  Furthermore, a two­sample 
t­test showed that there was also no statistically significant difference between the resultant force 
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5. SUMMARY
The results of the experiments in this chapter show that the experimental tank was suitable for the 
range of parameters I investigated.  The sensitivity of the equipment was also investigated and some 
variables were influential on the forces calculated on the fin.  Below is a list of factors examined in 
this chapter, split by level of influence.  Physical perturbations of the rig and allowing the sensors to 
become overloaded were by far the most detrimental to the experiments. 
Factors with very little/no influence: 
 Temperature of electronics 
 Water depth in the range detailed here 
 Angle of zero displacement 
 Tank settling time (within range investigated) 
 Sample rate 
Marginally influential factors 
 Set­up of the rig (angles, fin on straight etc.)
 Disturbed water during zeroing 
 Inherent variation of the force sensors 
 Direction of the first movement of the servo motor 
 For symmetric oscillations above a certain average speed 
 When comparing A = 15% and A = 85% oscillations 
 Though this remains an untested hypothesis 
Very influential factors 
 Touching the rig and tank 
 Overloading the rig 
No steps were taken to mitigate the potential errors introduced by the factors with very little/no 
bearing on the experimental results except to keep the experimental protocol the same each time, e.g.
always using the same angle of zero­displacement ().   
For the marginally and very influential factors, careful experimental protocol mitigated or eliminated 
the risk of errors being introduced.  For example, the water was always left for four minutes to settle 
between experimental runs, even when repeating isolated experimental runs.  Four minutes were 
shown to be long enough that the results of the subsequent experiment were not affected.  The 
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variation of the sensors was mitigated by repeating the experiments so that for each value of 
frequency, amplitude and asymmetry, between four and six data were available.  If the sensors were 
found to have overloaded, the individual experiment was repeated, although this was not always 
possible owing to time constraints so the affected files that could not be repeated were excluded from 
the analysis.  The untested hypothesis that the direction of the first movement of the servo motor was 
influential was irrelevant when comparing the magnitude of the resultant force (Chapters IV and V).  
The resultant force angle, , may have been affected however and the implications of this are 
discussed further in Chapter IV.  Finally, the touching of the equipment during an experiment was 




t was shown in the previous Chapter that the set­up of the experimental tank had little effect on 
the experiments.  This Chapter considers the results of the force experiments conducted to 
determine if a difference existed between the resultant force magnitude and direction of 
symmetrically and asymmetrically oscillating fins.   
Initial results regarding the resultant force magnitude from one experiment were presented at the 4th
International Symposium on Aero Aqua Bio­Mechanisms (ISABMEC) that took place in Shanghai 
(Collins et al., 2009). 
1. INTRODUCTION
The movements made by swimming animals to propel themselves through the water are adapted for 
the type of propulsion desired, and many animals have different gaits.  The goal of deviating from 
sinusoidal kinematics may be to change the time­averaged value of thrust, e.g. Licht et al. (2010), 
perhaps to change the direction of the force for manoeuvring, e.g. Read et al. (2003), or to account for 
small scale perturbations by increasing the instantaneous (unsteady) force in a particular direction.  It 
was reported in Chapter II that for heaving and pitching foils different movements represent the 
ideal kinematics for thrust production (large heave) and efficient motion (small heave, large pitch 
angle).   
Koochesfahani (1989) reported that by using an asymmetric pitching stroke of a rigid NACA fin, the 
wake vortex patterns deviated from the typical reverse Kármán street such that on the slower half­
stroke, multiple small vortices were shed and on the faster half­stroke, one strong vortex was formed.  
This had the effect of creating both a wake (drag) and a jet, which presumably would cause a turning 
force analogous to the way in which tracked vehicles turn.  More recently, simulations of the 
I
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asymmetric­in­time pitching of a rigid NACA fin were undertaken to investigate the forces produced 
(Xiao and Liao, 2009).  It was found that a larger vortex was shed as a result of the faster half­stroke, 
and that that vortex had a higher vorticity than the vortex shed on the slower half­stroke.  Xiao and 
Liao (2009) further noted that the stronger vortices in the wake led to higher thrust values, at the cost 
of a drop in the efficiency. 
Since Heine (1992) showed that the tip speed of a cownose ray correlated with forward swimming 
speed (on the upstroke only), the benefits of asymmetric­in­time oscillations to forwards propulsion 
should be available to flexible fins as well as to rigid ones.  Thus this Chapter uses two flexible fin 
shapes to investigate whether asymmetric in time oscillations create more force than their symmetric 
counterparts.  To do this, I used two rubber fins, the BIO and NACA fins described in Chapter III, 
oscillated by a servo motor­driven rig (refer to Section 2 for a full description).  To simplify the ray 
fin analogue, the fin was tethered and oscillated in still water.   
The experimental rig was originally set up for another doctoral thesis project (Riggs, 2010) looking at 
the force response of fins with different stiffness profiles oscillating symmetrically.  The conclusion of 
this work was the discovery that the BIO fin continued to produce thrust in a kinematic range in 
which the NACA fin’s thrust production declined.  This can be seen in a surface plot of the thrust, 
Figure 29, which shows the amplitude (abscissa) frequency (ordinate), and the thrust (applicate) 
resulting from one experiment. 
BIO NACA 
Figure 29 – Thrust produced as amplitude and frequency are varied for the BIO and the NACA 
fins.  Data are taken from Riggs (2010) and represent one experiment at each value of frequency 
and amplitude for the softer of the fins he used.  Plotted on the same scale, the graphs show that 
the BIO fin produced increasing thrust as the amplitude and frequency increased, whereas the 
NACA produced thrust that peaked at f = 1·0 Hz – 1·5 Hz. 
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It was concluded that the difference between the fins’ responses was attributable to the stiffness 
profile and not the absolute value of stiffness (Riggs, 2010).  I introduced asymmetric kinematics and 
repeated experiments to calculate whether any perceived difference was statistically significant.   
Given the relationships between kinematics and the forces produced as reported in the literature, 
there were three principal objectives of the work reported in this Chapter:  First, the hypothesis that 
asymmetric­in­time oscillations of flexible foils produced more force than symmetric oscillations was 
tested.  I decided to use the resultant force as the dependent variable since the force vector produced 
may not have been not collinear with the presumed direction of travel, as suggested by the results of 
Koochesfahani (1989).  Furthermore using the resultant force meant that the maximum force 
obtainable by the oscillating fins was investigated.   
The second objective of the work was to investigate the direction of the resultant force vector.  Based 
on the work of Koochesfahani (1989), it was hypothesized that asymmetric­ in­ time oscillations 
would produce a force at some angle to the axis about which the fin was oscillating.  Chapter II 
showed a photograph and diagram of the wake patterns observed by Koochesfahani (1989) for a 
rigid fin oscillating asymmetrically­in­time.  The faster moving fluid (jet) was shown to be positioned 
on the positive side of the fin – the side on which the faster half­stroke ended.  This implies that the 
fin created an anticlockwise turning force, hence a resultant force vector at some angle – (where  is 
defined as positive from the thrust axis to the lateral force axis, as shown in Figure 12 in Chapter III
The final goal of the work was to examine the unsteady forces produced by the fins using both 
symmetric and asymmetric­in­time oscillations.  This would allow the two types of kinematics to be 
compared in more detail.  It would also permit a more meaningful connection between the forces 
produced and the power used, the subject of Chapter V, and between the forces produced and the 
kinematics, the subject of Chapter VI. 
2. MATERIALS AND METHODS
Two experimental tanks were used for the experiments: one tank that was the location of only one 
experiment and the one described in Chapter III, in which the majority of the testing was done.  The 
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first tank was bigger than the one described in Chapter III and so the conclusions of Chapter III were 
presumed valid for that tank, namely that the tank itself had no effect on the force experiment 
results.  The only influential factor on the results that was not actively controlled by me (or the rig 
controller program) was the physical set up of the frame holding the rig over this first tank.  This was 
found in Chapter III to be moderately influential but I am confident that care was taken when 
constructing the frame to ensure that the rig was level.  All other influential factors (as listed in 
Chapter III) were the same for each tank, such as the water settling time, and were controlled so as 
not to adversely affect the results. 
2.1. Definition of asymmetry and experimental protocols 
The basic oscillation profile of the fins was that of a sine wave.  To introduce the asymmetry, the time 
taken to complete the portion of the stroke from maximum to minimum amplitude was reduced 
from 50% of the total stroke time to 35%, 25% and 15% for three different degrees of asymmetry.  The 
shape of the stroke was still sinusoidal, as can be seen in Figure 30 and the time taken to complete 
one full oscillation remained the same.  All references to frequency, f, in this paper describe the 
reciprocal of the time taken to complete one full oscillation. 
Figure 30 – The fin was made to oscillate such that the maximum amplitude was reached at 
different points during the total time period to induce the asymmetry.  Thus the A = 15% profile 
had its half­period time at 15% of the total stroke time (instead of at 50%). 
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Before each experiment, the filtration pump was turned off and the water was allowed to rest for 
around twenty minutes to allow any movement to dissipate.  The electrical equipment was switched 
on and the fin angle offset was entered into the rig controller program to ensure the fin oscillated 
about an angle as close to zero as possible (defined using tank coordinates, see Chapter III for 
details), a process done by eye.  When an experiment was to start, the experimental details were 
noted (test name, date, water depth, and toward the end of the experimentation phase, the sensor 
readings) and the data channels were zeroed.  The experiment, controlled by a program written in 
PureBasic (Fantaisie Software, Fegersheim, France), was then started. 
Each experiment comprised every combination of frequency, f, and amplitude, , in the parameter 
space and each value of asymmetry, A, varied in that order.  In the parameter space, the amplitude 
varied from 2° to 16° in increments of 2° and the frequency ranged from 0·5 Hz to 4·0 Hz, in 
increments of 0·5 Hz.  Each unique kinematic combination of f,  and A was referred to as a run.  
With eight values of frequency, eight amplitudes and four values of A (one symmetric, three 
asymmetric), there were 64 runs per experiment.  During a run, the fin started from the zero­
amplitude position.  For ten seconds before any oscillations of the fin, the base­line readings of all the 
sensors were taken and recorded in the data file.  The first movement of the fin trailing edge was 
anticlockwise to the starboard side of the tank (as defined in Chapter III) and this was the fast portion 
of the stroke for A < 50%.  The fin undertook three ramp cycles before the main experimental phase, 
for which the input frequency was used but the amplitude was an increasing fraction of the full 
demand amplitude.  Typically, the fin oscillated 15 times (including the three ramp cycles) during 
each run.  After each run, the tank was allowed to rest for four minutes (see Chapter III for details). 
2.2. Analysis of data 
The rig controller program created one output file for each run with the experiment details stored in 
the header of each file.  A series of MATLAB programs was used to manage and analyse the data (see 
Supplementary Material, on the accompanying DVD for details).  The programs used the equations 
listed in Chapter III (Equations (11) – (29)) to convert the force sensor values into the average thrust, 
lateral force and resultant force magnitude and direction for each oscillation as well as the average of 
the run, excluding the ramp cycles.  For the whole­run calculation, the thrust and lateral force were 
found at each time­step and their mean values were calculated.  The average thrust and lateral force 
were then used to calculate the average resultant force.  Torque, as written to the data file by the rig 
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controller program, was derived from the force sensors (Equation , Chapter III).  A strain gauge was 
used to measure the torque more directly and the design and implementation of this is given in 
Chapter V.  The experiments were repeated to give six data sets.  The mean magnitudes of the thrust, 
lateral force and resultant force were calculated for each fin for each kinematic group (unique 
combination of frequency, amplitude and asymmetry) and the standard deviation of the forces was 
also calculated. 
The amplitude achieved by the servo motor was found to deviate from the desired input value, .  
The value of the true amplitude, ta, varied by fractions of a degree, typically decreasing as the 
frequency increased.  The variation of ta was typically less than the difference between different 
values of .  To allow for this variation during the analysis, the ta achieved by the servo motor on a 
particular run or the mean true amplitude (mta), was used.  Where , the input amplitude, has been 
used in this thesis, it is to designate a subset of the input kinematics, e.g. the angle of the resultant 
force (see Section 3.2.b) was examined for all input frequencies, but only one input angle:  = 16°.  
Where practicable, the value of ta or mta is presented. 
2.3. Analysis of unsteady forces 
In the Results section of this Chapter, which starts on page 76, the typical dynamic force traces of the 
fins are presented (e.g. Figure 32).  In these figures, each of the six experiments is represented by a 
single curve, despite twelve full­amplitude oscillations comprising each experimental run.  These 
curves were created by taking the thrust, lateral force and position data for eleven strokes and 
splitting them into individual oscillations (see the Appendix for details). 
The average stroke data were used to sketch the typical patterns of the forces throughout the stroke 
by matching the force data to the kinematics, using the angle of the shaft in each data set.  This 
method is explained in Section 2.5.  Once the link between the force and the kinematics was 
established, the average stroke data were also used to calculate the force resulting from each half­
stroke delineated according to the movements of the shaft and of the trailing edge. 
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2.4. Parameter space calculations 
Owing to the variation in the true shaft amplitude at each value of demand amplitude, the values 
recorded by the potentiometer rather than the demand amplitudes were used in the analysis.  To 
compare the symmetric and asymmetric data sets, which had different values of true amplitude 
throughout the parameter space, MATLAB programs were created to manage the data.  The 
programs found the resultant force at each frequency and mean true amplitude, mta, by linearly 
interpolating between values in the parameter space.  The mean true amplitude was defined as the 
mean angle achieved when the input frequency and amplitude were the same on each fin.  This 
allowed the resultant force to be compared between asymmetry values at the same frequency and 
amplitude.  This process is described in more detail in the Appendix. 
Since the resultant force magnitude was always a positive quantity, the graphs in the parameter 
space did not show whether the thrust value at any given point was negative.  A datum representing 
the significantly larger resultant force may be concealing the fact that this force is directed in the 
negative y direction, i.e. “backwards”.  However, negative thrust was only found for one or two 
cases, none of which produced statistically significant differences in the parameter space. 
2.5. Synchronising force and kinematics data 
Even though the experiments were not run concurrently, identifying events in multiple data sets 
allowed a more holistic interpretation of the results.  However, there were several factors hindering 
the process of associating the three data sets (force, kinematics, DPIV).  First, there was no universal 
identifying feature that would allow the three data sets to be perfectly synchronised.  Furthermore, 
data that could be used to identify the fin’s position were not consistent between data sets.  Thirdly, 
there was a lack of video data: for the kinematics experiments 110% of one oscillation was analysed, 
for the DPIV it was 1 s, which represented 1·5 or 4 oscillations at the frequencies presented in detail 
in this Chapter. 
To link the force data and the kinematics data, the shaft angle was used.  During the force 
experiments, the shaft angle was measured by a potentiometer; however, the shaft angle for the 
kinematics data was calculated from the found midline and so depended greatly on the proper 
analysis of the images.  This is shown diagrammatically in Figure 31.  The greyed­out portion of 
Figure 31 describes the method used to synchronise the kinematics with the DPIV data.  This is 
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included since Figure 48 (later in this Chapter) uses this process.  A more detailed explanation is 
given in Chapter VII. 
Figure 31 – Diagram showing the flow of data used to synchronise the results from the different 
experiments.  The shaft angle recorded by the potentiometer was averaged to produce one ideal 
cycle (as described in Section 2.3) and this was compared to the shaft angle from the kinematics 
experiments.  Synchronising the data was done by eye based on the shaft angle.  Once the 
experiments were synchronised, the trailing edge (TE) position of the fin could also be related to 
the forces produced. 
Once the two data sets were synchronised, the approximate midline position of the fin was known 
throughout the force cycle.  This meant that the position of the trailing edge was also known in 
relation to the events in the force cycle.  This information was used to delineate the force traces based 
on the movement of the shaft (which used the shaft angle from the force experiments) and based on 
the trailing edge.  The delineated force traces are shown in Section 3.1. 
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3. RESULTS
For the unsteady cases, I elected to concentrate on two frequencies only: f = 1·5 Hz and f = 4·0 Hz and 
the symmetric and most asymmetric oscillations only.  These frequencies were chosen as they 
approximated the frequencies at which the thrust was a maximum for each fin.  Where appropriate 
these frequencies were used for comparing the symmetric and asymmetric data in the subsequent 
Chapters.  When examining trends across the parameter space, all frequencies and amplitudes were 
considered, and as many asymmetry values as was appropriate. 
3.1. Unsteady force response 
During each oscillation, the forces generated by the fins varied in magnitude and direction, with the 
thrust fluctuating between zero and some maximum value and with the lateral force alternating 
between positive and negative values.  This can be demonstrated by plotting the dynamic force in 
thrust­lateral force space, as in Figure 32, which shows the BIO fin at  = 16°, f = 1·5 Hz for all values 
of asymmetry, with the values of mta given in the Appendix.  Since the asymmetry was in time, not 
in space, the speed of the half­stroke rather than the amplitude was changed by the asymmetry.  
However the ta of each test was different and there was evidence that the amplitude discrepancy was 
greater at the end of the faster­half stroke for the asymmetric oscillations. 
At this frequency and amplitude, the introduction of asymmetry changed the size, shape and the 
position of the dynamic force trace in the lateral force­thrust space.  The force trace recorded for the 
BIO fin, shown in Figure 32, was shifted about the ordinate (thrust axis), so that the more asymmetry, 
the greater the magnitude of the lateral force on the negative x side of the rig.  The parameter space 
analysis of Section 3.2 shows that there was a significant difference between the resultant force 
magnitude of the symmetric oscillations of the BIO fin and that of the most asymmetric oscillations 
for this combination of frequency and amplitude.  The NACA fin responded to asymmetry in a 
similar way: more asymmetry provoking more lateral force on one side, as might be expected.  The 
resultant force markers shown in Figure 32 do not appear to show a significant lateral force 
component but this is caused by the scale of the axes. 
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Figure 32 – Asymmetry makes a difference to the shape, size and placement of the force trace 
during oscillation.  Each plot shows the force traces at each timestep thoughout average 
oscillations (see the Appendix for details of averaging), one per experiment (n = 6) of the BIO fin.  
The crosses indicate the resultant force vector for each experiment.  The greater the asymmetry, 
the more the lateral force was negative.  The input frequency and amplitude were f = 1·5 Hz and 
 = 16°, respectively, although the true amplitude of each test (4 asymmetries x 6 experiments = 24 
tests) was slightly less than 16° and each was different.  The true amplitudes are available in the 
Appendix. 
The oscillations of the fins at maximum amplitude and at two frequencies, f = 1·5 Hz and f = 4·0 Hz, 
are presented in detail in this section.  These represent the approximate locations in the parameter 
space of the maximum force generated by each fin.  Furthermore, at the lower frequency, the 
resultant force generated by each fin was similar but at the higher frequency there was a significant 
difference between the magnitudes of the resultant forces produced. 
3.1.a Unsteady forces are very different at f = 1·5 Hz 
For both fins oscillating symmetrically, the thrust peaked when the shaft angle was approximately 
zero, as shown in Figure 33.  Using the results of the kinematics experiments detailed in Chapter VI, 
the trailing edge was at its maximum or minimum excursion when the shaft angle was 
approximately zero and hence when peak thrust was recorded.  Coincident with the peaks of thrust 
were the lateral force maxima, Figure 33.  The apparent quantization of the potentiometer signal was 
not a problem and this is discussed in Section 4.  The lateral force changed from being a positive 
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value to a negative one when the shaft angle was at its minimum and at this point the trailing edge 
crossed the centreline on its clockwise stroke. 
Figure 33 – Example of the unsteady thrust and lateral force during a portion of the experiment, 
shown with the angle of the shaft as recorded by the potentiometer.  Data are from an experiment 
with the BIO fin oscillating symmetrically at f = 1·5 Hz and show that maximum thrust and lateral 
force occurred simultaneously as the shaft angle was approximately zero degrees. 
These events are shown in diagrammatic form in Figure 34, which shows sketches of the force traces 
based on all the experiment, of the BIO fin in thrust­lateral force space.  The curves are colour­coded 
based on the movements of the shaft in (a) and (c) and based on the movements of the trailing edge 
in (b) and (d), with arrows indicating the progression through time of the force traces.  The 
movement of the fin was slow from the point marked A and fast from the point marked B in the case 
of the asymmetric oscillations.  
Delineating the force traces according to the angle of the shaft shows that for both symmetric and 
asymmetric oscillations positive lateral force was mostly produced on the clockwise (slow) stroke of 
the shaft and negative lateral force was produced on the anticlockwise (fast) stroke of the shaft, 
shown in Figure 34 (a) and (c) as the points A and B being approximately coincident with the 
ordinate.  Thrust and lateral force peaks were produced at the trailing edge turnaround point for the 
symmetric oscillations, points A and B in subplot (b).  It will be shown in Chapter VI that trailing 
edge vortices were shed at the maxima of trailing edge excursion.  When the fin oscillated 
asymmetrically, peak thrust occurred at the fin turnaround point; however this point was no longer 
concurrent with the largest negative lateral force, but occurred a short time afterwards.  Oscillations 
of the thrust during the slow stroke of the shaft, created a complicated pattern in the force trace, 
which can be seen in Figure 34 (c) and (d) around the point of maximum positive lateral force.  The 
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open nature of the forms in Figure 34 indicates that, in general, more thrust was produced on the fast 
stroke of the trailing edge than on the slow stroke. 
(a) (b) 
(c) (d) 
According to shaft movement According to trailing edge movement 
Figure 34 – Sketches of the division of the thrust­lateral force traces according to the fast and slow 
movements of the BIO fin with f = 1·5 Hz and  = 16°.  Movement is fast from B­A and slow from 
A­B.  The force traces move clockwise through time.  The top row is for symmetric oscillations 
(A = 50%) and the bottom row is for the most asymmetric oscillations (A = 15%).  Lateral force 
occurred in the opposite direction to the shaft movement, shown in (a) and (c) whereas peak to 
peak thrust was best described by the movement of the trailing edge (b) and (d).  Overlaid on the 
images are sketches drawn from the video footage of the typical position of the fin at two points 
in the cycle with arrows indicating the direction of movement of the fin.  The trailing edge 
excursion data came from the kinematics experiments, the subject of Chapter VI, and were 
matched to the force data by using the angle of the shaft (detailed in the Appendix). 
As with the symmetric oscillations of the BIO fin, the thrust and lateral force peaks of the NACA fin 
oscillating symmetrically were coincident.  The lateral force produced by the NACA fin had a larger 
range than that of the BIO fin.  The direction of the lateral force was linked to the movements of the 
shaft: Figure 35 (a) shows that nearly all positive lateral force was generated when the shaft was 
being driven clockwise, and nearly all negative lateral force was generated when the shaft was 
driven anticlockwise.  Peak thrust, located at points A and B in Figure 35 (b), occurred when the 
trailing edge excursion was greatest and the angle of the shaft was approximately zero.  The value of 
the peak thrust matched that of the BIO fin oscillating symmetrically at this frequency and amplitude 
combination.  The thrust response of the NACA fin was not the same as for the BIO fin.  The traces in 
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Figure 35 (a) and (b) are not very open, and (b) shows that more thrust was produced on the second 
half of the fast stroke of the trailing edge than on the first half of its slow stroke. 
(a) (b) 
(c) (d) 
According to shaft movement According to trailing edge movement 
Figure 35 – Sketches of the division of the thrust­lateral force traces according to the fast and slow 
movements of the NACA fin with f = 1·5 Hz and  = 16°.  Movement is fast from B­A and slow 
from A­B.  Top row is for symmetric oscillations (A = 50%) and the bottom row is for the most 
asymmetric oscillations (A = 15%).  Lateral force occurred in the opposite direction to the shaft 
movement, shown in (a) and (c) whereas peak to peak thrust was best described by the movement 
of the trailing edge (b) and (d).  Overlaid on the images are sketches drawn from the video footage 
of the typical position of the fin at two points in the cycle with arrows indicating the direction of 
movement of the fin.  The trailing edge excursion data came from the kinematics experiments, the 
subject of Chapter VI, and were matched to the force data by using the angle of the shaft (detailed 
in the Appendix). 
The NACA fin oscillating asymmetrically produced a different pattern to that of the BIO fin under 
the same conditions: Figure 35 (c) and (d) show the definite separation in time of maximum negative 
lateral force and maximum thrust.  The maximum negative lateral force, coincided with the shaft 
crossing the centreline of the tank (i.e. shaft angle of approximately zero) and with the trailing edge 
excursion near its minimum value, shown as the curve just before point B in Figure 35 (d).  Lateral 
force on the fast stroke of the shaft was all in the negative x direction but negative lateral force was 
also produced when the shaft had begun its slow (clockwise) stroke.  This was because at the 
beginning of the slow stroke the near­shaft sections of the fin were moving so slowly that they 
produced little lateral force but the trailing edge was still moving fast, producing large amounts of 
negative lateral force.  This movement can be seen in the video footage (taken as part of the 
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kinematics experiments of Chapter VI and found on the accompanying DVD) as a sort of unfurling of 
the fin.  The positive peak of lateral force occurred when the shaft angle was zero during its slow 
(clockwise) stroke, and the trailing edge was approximately one quarter through its slow (clockwise) 
stroke. 
The peak thrust, approximately 1·0 N, occurred when the trailing edge excursion was at its 
maximum negative value, point B on Figure 35 (d).  For the cycles shown, the thrust had a similar 
range to that produced by the BIO fin.  When the lateral force was positive, there was a local 
maximum of thrust.  This was much smaller than the overall peak thrust (~0·2 N) and was coincident 
with the maximum positive excursion of the trailing edge, represented by point A on Figure 35 (d). 
The average force produced on the clockwise and anticlockwise strokes of both the shaft and the 
trailing edge were compared to determine whether differences existed between the symmetric and 
asymmetric strokes.  The assumption was that the symmetric oscillations would produce the same 
amount of thrust and lateral force on each half­stroke.  For the asymmetric oscillations, the 
assumption was that the fins would produce different amounts of thrust and lateral force on the half­
strokes but also that the shaft movements would best describe the lateral force and the trailing edge 
movements would best describe the thrust production. 
For each of six experiments, the force from the anticlockwise stroke was divided by that of the 
clockwise stroke (based on either the movements of the shaft or the trailing edge) to give the force 
ratio and the mean of the six force ratios was found.  Figure 36 shows the half­stroke force ratio for 
both fins at f = 1·5 Hz.  Two­tailed paired samples t­tests were performed to determine whether there 
was a difference between the sets of force values from each half stroke.  For the lateral force, only the 
magnitude was taken into consideration in the t­test. 
In all but one case (NACA fin, lateral force delineated according to the trailing edge) the asymmetric 
force ratio was greater than its symmetric counterpart, with symmetric values typically about one 
(apart from the case mentioned below). 
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Figure 36 – Mean value of the force ratios for both fins oscillating at f = 1·5 Hz.  Top: BIO fin, 
bottom: NACA fin, where n = 6 and error bars show ±1 standard error.  The half­stroke force ratios 
are calculated according to both the shaft movements and those of the trailing edge (TE).  The 
conditions that are underlined are those proposed to be the best descriptors of the thrust or lateral 
force.  Statistical significance (*, p < 0·05; ***, p < 0·01) is based on a paired­sample, two­tailed t­test 
between the anticlockwise and clockwise forces (thrust or lateral force).  Only magnitude (not 
direction) of lateral force was considered. 
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There were no significant differences between the thrust values produced by the symmetrically 
oscillating fins, except for when the thrust produced by the NACA fin was delineated according to 
the shaft movements: half­stroke thrust ratio = 0·57, p < 0·01.  For the BIO fin oscillating 
asymmetrically, there were statistically significant differences for all cases except for the lateral force 
delineated according to the trailing edge movement and this pattern was repeated for the 
asymmetric oscillations of the NACA fin. 
The lateral force ratios, calculated based on the movements of the shaft, were large for both fins; over 
three times more lateral force was produced on the fast stroke of the BIO fin shaft than on the slow 
stroke and over four times as much force was produced on the fast stroke of the NACA fin, and both 
these relationships were significant (n = 6, p < 0·01).  Interestingly, the NACA fin oscillating 
symmetrically showed a significant, albeit smaller, difference between the lateral force magnitudes 
from the two strokes.  This is attributed to errors in the analysis process as discussed in Section 4. 
3.1.b At f = 4·0 Hz asymmetry affects BIO fin less than NACA fin 
At the higher frequency, the BIO fin produced unsteady forces with larger maximum values than it 
did at f = 1·5 Hz, and its time­averaged resultant force magnitude also increased.  The NACA fin’s 
resultant force was lower at f = 4·0 Hz than at f = 1·5 Hz (cf. Section 3.1.a) and the unsteady forces 
were also smaller.  There was evidence that symmetrical oscillations produced asymmetric force 
traces as the frequency and amplitude increased, shown in Figure 37 for the BIO fin and in Figure 38 
for the NACA fin as a slight anticlockwise rotation of the symmetric force trace about the origin, 
although this was not as pronounced for the NACA fin.  This was attributed to the set­up of the 
equipment and is discussed in Section 4. 
At f = 4·0 Hz, there were two major changes in the unsteady forces of the BIO fin.  First, more thrust 
and lateral force were being produced than at the lower frequency.  This was associated with a larger 
resultant force (see Section 3.2 for resultant force magnitudes in the parameter space).  The second 
difference was the shape of the traces and how this was influenced by the introduction of 
asymmetry.  The force traces were more open, i.e. the thrust produced on consecutive half­strokes 
was less similar than at the lower frequency, even for the symmetric oscillations.  The asymmetric 
force traces also showed a similar form to the symmetric ones, although the peak thrust produced by 
the asymmetric oscillations was lower than that of the symmetric oscillations. 
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Figure 37 shows that at f = 4·0 Hz, the beginning and end of the shaft and of the trailing edge 
movements were almost coincident, which was linked to the phase lag between the shaft and the 
trailing edge.  Chapter VI uses the results of the video footage to estimate the average phase lag of 
the fins over a whole cycle.  It will be shown that at this frequency, the phase between the shaft and 
the trailing edge was 1·20 rad for the BIO fin with both symmetric and asymmetric oscillations. 
(a) (b) 
(c) (d) 
According to shaft movement According to trailing edge movement 
Figure 37 – Sketches of the division of the thrust­lateral force traces according to the fast and slow 
movements of the BIO fin with f = 4·0 Hz and  = 16°.  Movement is fast from B­A and slow from 
A­B.  Top row is for symmetric oscillations (A = 50%) and the bottom row is for the most 
asymmetric oscillations (A = 15%).  Lateral force occurred in the opposite direction to the shaft 
movement, shown in (a) and (c) whereas peak to peak thrust was best described by the movement 
of the trailing edge (b) and (d).  Overlaid on the images are sketches drawn from the video footage 
of the typical position of the fin at two points in the cycle with arrows indicating the direction of 
movement of the fin.  The trailing edge excursion data came from the kinematics experiments, the 
subject of Chapter VI, and were matched to the force data by using the angle of the shaft (detailed 
in the Appendix). 
The symmetric and asymmetric oscillations of the BIO fin produced similar patterns to each other in 
the thrust­lateral force space at the higher frequency, Figure 37.  Neither thrust nor lateral force was 
described completely by the movements of the shaft or of the trailing edge.  Positive and negative 
lateral force was produced on both clockwise and anticlockwise shaft and trailing edge strokes of the 
symmetrically oscillating fin and the onset of lateral force on one side lagged the movement of the 
shaft in a particular direction.  The range of lateral force for the symmetric oscillations was smaller 
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than that of the asymmetric oscillations and its positive and negative peaks were more similar in 
magnitude. 
The asymmetric oscillations produced maximum positive lateral force when the shaft angle had just 
turned negative and the trailing edge excursion had moved just past the centreline on its fast 
(anticlockwise) stroke.  The largest negative lateral force was produced when the trailing edge was 
past the half­way point of its clockwise stroke and the shaft angle was approaching its maximum 
value. 
Maximum thrust was produced by the BIO fin oscillating symmetrically when the shaft angle was 
zero during its anticlockwise stroke, and the trailing edge excursion was also zero but during its 
clockwise stroke.  The peak positive lateral force also occurred at this point in time.  Figure 37 shows 
that the thrust that coincided with the peak negative lateral force was lower than the positive lateral 
force thrust peak.  This made the force trace appear asymmetric even though the driving kinematics 
were not. 
The force traces shown in Figure 37 both had an open shape, indicating that more thrust was 
produced during one portion of the cycle.  Furthermore, the asymmetric oscillations seemed to 
produce thrust that was either constant (~0·5 N) or variable (between zero and ~0·5 N).  The 
“constant” portion was defined by the first half of the clockwise (slow) stroke of the shaft, during 
which the trailing edge finished its slow stroke and started its fast stroke. 
Figure 38 highlights how different the symmetric and asymmetric oscillations for the NACA fin were 
at f = 4·0 Hz.  In subplots (a) and (b), the sections of the force trace described by the clockwise (slow) 
movements of the shaft and the trailing edge are opposite: the phase lag between the shaft and the 
trailing edge, detailed in Chapter VI, was 1·04 rad for both symmetric and asymmetric oscillations 
of the NACA fin. 
The symmetric traces in Figure 38 (a) and (b) have a lemniscate (figure of eight) shape.  Subplot (b) 
shows that the thrust was higher at the beginning of the anticlockwise stroke of the trailing edge, just 
after point B, than during the last half of the clockwise stroke of the trailing edge (just before B).  This 
is mirrored on the positive lateral force side, around point A.  Thrust is still best described by the 
start and end of the trailing edge stroke but the onset of positive lateral force lags the change in the 
shaft direction by a considerable amount. 





According to shaft movement According to trailing edge movement 
Figure 38 – Sketches of the division of the thrust­lateral force traces according to the fast and slow 
movements of the NACA fin with f = 4·0 Hz and  = 16°.  Movement is fast from B­A and slow 
from A­B.  Top row is for symmetric oscillations (A = 50%) and the bottom row is for the most 
asymmetric oscillations (A = 15%).  Lateral force occurred in the opposite direction to the shaft 
movement, shown in (a) and (c) whereas peak to peak thrust was best described by the movement 
of the trailing edge (b) and (d).  Overlaid on the images are sketches drawn from the video footage 
of the typical position of the fin at two points in the cycle with arrows indicating the direction of 
movement of the fin.  The trailing edge excursion data came from the kinematics experiments, the 
subject of Chapter VI, and were matched to the force data by using the angle of the shaft (detailed 
in the Appendix). 
The asymmetric force plot, shown in (c) and (d) of Figure 38, has a complicated shape.  The limits of 
the trailing edge’s stroke did not define the thrust peaks as before, although just after point A in 
subplot (d), the turnaround point for the trailing edge, the thrust exhibited a local maximum. 
At f = 4·0 Hz, the symmetric half­stroke force ratios were further away from unity than at the lower 
frequency, meaning that there was a greater difference between the two half­strokes’ thrust and 
lateral force production.  As a result, the differences were more often statistically significant when 
the half­stroke ratio deviated most from a value of one, as Figure 39 shows. 
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Figure 39 – Mean value of the force ratios for both fins oscillating at f = 4·0 Hz.  Top: BIO fin, 
bottom: NACA fin with n = 6 (one outlier excluded for the symmetric NACA data so n = 5, see the 
Appendix for details).  The half­stroke force ratios are calculated according to both the shaft 
movements and those of the trailing edge (TE).  The conditions that are underlined are those 
proposed to be the best descriptors of the thrust or lateral force.  Statistical significance based on a 
paired sample two­tailed t­test between the ACW and CW forces is marked (*, p < 0·05; ***, 
p < 0·01).  Only magnitude (not direction) of lateral force is considered. 
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For the symmetric oscillations of the NACA fin, there was a particularly high thrust ratio when 
delineated according to the trailing edge movement.  The variability of the ratio was high, indicated 
by the large error bars on Figure 39 and one series had even been excluded as it was thought to 
represent spurious data (see the Appendix for details of this decision and the values of thrust ratio in 
this series). 
In all but two cases (thrust delineated according to the shaft movement of both the BIO and the 
NACA fin), the asymmetric half­stroke force ratios were greater than one.  The statistically significant 
differences were found between the asymmetric half­strokes’ forces for all but the lateral force 
delineated according to the trailing edge movement. 
3.2. Parameter space level 
Despite obvious differences in the dynamic force responses from symmetrically and asymmetrically 
oscillating fins, useful differences may be defined as changes in either resultant force magnitude or 
direction.  In this section, the behaviour of the fins in the parameter space is considered. 
Figure 40 shows the six­experiment average resultant force generated at each value of frequency and 
mean true amplitude, mta, for both fins and the four values of asymmetry (50%, 35%, 25%, 15% 
asymmetry). 
Several things are apparent when the average resultant forces in the parameter space, Figure 40, are 
examined, especially compared to those in Figure 29 that were surfaces through single­run values of 
thrust.  First, the overall trends were still evident despite plotting resultant force and despite using 
mean values of resultant force (n = 6).  Secondly, the general behaviours of the fins in the parameter 
space were independent of any imposed asymmetry.  With the introduction of asymmetry, there was 
a decrease in the maximum resultant force and a general flattening of the graphs so that the 
difference between the low and high frequency force is less marked, but the overall shape was the 
same. 
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BIO NACA 
Figure 40 – Surfaces interpolated through the frequency, mean true amplitude and mean resultant 
force data for the two fins at each value of asymmetry, n = 6.  The shape of the surface did not 
change despite the different values of asymmetry. 
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3.2.a How asymmetry affects force magnitude 
The influence of asymmetry was most apparent at the higher amplitudes at either end of the 
frequency spectrum.  This is shown for the BIO fin in Figure 41 as the existence of statistically 
significant differences between force magnitudes in these areas.  The figure shows two types of 
graph: in the top left there is a surface plot interpolated through the symmetric data at each value of 
frequency (abscissa), mean true amplitude (ordinate) and resultant force magnitude (applicate) and 
in the other positions the subplots are stem plots of the differences in resultant force magnitude.  The 
surface through the symmetric data was extended to the edge of the parameter space, as described in 
the Appendix, and the extra points are plotted as red crosses in Figure 41 (and Figure 44) and 
comprise the origin of the axes, zero amplitude at maximum frequency and the set of amplitude = 16° 
for all frequencies.  The three subplots of Figure 41 show the differences between the asymmetric 
force magnitudes and the symmetric ones, with the scale of the applicate that is 10% that of the one 
on the surface plot. 
The colour­coding of the differences reflects the direction and the significance.  Symbols are filled 
and red if the asymmetric mean resultant force was larger than the symmetric one.  Open blue 
symbols indicate that the mean symmetric resultant force was bigger.  Throughout the parameter 
space, many of the differences found between the mean symmetric resultant force and a given mean 
asymmetric resultant force were not significant, and these points are grey in the three subplots of 
differences in Figure 41, although they are still open or filled as appropriate.  As the asymmetry 
increased, more differences were significant and the differences occupied two distinct zones of the 
parameter space. 
In the low frequency, high amplitude zone, the introduction of asymmetry, and in particular at 
A = 15%, provoked a higher resultant force than when using symmetric oscillations.  The largest 
difference in this area had a magnitude of 0·03 N, over three times the corresponding symmetric 
force value, and was produced at f = 1·0 Hz and mta = 14·8° ( = 16°). 
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Figure 41 – Top left: Interpolated surface through values of mean resultant force for the BIO fin, 
extended to the edge of the parameter space by quadratic extrapolation (red crosses); other plots: 
absolute difference between the mean resultant force for the symmetric and the asymmetric 
profiles on a point by point basis. Circles: A = 35%, triangles: A = 25%, squares:  A = 15%.  Grey 
points are not statistically significant (p = 0·05, n = 6).  Open blue symbols show symmetric profile 
produced more force than asymmetric one, filled red symbols show the asymmetric produced 
more force. 
Figure 42 shows a section through the parameter space: all amplitudes at f = 1·5 Hz, for the BIO fin 
with one plot showing the lateral force, one showing the thrust and the other showing resultant 
force.  The data are the results from the experiments, rather than the interpolated values shown in 
Figure 41.  Mean forces are plotted (n = 6) ± 1 standard error. 
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Figure 42 – Oscillating the BIO fin at f = 1·5 Hz with asymmetric kinematics increased the 
magnitude of lateral force (top) and thrust (middle) at the higher amplitudes.  This led to 
increased resultant force (bottom).  The data points are the mean ±1 standard error (n = 6) and are 
plotted at the true amplitude values. 
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By decomposing the force into thrust and lateral force, two things are revealed.  First, at the highest 
amplitude (both demand and true amplitude), both thrust and the absolute lateral force from the 
asymmetric oscillations were larger in magnitude than those of the symmetric oscillations.  Secondly, 
under a true amplitude of 4°, the mean thrust produced was negative for six of the eight data (thrust 
was positive only at A = 35%,  = 2° and A = 50%,  = 4°). 
More force was produced by the symmetric oscillations of the BIO fin than by the asymmetric ones at 
the high frequency end of the parameter space, although this was only found for the oscillations with 
the most asymmetry, A = 15%, with only two points being statistically significant, shown in Figure 41 
as the open blue markers.  The magnitude of the difference was larger than at the low frequency end 
of the parameter space, the symmetric resultant force was 0·04 N (13%) higher than the asymmetric 
force at this point (f = 4·0 Hz, mean true amplitude = 12·2°). 
Figure 43 shows that any difference in resultant force was not based on differences in the lateral force 
– despite differences in the true amplitude achieved during the oscillations, the mean lateral forces 
produced were not significantly different when the asymmetry changed.  The plot of thrust against 
true amplitude shows some separation of the series, with the most asymmetric oscillations producing 
the least thrust, a relationship that was reproduced between the resultant force values.  At this 
frequency, thrust was always positive. 
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Figure 43 – Oscillating at a frequency of 4·0 Hz, the BIO fin produced the same average lateral 
force (top) when using symmetric as when using asymmetric kinematics.  However, the 
magnitude of thrust (middle) was lower for the asymmetric kinematics than the symmetric ones.  
This led to a reduced resultant force magnitude (bottom) for the asymmetric kinematics.  The data 
points are the mean ±1 standard error (n = 6) and are plotted at the true amplitude values. 
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As with the BIO fin, there was much of the parameter space for which there was no significant 
difference between the symmetric and the asymmetric mean resultant force magnitude of the NACA 
fin.  Figure 44 shows that there were fewer significant points when compared to the BIO fin’s data.  
The low frequency, high amplitude zone of the parameter space was the location of nearly all the 
significant differences, with the majority occurring when the fin was oscillated with maximum 
asymmetry.  The magnitude of the difference was highest when the amplitude achieved by the fin 
shaft was greatest, with a maximum difference of 0·025 N (f = 0·5 Hz, mta = 14·9°,  = 16°), where the 
symmetric force was 0·017 N. 
Figure 44 – Top left: Interpolated surface through values of mean resultant force for the NACA 
fin, extended to the edge of the parameter space by quadratic extrapolation (red crosses); other 
plots: absolute difference between the mean resultant force for the symmetric and the asymmetric 
profiles on a point by point basis. Circles: A = 35%, triangles:  A = 25%, squares:  A = 15%.  Grey 
points are not statistically significant (p < 0·05, n = 6).  Open blue symbols show symmetric profile 
produced a larger average resultant force than asymmetric one, filled red symbols show the 
asymmetric produced more force. 
Figure 45 shows three plots: the lateral force, the thrust and the resultant force, all at the lowest 
frequency, f = 0·5 Hz, plotted for all amplitudes.  The lateral force from the symmetric and 
asymmetric oscillations showed no difference in mean values below a true amplitude of 8°.  After 
this amplitude, separation of the mean lateral force values was observed and the differences were 
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significant towards the maximum amplitude.  There was no significant difference between the thrust 
values in this case since the separation was clouded by the large error bars (large spread of the 
results).  For the A = 15% asymmetry case, the difference in resultant force magnitude at low 
frequencies, shown in Figure 45 (c), can be attributed to the lateral force.   
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Figure 45 – Oscillating at a frequency of 0·5 Hz with an asymmetric kinematic profile increased 
the magnitude of lateral force (top) of the NACA fin but not the thrust (middle).  This led to 
increased resultant force magnitude (bottom).  The data points are the mean ±1 standard error for 
six experiments at each value of true amplitude by the NACA fin. 
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There were differences between the mean resultant force magnitude produced by the symmetric and 
the asymmetric oscillations of the NACA fin at the highest frequency in the parameter space, as 
shown in Figure 44, but these were not statistically significant.  The results of the kinematics 
experiments of Chapter VI give no evidence in favour of these differences being real differences 
obscured by noise. 
3.2.b Direction of the resultant force vector 
The previous section showed that the lateral force was a contributing factor in differences of the 
resultant force magnitude.  The relationship between the lateral force and the thrust defines the 
resultant force angle, , which was defined in Chapter III (Figure 12).  The value of  is of interest 
when possible applications of oscillating foils, such as propelling small underwater craft, are 
considered. 
The data describing the resultant force angle, , showed that the BIO fin operated in two modes.  In 
the first mode, the asymmetric oscillations produced negative values of  meaning that the resultant 
force was directed to the –x side of the fin.  Figure 46 shows how  changed with the other kinematic 
parameters for the BIO fin.  Each subplot shows the mean thrust and lateral force (n = 6) for all 
amplitudes, plotted on the same scale so that the value of  can be directly inferred from the graphs.  
Since at a given frequency, the resultant force always increased with increasing amplitude, the data 
radiate from the origin with increasing amplitude.  The first mode was evident from f = 0·5 Hz and 
ended between 1·5 Hz and 2·0 Hz and in this mode more asymmetry caused a larger absolute 
resultant force angle.  As the frequency increased, the values of  reduced until the second mode was 
reached.  The amplitude appeared not to have any effect on the value of the mean resultant force 
angle, except for one case.  At the lowest frequency, the absolute angle of the resultant force 
produced by the BIO fin with the most asymmetric oscillations increased as the demand amplitude 
increased.  The average value of  for each fin is summarised in Table 6 on page 100 and the mean 
values for all asymmetries are given in the Appendix along with details of the average angle 
calculations. 
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Figure 46 – Thust and lateral force at each value of frequency for all amplitudes on the BIO fin.  
Markers represent the mean values of six experiments and their shape is based on the asymmetry 
value (A = 50%: , A = 35%: , A = 25%: , A = 15%: ).  The solid lines are linear best­fit lines of 
all data at each frequency (all values of  forced to go through the origin.  The axes have equal 
scaling within the plots so that the angle of resultant force is to scale, but each plot has a different 
scale. 
The symmetric oscillations did not always produce resultant forces that had an angle of zero, but the 
values of  produced by the symmetric oscillations were small compared to the asymmetric values, 
all being 3° or lower except for the f = 0·5 Hz oscillations (see Table 6 for values). 
In the second mode, at the higher frequencies, the resultant force angle for the BIO fin was 
approximately the same, regardless of the asymmetry value.  This is shown in Figure 46 as all the 
data falling onto the same line.  Interestingly, there does appear to be a slight bias in the resultant 
force angles in this mode; where the angle is not exactly zero, the angles were more often positive 
than negative for both symmetric and asymmetric oscillations. 
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Table 6 – Calculated values of , the mean resultant force angle, in degrees at each value of 
frequency for both fins using the symmetric and the most asymmetric oscillations.  The steps used 
to calculate  are given in the Appendix. 
f [Hz] 
Fin A 0·5 1·0 1·5 2·0 2·5 3·0 3·5 4·0 
BIO 
50% 18 0 ­1 1 2 3 2 3 
15% ­18 ­16 ­8 ­2 0 2 3 3 
NACA 
50% 9 ­1 ­5 0 0 1 0 2 
15% ­15 ­17 ­25 ­8 ­4 ­4 ­6 ­6 
Symmetric oscillations of the NACA fin produced forces with an absolute mean angle of less than 2° 
for all frequencies apart from f = 0·5 Hz and f = 1·5 Hz, Table 1.  When oscillating asymmetrically at 
low frequencies, the NACA fin produced resultant force angles that were non­zero.  The larger the 
value of asymmetry, the larger the value of  and this is shown diagrammatically in Figure 17.  The 
values of  for the symmetric and most asymmetric oscillations are given in Table 6 and the 
intermediate asymmetries’ values are given in the Appendix.  Between f = 0·5 Hz and f = 2·5 Hz on 
the NACA fin, the mean  was large for all asymmetric oscillations, ranging between –25° and –15°.  
After f = 2·0 Hz, the mean value of  for the most asymmetric oscillations varied between –8° and –4°, 
but was larger than the symmetric mean  values at those frequencies. 




































































50% 35% 25% 15%
Figure 47 – Thust and lateral force at each value of frequency for all amplitudes on the NACA fin.  
Markers represent the mean values of six experiments and their shape is based on the asymmetry 
value (A = 50%: , A = 35%: , A = 25%: , A = 15%: ).  The solid lines are linear best­fit lines of 
all data at each frequency (all values of  forced to go through the origin.  The axes have equal 
scaling within the plots so that the angle of resultant force is to scale, but each plot has a different 
scale. 
Unlike the BIO fin, which produced  values from the asymmetric oscillations that were close to 
those of the symmetric experiments, the NACA fin always seemed to produce a non­zero resultant 
force angle, even when oscillating at f = 4·0 Hz.   
4. DISCUSSION
The results of the force experiments were split into two sections: unsteady force response and force 
throughout the parameter space.  The driving kinematics, the frequency of oscillation as well as the 
asymmetry, affected the form, direction and the magnitude of the unsteady forces. 
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The introduction of asymmetry caused less obvious differences in the time­averaged resultant force 
magnitudes; however more asymmetry caused the number of significant differences between mean 
resultant force values to rise.  For both fins, asymmetric low frequency oscillations produced larger 
resultant force than symmetric oscillations did.  At high frequency, the BIO fin produced less force 
when oscillating asymmetrically. 
The potentiometer had a resolution of 0·6° (Riggs, 2010)), which meant that over relatively small 
oscillation amplitudes, the signal representing the shaft angle was quantized, as shown in Figure 33.  
This effect was more obvious when the input angle of the programmed oscillations was lower.  The 
quantization of the signals may introduce a certain amount of asymmetry into the measurement of 
the signals (not the movement itself).  By comparing the input signals with those measured by the 
potentiometer, the influence of the quantization can be assessed. 
Using fast Fourier transformations (FFTs) the frequency components of the signals were assessed.  
The asymmetric oscillations (as programmed) tended towards sawtooth waves and the associated 
FFTs showed multiple higher frequency components compared to the FFTs of the symmetric 
oscillations (see the Appendix for details).  Comparing the FFTs of the idealised (input) signals of the 
symmetric and most asymmetric kinematics with those from the potentiometer output signal showed 
several things.  First, output signals at 1·5 Hz and at 4·0 Hz of both the symmetric and asymmetric 
(A = 15%) oscillations had noisier signals with less well defined frequency components (and a few 
extra ones too).  However, the important distinction to make is that the FFTs of the asymmetric 
output signals were distinct from those of the symmetric oscillations – the frequency components 
introduced by the programmed asymmetry were more numerous and had a higher energy than 
those introduced by the measurement (and subsequent A­D conversion) of the symmetric 
oscillations. 
This demonstrates two things: first, despite the shaft kinematics deviating slightly from the input 
kinematics, the asymmetric oscillations were still asymmetric and that this was measureable.  
Secondly, the effects of the A­D conversion of the signals was negligible in terms of introducing 
asymmetry – as evidenced by the comparison of the FFTs of the input and output signals of the 
symmetric oscillations. 
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4.1. Qualitative analysis of the stroke 
In order to link the data from the force and the kinematics experiments (see Chapter VI), 
assumptions were made about the nature of the oscillations.  The first assumption was that the two 
data sets represented oscillations that were similar enough for the data to be treated as having come 
from one experiment.  The force data used to create the lateral force­thrust plots of Figure 32 (and the 
others) were the averages of eleven cycles in a given experimental run, as described in Section 2.2.  
The variation in the results, demonstrated by the error bars on Figure 42 for example, suggests that 
conclusions should be drawn with caution.   
The second assumption was that the data sets could be successfully synchronised by using the angle 
of the shaft in each case.  The kinematics data were generated by using a LabVIEW program to 
analyse the video footage of the fins oscillating and this process is described in Chapter VI.  The 
quality of the kinematics data relied on the adequate detection of the fin outline in the video frame 
and on dividing the outline into an appropriate number of segments.  The shaft angle was 
represented by the second section of the midline, itself the average of the two halves of the outline.  
Thus if the outline was corrupted at any point (see, for example, Figure 71 on page 162 of Chapter 
VI), then the angle of the shaft would not be accurate.  This meant that the shaft angle data from the 
kinematics experiments were noisier than those recorded during the force experiments.  Where noise 
was present around the peak angle of the shaft, typically at the higher of the two frequencies 
presented, the point was located by eye.  If the location of the maximum angle were misplaced by 
one sample, at f = 4·0 Hz, there would be a discrepancy of 0·01 s (4% of the total time­period of the 
stroke). 
4.1.a Thrust can be linked to trailing edge movement 
At f = 1·5 Hz, the synchronisation of the maxima of the trailing edge displacement with the peaks of 
thrust was demonstrated for both fins, with both symmetric and asymmetric oscillations, as shown in 
Figure 34 and Figure 35.  The maxima of the trailing edge excursion were the points at which the fin 
tip changed direction.  Chapter VII will show that the momentary hiatus in the fin tip’s movement, 
due to the change in direction, probably caused a trailing edge vortex to shed into the wake.  Peak 
thrust therefore may be associated with the shedding of a trailing edge vortex.  At this frequency the 
coincidence of the peak thrust and the peak lateral force was due to the vibration mode, which 
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allowed the trailing edge maxima and the point of maximum lateral force to occur at the same time 
for both fins.   
When oscillating symmetrically at f = 1·5 Hz, the NACA fin produced more thrust on the end of the 
trailing edge stroke than at the beginning of the subsequent one.  This was a feature of all six 
experimental data sets (which is why it was included in the sketches shown in the top row of Figure 
35).  At a given value of lateral force, the difference in thrust produced at the end of one stroke and at 
the beginning of the next ranged from 0·02 N to over one hundred times that amount.  The maximum 
difference in thrust at this point was much larger than the standard deviation of the thrust due to the 
variation of the force sensors, reported in Chapter III as 0·013 Nv, suggesting that this was a real, 
measurable difference.   
At f = 4·0 Hz, the peaks of thrust were no longer well described by the excursion of the trailing edge 
of the BIO fin.  There were two factors that affected this relationship: the matching of the kinematics 
to the force data, which could be controlled in future experiments, and the events that occurred in the 
water.   
For the BIO fin oscillating symmetrically at f = 4·0 Hz, the lag between the peak thrust on a given 
half­stroke and the change in direction of the trailing edge was estimated to be 0·05 s (at a sampling 
rate of 300 Hz).  It was unlikely that this was a result of the uncertainty in linking the two data sets as 
this difference was always a lag of about the same magnitude (for all six data sets).  It may be that the 
point of maximum excursion of the trailing edge was not the same as the one recorded.  Owing to the 
set­up of the video camera (see Chapter VI for details), the kinematics data were based on the 
movement of the lower surface of the fin.  The movement of the upper and lower surfaces lagged 
that of the mid­span of the fin because the fin was flexible (examples of this are given in Chapter VI) 
and the deformation of the fin increased the higher the frequency.  At f = 4·0 Hz, if the peak thrust 
coincided with the maxima of excursion of the mid­span of the fin, then the lag between the 
movement of the mid­span and the lower surface, would have been enough to introduce a significant 
lag in the results. 
For the NACA fin oscillating symmetrically at f = 4·0 Hz, the maxima of thrust were not coincident 
with the maxima of the trailing edge excursion as for the BIO fin and the pattern of the dynamic force 
v In Chapter III, the value was reported as the variation in the force Fy, which, for the case examined, 
was synonymous with the thrust. 
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was different compared to the BIO fin.  The lemniscate shape of the force traces through time shows 
that more thrust was produced on the return of the trailing edge to the centreline (from maximum 
excursion) than during the movement from the centreline to maximum excursion (for all data sets).  
The end of the trailing edge slow stroke and the beginning of the trailing edge fast stroke of the 
NACA fin oscillating asymmetrically at f = 1·5 Hz also showed this thrust disparity, which was not 
repeated on the fast to slow trailing edge turnaround.  Ahlborn (1991) proposed that fish may use 
vortices shed in the wake for thrust enhancement.  By destroying the shed vortex a fish may “push 
off” from the vortex simultaneously extracting energy from the flow and converting it to thrust.  This 
may be the reason for the NACA fin’s force response but why this happens only for these particular 
kinematics is unclear.  It may be a timing issue: the half­stroke time­period of the fin oscillating 
symmetrically at f = 4·0 Hz was 0·125 s and the fast stroke time­period of the asymmetrically 
oscillating fin at the lower frequency was 0·10 s.  It could be that to impart the opposite angular 
momentum effectively, the fin trailing edge needed to be travelling at a certain speed.  Alternatively, 
it could simply be that the fast stroke of the trailing edge meant that the fin could interact with the 
recently shed vortex because the vortex had not moved too far downstream.  The analysis of the flow 
patterns around the trailing edge of the fins, the subject of Chapter VI, did not show conclusive 
evidence in support of trailing edge­vortex interaction. 
4.1.b Lateral force is dominated by the fin body movement 
It was hypothesised that the movement of the shaft would be a good descriptor of the lateral force 
production.  Figure 34 (a) and (c) and Figure 35 (a) and (c), which showed sketches of the force traces 
produced by the BIO and NACA fin oscillating at f = 1·5 Hz, indicated that the negative lateral force 
peaked when the shaft was moving in an anticlockwise direction and the trailing edge was just past 
its maximum negative excursion.  Thus positive lateral force was associated with the shaft travelling 
clockwise and negative lateral force when the shaft was moving anticlockwise.  The turnaround of 
the shaft did not perfectly match the change in direction of the lateral force, however: sometimes the 
shaft turnaround led, as shown by the BIO fin oscillating anticlockwise at point A in Figure 34 (c), 
and sometimes it lagged, e.g. point B in Figure 34 (c).  Since the shaft angle data were taken from the 
force experiments, the bad synchronisation of the data was not the cause.   
There were two principal factors affecting the synchronisation between the change in direction of the 
shaft and the lateral force.  First, of course, the production of lateral force occurred along the full 
length of the fins and both the local stiffness and the local section velocity were factors determining 
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the lateral force produced at any point along the chord length.  In some instances the shaft and the 
trailing edge were moving with different velocities and the influence of this is considered in more 
detail below.  Secondly, the shaft was a proxy variable for the section of the fins that had the most 
influence, which would have been where the section depth was greatest.   
It is useful to consider the two turnaround points, in particular of the asymmetrically oscillating fins, 
to illustrate how these factors affected the lateral force.  At the fast to slow turnaround of the BIO fin 
shaft indicated by point A on Figure 34 (c), the lateral force changed sign after the change in direction 
of the shaft.  This is expected if we assume that the majority of the lateral force was caused by a 
section of the fin downstream from the shaft.  Furthermore, at this point, the trailing edge had higher 
angular velocity than the shaft did, since the shaft had just started its slow stroke.  The movement at 
this point appeared as an unfurling of the fin, which is shown in the animation file on the 
accompanying DVD.  Thus the trailing edge contributed to the negative lateral force at this point and 
the section nearest the shaft made little contribution, hence the recorded lateral force was negative. 
Since the NACA fin was thicker towards the trailing edge than the BIO fin was, the trailing edge had 
more effect on the lateral force at the fast to slow (anticlockwise to clockwise) turnaround of the 
shaft.  This is evidenced by point A being further away from the ordinate in Figure 35 (a) and (c). 
At f = 4·0 Hz, the shaft turnaround leading the change in sign of the lateral force was even more 
pronounced for both fins, point A Figure 37 (a) and (c) and Figure 38 (a) and (c).  This was caused by 
the greater bend on the fins (due to their increased angular speed) and so there was a greater lag 
between the shaft and the section of the fin that caused the majority of the lateral force. 
The exception to the trend of the shaft turnaround leading that of the lateral force was the 
anticlockwise to clockwise turnaround for the BIO fin oscillating symmetrically, point A on Figure 
34 (a).  Here the change in sign of the lateral force led the change in direction of the shaft.  Since the 
fin was entirely travelling clockwise at this point, the surrounding flow must be interrogated to 
determine why positive lateral force was produced at this point.  Using the results of the kinematics 
experiments (Chapter VI) and the results of the flow visualisation experiments (Chapter VII), Figure 
48 (a) shows that just before the shaft turnaround, there was significant fluid movement to the left­
hand side of the fin, shown by the collection of long black arrows just past the trailing edge.  This 
water movement would have caused a reaction force in the opposite direction and therefore a 
positive lateral force component.  Compare this to the flow field shown in Figure 48 (b), which shows 
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the BIO fin during its asymmetric fast:slow transition of the shaft, in this instance most fluid motion 
was to the right hand side of the fin. 
(a) Symmetric (b) Asymmetric 
Figure 48 – Wake patterns of the BIO fin oscillating at f = 1·5 Hz and  = 16°.  The images show the 
point of the anticlockwise:clockwise turnaround of the shaft for the fin oscillating symmetrically 
(a), and was the fast:slow turnaround of the shaft for the fin oscillating asymmetrically (b).  The 
midline of the fin is superimposed to indicate the approximate position of the fin. 
Since the force, kinematics and flow visualisation experiments were not performed concurrently, the 
synchronism of the images shown in Figure 48 might not be perfect.  As such, the position of the fin 
midline in the flow field is for guidance only.  The methods used to synchronise the DPIV data with 
the kinematics data are discussed further in Chapter VII. 
At the slow to fast turnaround of the shaft of the asymmetrically oscillating fins at f = 1·5 Hz, point B 
in Figure 34 (c) for the BIO fin, point B in Figure 35 (c) for the NACA fin, the change in lateral force 
direction led that of the shaft.  In the first few instants before the shaft turnaround, a similar situation 
as for the BIO fin oscillating symmetrically occurred.  After this, the first fast movement of the shaft 
(and therefore movement of the fin sections near the shaft) was enough to dominate the production 
of lateral force. 
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At f = 4·0 Hz, the slow to fast turnaround of the BIO fin shaft, point B in Figure 37 (a) and (c), led the 
change in direction of the lateral force by a considerable amount.  The kinematics experiments, the 
subject of Chapter VI, will reveal that, at this frequency, the BIO fin had a phase lag from the shaft to 
trailing edge of 1·20 rad.  This meant that the fin midline described an s­shape just after the shaft 
turnaround and thus the trailing edge travelled in a different direction to that of the sections nearer 
the shaft for most of the stroke.   
At this frequency, the lag between the shaft angle and the section of the fin that produced the most 
lateral force would have been higher, which contributed to the difference in the timing of the shaft 
and lateral force direction changes.  That the slow to fast turnaround (point B) is on the positive side 
of the ordinate for both the BIO and the NACA fin, Figure 38 (a) and (c), implies that the clockwise 
motion of the trailing edge also had a significant effect on the lateral force production at this point. 
In order to better understand the generation of lateral force, the motion of the whole fin needs to be 
taken into account.  This could be done experimentally through a more detailed analysis of the 
kinematics than that reported in Chapter VI or by creating a numerical model of the fin that 
predicted the kinematics of the fin in a variety of oscillation conditions. 
There is little published literature on the unsteady forces produced by solely pitching flexible fins 
with which to compare the results presented here.  Perhaps the most similar example in the literature 
was the heaving and pitching of a flexible and a rigid NACA0014 fin.  At a heave and pitch 
frequency of 0·75 Hz for both heave and pitch, the thrust and lateral force peaks for both a rigid and a 
flexible NACA0014 were almost coincident, with the peak in lateral force occurring just after the 
thrust peak for the rigid foil and just before for the flexible foil (Prempraneerach et al., 2003).  By 
estimating the position of the trailing edge, I determined that the peak thrust was not at the 
maximum excursion of the trailing edge, as the experiments presented here show for flexible fins.  
This may be due to Prempraneerach et al.’s experiments being conducted in a towing tank where the 
freestream velocity was varied to give Strouhal numbers between 0·1 and 0·4 and so causing the 
shedding of trailing edge vortices at different points in the cycle. 
Prempraneerach et al. (2003) further noted that the peak magnitude of the lateral force was lower for 
the flexible fin than for the rigid fin.  This corroborates my own experience with rigid fins: the 
experiments presented here were attempted with a rigid NACA0012 fin, which was smaller but still 
had an aspect ratio of one.  The experiments yielded no useful data as the dynamic forces were large 
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enough to overload the force sensors at most frequency and amplitude combinations in the 
parameter space and it was the lateral force that was responsible.  Premparaneerach et al. (2003) did 
not explain the disparity in lateral force magnitudes from the two fins but that may be because it is 
well understood that by having chordwise flexibility, the instantaneous force vectors are re­
orientated owing to the bend on the fin which can lower the sideways force magnitudes (see for 
example Katz and Weihs (1978), Zhao et al. (2010) or Ramananarivo et al. (2011)). 
4.2. Quantitative analysis of the half strokes 
The sketches of the asymmetric force traces of the fins oscillating at f = 1·5 Hz delineated according to 
the trailing edge movements, Figure 34 (c) and (d) and Figure 35 (c) and (d) show that a peak thrust 
was produced when the lateral force was negative.  At this point in time, the trailing edge was just 
about to begin its faster half­stroke as shown by fin shape B in each of the figures mentioned above.  
In Chapter VII, the results of the flow visualisation experiments are discussed and it will be seen that 
the vortex shed at this point on (negative vortex) was bigger than the positive vortex for both fins at 
f = 1·5 Hz.  Thus the magnitude of the peak thrust was related to the size of the vortex shed.   
Chapter VI will describe how the circulation strength of shed vortices was proportional to the speed 
of the trailing edge stroke that produced them and how circulation strength is a predictor of thrust 
magnitude on the half­stroke.  This highlights the difference between peak thrust and total thrust 
produced: the negative vortex was always associated with the peak thrust but the stroke that created 
that negative vortex produced less thrust in total. 
To test the hypothesis that the two half­strokes of the symmetric oscillations would produce similar 
force magnitudes, and that the asymmetric oscillations would produce dissimilar force magnitudes 
on each half­stroke, the data from the six force experiments were delineated according to the shaft 
and trailing edge movements. 
For each experiment, the forces produced by the fins throughout eleven oscillations were averaged to 
give a typical oscillation for each of the fins oscillating symmetrically and with the highest amount of 
asymmetry at two frequencies (f = 1·5 Hz and f = 4·0 Hz).  The resultant force was decomposed into 
thrust and lateral force and the movements of the shaft and of the trailing edge were used to examine 
the differences resulting from the introduction of asymmetry.   
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At the lower of the two frequencies examined, f = 1·5 Hz, the symmetric oscillations of both fins 
typically generated similar amounts of thrust and lateral force on each half­stroke.  The asymmetric 
oscillations of the fins generally produced a different amount of thrust and different absolute values 
of lateral force.  At the higher of the two frequencies considered, f = 4·0 Hz, the lateral force was no 
longer synchronised with the movements of the shaft, Figure 37 and Figure 38, nevertheless 
significant differences were found between the lateral forces resulting from fast and slow strokes of 
the drive shaft. 
4.2.a Lateral force 
The lateral force half­stroke ratios of the symmetrically oscillating fins, that is the lateral force on the 
anticlockwise half­stroke divided by that of the clockwise half­stroke, were approximately one for 
both fins at both frequencies.  The lowest value recorded was 0·80 and was for the NACA fin 
oscillating at f = 4·0 Hz with the lateral force delineated according to the trailing edge.  There was also 
a statistically significant difference between the lateral forces on each half­stroke at this point, which 
indicates that delineating the lateral force according to the trailing edge introduced differences that 
contradict the initial assumptions.   
Of course, the shaft angle is a proxy variable for the section of the fin body that produces the most 
lateral force, as previously discussed, but the model of lateral force production dominated by the 
shaft movements seems appropriate.   
If the model of lateral force being dominated by the movement of the shaft is assumed appropriate 
then the half­stroke analysis confirmed that, in general, the lateral force was larger resulting from the 
fast strokes of the shaft rather than from the slow strokes during the asymmetric oscillations. 
At f = 1·5 Hz, the BIO fin produced 3·30 times as much lateral force on the fast half­stroke than on the 
slow half­stroke (p < 0·01) and the NACA fin produced 4·22 times as much lateral force (p < 0·01).  
There were no statistically significant differences between the two sets of half­stroke lateral forces 
produced by either fin when delineated according to the trailing edge movements and the variance 
was large, which strengthens the case for the significance of the shaft movements for the lateral force 
production. 
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It was shown in Figure 46 and Figure 47 that at f = 4·0 Hz the resultant force angles produced by both 
fins oscillating asymmetrically were considerably reduced compared to the lower frequencies.  For 
the BIO fin there was no difference between the symmetric and asymmetric resultant force angles at 
f = 4·0 Hz, although a small difference existed in the NACA fin data.  Therefore, the lateral force half­
stroke ratios were expected to be lower than at f = 1·5 Hz and this is supported by the data presented 
in Figure 36 and Figure 39. 
It is interesting that in the case of the BIO fin oscillating asymmetrically the resultant force angle was 
no different from the symmetric resultant force angle but that the two half­strokes produced a 
different amount of lateral force (half­stroke lateral force ratio for the BIO fin at f = 4·0 Hz: 1·82, 
p < 0·01).  There are several factors that affect these results.  First, there were inaccuracies in the 
delineations of the clockwise and anticlockwise strokes of the shaft.  Theoretically the 
commencement of one stroke should occur at the maximum (or minimum) of the shaft angle so the 
delineations between the strokes should be fixed.  However, owing to the noise in the potentiometer 
signal (which was the measurement of the shaft angle), the maximum point was chosen by eye.  
Secondly, a non­zero lateral force can produce a small resultant force angle if the associated thrust is 
large.  Finally, and most importantly, the calculation of the half­stroke lateral force ratio only took 
into account the magnitudes of the lateral forces from each half­stroke, thus no distinction was made 
between cases where the resultant force angle was positive or negative.  In contrast, the resultant 
force angle, , was calculated using the line that best described all data at a given frequency, shown 
in Figure 46.  This means that, although decomposing the strokes into fast and slow movements of 
the shaft gives information as to the performance of each half­stroke, care must be taken to interpret 
the results in the context of all available data. 
4.2.b Thrust 
In contrast to the lateral force, the half­stroke thrust ratios of the symmetrically oscillating fins were 
inconsistent.  At the lower frequency, the ratios were close to a value of one, except for the NACA fin 
with thrust delineated according to the shaft movements.  In this case, the half­stroke ratio was 0·57 
and the two sets of half­stroke values were statistically significantly different (p < 0·01).  The variance 
of the half­stroke thrust values was lower in the cases where the thrust was delineated according to 
the trailing edge movement, indicating that this apporach is adequate for f = 1·5 Hz. 
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It was clear from Figure 37 and Figure 38 that the thrust was not well described by either the 
movements of the shaft or by the measured movement of the trailing edge at f = 4·0 Hz for symmetric 
oscillations.  The half­stroke thrust ratios were significantly below one when delinated according to 
the the shaft movements and significantly higher than one when delineated according to the trailing 
edge movements.   
By examining the sketches of the forces produced by the fins, Figure 37 and Figure 38, it can be seen 
that the BIO fin produced an open force trace with the delineations according to the maximum 
excursion of the shaft and trailing edge at almost opposite points.  The half­stroke thrust ratios from 
the shaft and trailing edge movements of the BIO fin oscillating both symmetrically and 
asymmetrically at f = 4·0 Hz were almost the inverse of each other, which confirms the observation 
that the turnaround points of the shaft and trailing edge occurred at the same time (in opposite 
directions).  The NACA fin oscillating symmetrically, for which the phase lag between the shaft and 
the trailing edge was 1·04 rad, also had its shaft and trailing edge turnaround points occurring in 
the same place on the force trace, Figure 38. 
For the NACA fin oscillating symmetrically at f = 4·0 Hz, the half­stroke thrust ratios were very 
different depending on whether they were delinated according to the movement of the shaft or the 
trailing edge.  This is partly due to the problems of fin cupping, misalignment of the data sets (as 
discussed above) but also due to the skew of the force trace in the thrust­lateral force space, Figure 
38 (a) and (b), which indicated that negative thrust was produced on one portion of the stroke. 
Since confidence cannot be placed in the delineation of the thrust using the trailing edge from 
symmetrically oscillating fins at f = 4·0 Hz, it is ambitious to extend the model to the asymmetric case.  
Indeed, the NACA fin force trace from the asymmetric oscillations, Figure 38 (c) and (d), was more 
complicated at f = 4·0 Hz than at the lower frequency and when compared to the symmetric case at 
f = 4·0 Hz, which creates further difficulty in delineating the strokes. 
Even if the stroke delineations could be perfectly matched to the kinematics, Figure 37 and Figure 38 
show that the dynamic force responses were asymmetric, having lower thrust when the lateral force 
was negative.  This may be due to the misalignment of the fin in the rig.  The average shaft angle 
over all oscillations should be zero but for both fins at this frequency there was a negative average 
shaft angle, furthermore, Figure 76 in Chapter VI seems to show a slight asymmetry to the pattern of 
the midlines of both fins at f = 4·0 Hz.  This shows that there was a tendency for the shaft angle to be 
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more negative than positive.  However, oscillating around a non­zero angle would only produce the 
results seen (more thrust when lateral force was positive than when lateral force was negative) if the 
force response were truly symmetric and the fin angle were more positive than negative.  This 
implies that the force response is not symmetric.  It may be that at such a high frequency, an 
instability in the set­up of the rig may cause this asymmetry.  By altering the stroke of the servo 
motor so that the first movement is in the other direction (the fin trailing edge always moved 
anticlockwise first), this can be investigated. 
4.3. Parameter space differences in force magnitude and direction 
The differences between mean resultant force from symmetric and asymmetric oscillations were 
significant at low and high frequencies of the parameter space for the BIO fin and only at the low 
frequency end of the parameter space for the NACA fin and the number of significant differences 
increased as the asymmetry increased.  At the low frequencies, asymmetric oscillations produced 
larger resultant force and at the high frequencies the symmetric oscillations produced more resultant 
force.  For much of the parameter space, at intermediate frequencies, no difference was found 
between the resultant force magnitudes produced by symmetrically and asymmetrically oscillating 
fins.   
Interestingly, the shape of the surface plots in Figure 40, which showed how the force varied 
throughout the parameter space, did not vary with changing asymmetry – the BIO fin and the NACA 
fin plots retained their characteristic forms.  The BIO and NACA fins behaved differently because of 
their different distributions of mass along the chord length, i.e. their different stiffness profiles, rather 
than the stiffness of the silicone rubber used (Riggs, 2010).  Since the input parameters of the 
oscillations remained as constant as possible within the experimental methods, that the shape of the 
plots in the parameter space are so similar for each fin demonstrates that the stiffness profile was 
dominant over the input stroke kinematics tested. 
In Chapter III the smallest resolvable force was calculated based on the analogue to digital 
conversion rate and compared with the noise from each force sensor.  It was concluded that the noise 
was not an issue owing to the averaging processes (see Chapter III for more information).  Thus, 
having used the mean of twelve oscillations over six independent experiments (therefore employing 
between 5400 and 43200 data), any difference observed was legitimate since random errors would 
have diminished with the averaging process.  No systematic error was identified but owing to the 
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set­up of the experiments, in which all frequencies, amplitudes and asymmetries were varied (in that 
order) with no external interference, any anomaly would have been present for all asymmetries thus 
should not have affected the relationships between the results.   
The lack of a significant difference in resultant force magnitudes in the middle of the frequency range 
tested implies that either there was no real difference or that a difference existed but it was too small 
compared to the variation in the results to be detected.  For there to be no difference, either the 
kinematics of the symmetrically and the asymmetrically oscillating fin were the same or their 
different motions produced the same amount of force in each case, despite variations in unsteady 
force as Section 3 showed.  Both of these scenarios are unlikely and so it must be concluded that the 
lack of a significant difference stems from the difference being too small relative to the standard 
deviations of the data.  Since the BIO fin produced more force with asymmetric oscillations at low 
frequency and more force with symmetric oscillations at high frequency, it is expected that in the 
middle of the frequency range the difference between mean resultant forces would be smaller due to 
the inversion of the relationship.  Figure 41 suggests that this inversion point may be between 
f = 2·5 Hz and f = 3·0 Hz.  Since the magnitude of the difference was reduced, but the variation in the 
results was not, the differences were no longer significant.  The NACA fin showed no significant 
differences at the highest frequency. 
The large variation in the resultant force may have been caused in part by the performance of the 
servo motor.  The maximum speed required of the servo motor was 853 °/s (nearly 15 rad/s) and 
occurred when the fast stroke of the most asymmetric oscillation was being effected at f = 4·0 Hz and 
 = 16°.  The servo motor data sheet, available in the Appendix, stated that the speed of the servo 
with no load was between 600 °/s and 750 °/s depending on the input voltage.  Since the servo motor 
was always operating in a loaded condition, it was likely that the maximum achievable speed was 
lower than that stated on the data sheet.   
With no position feedback for the servo motor it was regulated by time, thus if the servo has not 
reached its intended position by the time the instruction to go back the other way arrived, for 
example if the servo had not been travelling fast enough owing to a large load, then the amplitude 
was cut short.  This was the cause of the disparity between the amplitude achieved during an 
experiment (true amplitude) and the demand amplitude, , since the servo motor curtailed the 
amplitude rather than the frequency of oscillation, hence the use of the true amplitude, ta, and the 
mean true amplitude, mta.  Figure 42 and Figure 43 show that true amplitude was a larger fraction of 
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the demand amplitude and also that there was less variation between symmetric and asymmetric 
true amplitude at f = 0·5 Hz than at f = 4·0 Hz. 
For both fins, more asymmetry tended to produce a larger resultant force angle, , at a given 
frequency, and the amplitude did not affect the value of .  As the frequency rose, the asymmetric 
reduced for the BIO fin until it was approximately the same as the symmetric value of  for all 
frequencies above 2·0 Hz.  The  value of the asymmetric NACA fin oscillations also reduced with 
increasing frequency but it seemed to remain distinct from the symmetric value across all 
frequencies, Figure 47.   
4.4. Using asymmetry in oscillating fin systems 
The principal hypothesis of this work is that asymmetric oscillations produce larger forces than 
symmetric ones, with the implication that these larger forces are useful.  The results presented in this 
chapter have shown that both the unsteady and steady­state forces of oscillating flexible fins can be 
modified, both in magnitude and angle, by introducing asymmetry. 
In general, the increase in force can be attributed to the faster part of the stroke creating a higher than 
usual force.  Across the faster half­stroke of the asymmetric oscillations, a higher velocity was 
imparted to the water by the fin.  In Chapter VI, resultant force is shown to be proportional to the 
square of the trailing edge velocity, thus if the fin’s oscillation induces faster water movement, more 
force will be produced.   
The whole fin was involved with force generation, however; the contribution to thrust generation of 
the sections nearer the shaft (maybe via the encouragement of boundary layer flow) has not been 
considered and the role of the trailing edge in lateral force production has only been considered 
briefly in Section 4.1.b.  However, since the dominant section will change with the input kinematics 
and even during the stroke, further analysis needs to be undertaken to determine the exact nature of 
the lateral force response of flexible fins, which is likely to be very different from that of rigid fins. 
By understanding the relationship between the driving kinematics, the output kinematics and the 
force production, the ratio of thrust to lateral force may be modified.  This is desirable, since if not 
using the lateral force, it represents wasted force.  From the results presented here, and from those in 
Chapter VI, the excursion of the fin would have to be minimised at a given frequency to reduce the 
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lateral force created.  The side to side excursion of the fin reduced as the frequency increased 
(compare Figure 75 and Figure 76 in Chapter VI), however, Chapter VI will show that the trailing 
edge excursion of the BIO fin decreased more slowly than the frequency increased.  This caused the 
trailing edge velocity to increase with increasing frequency.  It is likely that the excursion of the fin 
body follows a similar pattern, and so body velocity would increase with frequency, therefore the 
reduction of lateral force may only be feasible at lower oscillation frequencies. 
The results of Chapter V will show that for most of the parameter space, the asymmetric oscillations 
used more power, as was expected.  The zone of the BIO fin’s parameter space where the symmetric 
oscillations produced more force was also the region in which they used more power.  Thus there 
were three modes in which the asymmetric oscillations were working: (1) they used more energy, but 
produced more force, though at a lower force efficiency than the symmetric oscillations, (2) they used 
more energy and they produced the same force or (3) they used less energy and produced less force, 
which was achieved at the same force efficiency for most of the parameter space or higher force 
efficiency only at the lowest mta. 
Directed forces have been reported before (Read et al., 2003; Licht et al., 2010) but not for simply 
pitching flexible foils and not through asymmetric stroke timing.  So why use the asymmetric 
oscillations at all if they have higher power costs and lower efficiency?  For the extra energy required 
to oscillate asymmetrically, what is gained is the ability to modify the resultant force magnitude and 
to create resultant forces at a certain angle, , to the typical direction of travel.  The stroke timing 
therefore has created an extra degree of freedom, which is not surprising when forces are 
proportional to acceleration.  The ability to modify not only the resultant force magnitude but its 
direction as well would be a useful feature of a small­craft propulsion system.  By altering the 
frequency, amplitude and asymmetry values of an oscillating flexible fin, a craft could achieve 
directed propulsive force, which means turning manoeuvres could be effected with only one motor.  
This would reduce the complexity of a propulsion system; there would be fewer parts to maintain, 
meaning both material and maintenance costs would be lower.   
There may be multiple advantages to using oscillations that are asymmetric­in­time as opposed to 
asymmetric­in­space.  Figure 49 shows the force in the thrust­lateral force space, as presented in 
Section 3.  Oscillating symmetrically around some angle, , does not change the geometry of the 
forces in the thrust­lateral force space for a fin oscillating in still water, but asymmetric oscillation 
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does (compare Figure 34 (a) with Figure 34 (c)) and so the increased resultant force magnitudes 
associated with the asymmetric oscillations at low frequencies may still be obtainable. 
Figure 49 – Oscillations producing resultant force at some angle  can either be asymmetric­in­
time, as investigated in this thesis or asymmetric­ in­space, as elsewhere in the literature, e.g. Read
et al. (2003).  To achieve the same resultant force vector from symmetric and asymmetric 
oscillations, the symmetric fin must be oscillated about some angle, , such that ||=||.  In this 
case, the resultant force from the angle symmetric oscillation, RA=50%,, would be lower than the 
asymmetric resultant force, RA=15%.  Data have been re­used from Figure 34 and the resultant force 
vectors magnified to allow them to be seen. 
However, since my experiments were conducted under no external flow conditions, comparing the 
effect on the efficiency of these two schemes to change the resultant force angle will have to be 
speculative.  Creating the symmetric oscillation around the angle  (asymmetric­in­space) will not 
have changed the power requirements of the oscillation and if the movement were along the vector 
of the resultant force, R, as shown in Figure 50, then the area perpendicular to the oncoming flow 
would remain the same.  Using asymmetric­in­time oscillations, as shown in Figure 50 (c), would 
increase the area perpendicular to the flow, with the value of the increase dependent on the 
frequency and amplitude of the oscillation.  In this instance, there are two possibilities; the fin 
deformation would remain the same despite the presence of a flow and the form drag would 
increase, or the deformation of the fin throughout the stroke would be altered (and possibly the 
forces produced with it). 
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Figure 50 – Data from the kinematics experiments (Chapter VI) were used to trace the fin outlines 
to show the area perpendicular to the resultant force vector for the symmetric (a), asymmetric­in­
space (b) and asymmetric­in­time (c) oscillations for the BIO fin.  The angle of the resultant force, 
, has been set to be the same in the two asymmetric cases.  Fin outlines were taken at f = 1·5 Hz, 
 = 16° (A = 50% and A = 15%).  The presumed width of the oscillating fin profile perpendicular to 
the resultant force vector direction, which would be linked to form drag, is shown in each case: 
the asymmetric­in­time oscillations would cause a wider profile, so may cause more form drag. 
If using the turning capability of the asymmetric­in­time oscillations for corrective manoeuvres, 
another advantage over asymmetric­in­space oscillations would be that, since asymmetric­in­time 
oscillations take place around the same angle as the symmetric oscillations, the response time of the 
system would be lower.  This would allow a better feedback system and more subtle correction of 
heading than if the fin had to move to a new position before starting its correction strokes. 
Furthermore, if further study reveals that the BIO fin does operate in two distinct modes, f < 2·0 Hz, 
where  ≠ 0 and f > 2·0 Hz, where  = 0, the asymmetry value need not be modified to switch between 
the turning mode and the propulsion mode, the frequency would just need to be adjusted.  The price 
for this flexibility would be a reduced resultant force magnitude in the propulsion mode at high 
frequencies and increased power consumption, as Chapter V will show.  If more force were desired 
at low frequencies, and one were prepared to pay the extra cost, asymmetric oscillations could be 
employed with the fin oscillating around a non­zero angle, such that all resultant force were directed 
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in the forward direction.  A simple control system could manage the motor inputs, viz waveform, 
frequency, amplitude and asymmetry, based on a library of known behaviours. 
5. SUMMARY AND CONCLUSIONS
In this chapter, evidence has been presented for and against the hypothesis that asymmetric 
oscillations of flexible fins produce larger resultant forces than symmetric ones do and the main 
findings of this chapter are listed below.  I have shown that under certain conditions, asymmetric 
oscillations do produce larger magnitude resultant forces but this is not the only interesting result of 
this chapter, despite its novelty.  I have provided an insight as to how the fins’ kinematics can be 
linked with their force production during oscillation, providing an explanation, albeit simple, as to 
why asymmetry produces different forces.  In Chapter VI, which covers the in­depth analysis of the 
kinematics, I will show how the kinematics can be used to predict the steady­state performance of the 
fins. 
Since under certain conditions, the asymmetric oscillations produced larger resultant force, the 
obvious question is how much does this extra force cost?  The experiments undertaken to find out, 
and to get a measure of the force efficiency, i.e. how many newtons per watt can be generated by the 
fins, are the subject of the following chapter. 
Main findings 
 Asymmetry affects unsteady forces 
o Peak thrust occurs after the slow stroke of the trailing edge 
o Fast stroke of trailing edge produces more thrust on average than slow stroke, but 
this may only be valid for lower frequencies 
o Lateral force depends on body and trailing edge movements, generally larger in 
direction opposite to fast body movement 
 Asymmetry can affect steady­state force magnitude 
o At low frequencies, asymmetric oscillations of both fins produce more resultant force 
o At high frequencies, symmetric oscillations of the BIO fin produce more resultant 
force 
C H A P T E R  I V  
120 
o At middling frequencies (f = 1·5 Hz – 3·5 Hz) no difference was found 
 Asymmetry affects steady­state force direction 
o Evidence that more asymmetry causes larger resultant force angles for both fins 
o Angle may reduce as frequency increases, perhaps to zero for the BIO fin at 
f > 2·0 Hz 
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Chapter	V	-	Power	Experiments
n the previous Chapter, asymmetric oscillations of both fins were shown to create higher resultant 
forces than the symmetric oscillations in the low frequency zone of the parameter space.  In the 
high frequency region of the parameter space, the BIO fin produced more force when using the 
symmetric kinematics.  For the rest of the parameter space, Chapter IV did not find a significant 
difference between symmetric and asymmetric force production. 
The results of Chapter IV are of more interest if the extra force was not solely a result of more input 
energy.  This Chapter describes experiments to determine how much power was delivered to the fin 
during each experiment.  At the end of the Chapter, on page 152, there is a summary of the main 
conclusions of the experiments described here. 
1. INTRODUCTION
Prior to the inclusion of the torque sensor, the torque transmitted by the fin shaft was estimated 
using the readings from the force sensors, as given in Equation (27), Chapter III.  This made the 
calculated torque dependent on the proper functioning of the sensors, on no overloading occurring 
and on the rig remaining in contact with the force sensors.  Each of these problems was witnessed 
during the experimental phase and so a more direct measure of the torque was conceived.  A device 
was created to measure the torque applied to the shaft by the servo motor, which did not necessitate 
the rig remaining on the sensors.  Using the driving torque, , and the angle through which the fin 
moved, , the work done to move the fin, W, was found using Equation (35).  The power 
consumption was calculated as the average work done over one cycle divided by the time taken. 
W (35) 
I
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The principal aim of this Chapter is to explore the power used by the different oscillations.  It can be 
shown that the asymmetric oscillations should use more power, with the following simple model.  If 
the induced water movement is ignored, the kinetic energy of a rigid fin is proportional to the square 
of its angular velocity since its mass moment of inertia is constant.  Thus, ignoring the flexibility of 
the fins, the kinetic energy of a fin oscillating about a principal axis is given by Equation (36), in 
which K is the kinetic energy [J], I is the mass moment of inertia [kg·m2] and  is the angular velocity 
[rad/s].  Owing to the stiffness profile of the two fins, which was regulated by the local section depth, 
the BIO fin would have had a lower moment of inertia than the NACA fin, were they both rigid, 




finfinIK  (36) 
It follows that the total power used per oscillation can be estimated by the sum of the kinetic energy 
over one oscillation, representing the work done, divided by the oscillation time.  This of course is a 
very simplistic estimate but it is useful since it allows the power usage of asymmetric oscillations to 
be compared to those of the symmetric oscillations.   
The square of the angular velocity will change through one oscillation according to Equations (37) 
and (38), plotted in Figure 51, where, A is the value of asymmetry expressed as a decimal (0·5, 0·35, 
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Figure 51 – The different values of asymmetry caused different values of 2 thoughout the stroke.  
Since 2 was proportional to the kinetic energy as proposed by Equation (36), it was clear that 
each value of asymmetry should use a different amount of kinetic energy when the fin was 
modelled as rigid. 
Integrating between zero and the normalised time­period (i.e. 1) gives the total power consumption 
coefficient, CP, which when divided by CP,A=50% gives the relative power consumption coefficient, , 
for each value of asymmetry, summarised in Table 7.  This shows that if the fins were rigid, more 
power would be used by the asymmetric oscillations than the symmetric ones.   
Table 7 – Values of total power consumption coefficient, CP, 
per oscillation normalised by amplitude and frequency, and 
relative power consumption coefficient, .  Calculation details 
given in the Appendix. 
A [%]  
CP  
50  1·97  1·00 
35  2·17  1·10 
25  2·63  1·33 
15  3·87  1·96 
Of course, with the fins being flexible, the mass moment of inertia will vary throughout the stroke.  











where mi is the point mass and ri is the distance of each point mass to the axis of rotation. 
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A reduction in Ifin will reduce the power needed to drive the fins through that particular kinematic 
stroke, since the fin’s kinetic energy will be lower, shown by Equation (36).  It follows that symmetric 
oscillations of flexible fins should use less power than rigid fins using the same kinematics.  There is 
support for this in the literature with both simulations (2009) and experiments (2004; Riggs, 2010) 
showing that flexibility can reduce the power requirements of symmetrically moving objects.  
However, Michelin and Llewellyn Smith (2009) showed that the power required to heave a flexible 
plate at its first resonant mode was larger than the power required for a rigid plate, with successive 
resonant modes producing smaller local maxima in the power requirements. 
The change in the mass moment of inertia suggests that flexible foils are likely to have better relative 
power consumptions than rigid fins when asymmetric oscillations are introduced, since the bend on 
the fins would be larger during the faster of the two half­strokes of the asymmetric kinematics, 
meaning a lower moment of inertia, albeit at faster angular speeds.  This means that the values given 
in Table 7 are likely to overestimate the relative power consumption of the fins. 
2. TORQUE SENSOR DESIGN AND EXPERIMENTAL METHODS
The torque sensor was attached to the fin/drive­shaft above the water line and it was always aligned 
relative to the fin as shown in Figure 52.  The extra mass due to the torque sensor (0·109 kg) caused 
the force sensors to record higher values, which would have provoked earlier overload of the 
sensors, therefore the counterweights on the rig (see Figure 13 in Chapter IV) were adjusted so that 
the sensors were still in the middle of their range. 
2.1. Torque sensor design 
The torque sensor housing fitted over the drive shaft coupling and was rigidly attached to it using 
grub screws.  The housing located a steel spring, onto which a strain gauge was glued.  The bottom 
of the steel spring was held by an aluminium connection bar that was rigidly fixed to the fin shaft.  A 
collar was attached to the fin shaft above the lower bearing, Figure 52, which allowed the weight of 
the fin to be transferred to the body of the plastic housing rather than through the strain gauge.  Thus 
the fin shaft kept its original placement with respect to the coupling but was no longer rigidly 
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attached to it.  Torque was thence transmitted from the drive shaft, via the housing, the steel spring 
and the aluminium connection bar, to the fin shaft.   
Figure 52 – Third angle projection of the torque sensor assembly, also shown in section and in 
isometric view with the orientation relative to the fin indicated.  None of the assembly bolts are 
shown. 
The torque sensor assembly was designed in CAD software (Solid Edge v20) and is shown in section 
in Figure 52.  The housing held two 19 mm outside diameter ball bearings (RS 206­8339), though only 
one is shown in Figure 52 for clarity, to locate the fin shaft within the housing.  The housing was 
made in a rapid prototyping machine (Stratysis Dimension) from ABS plastic and was built in layers 
perpendicular to the long axis of the housing, which allowed good circularity for the location of the 
bearings.  A layer of electrical tape around the outside bearing race was used to provide a push fit 
between the bearings and the inside surface of the housing. 
Two pieces of square section steel were glued into the slots at the top of the housing and the gap 
between these was less than one millimetre.  The small gap allowed the spring to be held in the 
arrangement tightly with a minimum of contact between the spring and the square section steel.  The 
steel spring was bolted to an aluminium bar at the bottom.  Since the top end of the spring was not 
bolted to the square section bars, it could theoretically slide between the square section vertices if the 
retaining force (including friction) was less than the resistive force of the spring.  In order to prevent 
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any perceptible movement, the steel spring was covered with a layer of electrical tape, creating a 
tighter fit between the two vertices. 
There was a conflict present when designing the steel spring: it had to bend enough to allow the 
strain to be measurable but not so much that a significant lag was introduced between the drive shaft 





where F is the force [N], τ is the torque [N·m] and r is radius at which the spring sat [m].  The 
dimensions of the steel spring and the radius (t, l, w and r on Figure 52) were chosen such that at 
0·2 N·m (chosen as it was greater than the estimated maximum torque) the spring deflected by only 
2·3°.  The strain gauge was calibrated using pooled and normalised data from five independent 
loading and unloading cycles of the torque sensor (see Appendix). 
2.2. Calculating the new parameters 
The experimental protocol was the same as for the force experiments of Chapter IV, except that the 
torque sensor was in place and extra data were written to the data files.  Experiments with the torque 
sensor were conducted for the same parameter space as the force experiments (Chapter IV) and the 
experiments were repeated to allow the statistical significance of the results to be calculated.  In total 
four data sets were analysed for the BIO fin and five were analysed for the NACA fin.  
To calculate the power, the sum of the work done at each time­step was divided by the total time 
taken for the experiment, ttotal, Equation (41), with the ramp cycles being ignored (refer to Chapter IV 
for details of the ramp cycles).  The absolute values of work and power were used to mitigate errors 
caused by the chatter on the angle sensor.  Instantaneous power was calculated using the torque and 













where P is the power [W], τ is the measured torque [N·m] and d is the change in the shaft angle 
[rad]. 
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The mean power in the parameter space was compared between the symmetric and asymmetric 
oscillations using the same method as in Chapter IV.  However, the calculation of the force efficiency, 
	F, was done in a slightly different manner: 	F values were found at the 64 combinations of 
frequency and mean true amplitude for each of n tests rather than being interpolated throughout the 
parameter space.  The mean of the 	F values was found and a two­tailed t­test was computed on the 
n values of symmetric and asymmetric force efficiency at each unique frequency and mean true 
amplitude combination. 
3. RESULTS
In order to measure the torque, the steel spring in the torque sensor assembly had to deform enough 
to provoke a change in the resistance of the strain gauge.  This meant that the torque sensor assembly 
was less torsionally stiff than the previous set­up of the drive­shaft.  The reduction in stiffness of the 
drive system and the increased load on the servo motor meant that the true amplitude achieved 
during each experiment was lower than the demand amplitude. 
In general, the resultant force produced by the fins was lower than without the torque sensor in 
place, since at a given demand amplitude the achieved amplitude was also lower.  By comparing the 
force produced with and without the torque sensor in place at specific points in the parameter space, 
it was determined that the torque sensor did not change the nature of the force response.  Further 
information regarding this comparison is located in the Appendix. 
The relationships between the resultant forces produced by the symmetric and asymmetric 
oscillations were different, however, when the torque sensor was included with fewer significant 
differences and fewer clear trends.  This is discussed later in this Chapter in Section 4 and is 
attributed to the reduction in system stiffness that the inclusion of the torque sensor caused.  
Consequently, the force efficiency was calculated using all data from the experiments with the torque 
sensor and the implications of this approach are explored in the Discussion section. 
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3.1. Predicting power usage 
In the Introduction, Table 7 gave the calculated values of the relative power consumption 
coefficient, for the different values of asymmetry.  Figure 53 shows the measured values of  for 
the BIO and NACA fins oscillating with the most asymmetry, A = 15%, in the parameter space.  If the 
relative power consumption were independent of the frequency and amplitude, as assumed by my 
rigid fin model, the data shown in Figure 53 would all be equal to 1·96, the value of  as listed in 
Table 7. 
BIO NACA 
Figure 53 – The calculation of the relative power coefficient, , showed how much more power the 
most asymmetric (A = 15%) oscillations used than the symmetric ones did.  In the parameter space, 
 was seen to decrease with increasing amplitude and frequency for the BIO fin (left).  For the 
NACA fin, the value of  increased after a frequency of f = 2·0 Hz, but only for the lower 
amplitudes. 
Figure 53 shows that, in fact, at frequencies of f = 1·0 Hz and above, all but one of the BIO fin data 
and all but two of the NACA data were lower than the predicted value, P = 1·96vi.  The NACA fin 
showed a different pattern in the parameter space after f = 2·0 Hz, however, with an increase in the 
values of  as the frequency increased. 
The predicted values of  were used with the mean power requirements to determine how accurately 
the model proposed in the Introduction predicted the relative power usage.  Equation (42) describes 
the calculation of the discrepancy, D, between the predicted and the measured values of , as a 
percentage of the measured value: 
vi The one exception at f = 1·0 Hz for the BIO fin is at  = 6°, mean true amplitude (mta) = 4·7°, where 
 = 1·97.  For the NACA fin, the two exceptions at f = 1·0 Hz, are  = 2°, mta = 1·60°, where  = 1·85 
and  = 4°, mta = 3·1°, where  = 1·89. 











































 is the relative power consumption coefficient, P is the power [W] and the subscripts P and M
indicate predicted and measured values respectively of the A = 15% and the A = 50% oscillations. 
Negative values of D meant that the model underestimated the relative power consumption 
coefficient, i.e. the power used to create the asymmetric oscillations was a greater multiple of the 
power used for the symmetric oscillations than predicted by the rigid fin model.  The results of 
computing D for all frequencies and amplitudes are shown in Figure 54 for the BIO fin and Figure 55 
for the NACA fin. 
Figure 54 shows that the proposed model was most accurate at f = 1·0 Hz, i.e. the discrepancy was 
approximately 0%, with a large underestimate of P below this and an overestimate at higher 
frequencies.  The overestimate was a function of the frequency and the degree of asymmetry, with 
larger overestimates as both these parameters increased.  Whilst the discrepancy was generally larger 
at f = 4·0 Hz, the maximum deviation from the predicted values was at f = 2·5 Hz for the A = 15% 
oscillations, Figure 54.  In this case, P was overestimated by approximately 130%, indicating that the 
asymmetric oscillations consumed less power than predicted by the model, based on the symmetric 
power consumptionvii. 
vii A=15%,M = 0·85, A=15%,P = 1·96. 
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Figure 54 – Graphs of the discrepancy at each value of asymmetry, as calculated in Equation (42) 
for the BIO fin oscillating at each frequency and amplitude.  For the BIO fin, the accuracy of the 
prediction of power usage ratio was affected by the frequency of oscillation and the asymmetry 
with only a small influence coming from the amplitude. 
The NACA fin’s power consumption was less well predicted by the model: Figure 55 shows that few 
data had a discrepancy of zero.  At f = 0·5 Hz, the model consistently under­predicted  by between 
34% and 100%, with lower values when the asymmetry was low.  As the asymmetry was increased, a 
combined frequency and amplitude effect became apparent. 
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Figure 55 – Graphs of the discrepancy at each value of asymmetry, as calculated in Equation (42), 
for the NACA fin oscillating at each frequency and amplitude  For the NACA fin, the accuracy of 
the prediction of power usage ratio was affected by the frequency of oscillation, the amplitude 
and the asymmetry. 
It was proposed in the Introduction of this Chapter that the mass moment of inertia, Ifin, of the fins 
would vary throughout the stroke.  The value of Ifin was estimated at the location of the maximum 
trailing edge angle on the fast and slow half­strokes of the asymmetrically oscillating fins, so 
representing the cases in which the fin was most bent.  The estimation of Ifin used data from the 
kinematics experiments (Chapter VI) and is detailed in the Supplementary Material.  Using the mass 
moment of inertia of the BIO fin during its slow half­stroke to normalise the results, Table 8 shows 
that the value of Ifin was larger on the slower half­stroke and that the NACA fin had larger values 
than the BIO fin did. 
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Table 8 – Relative values of the mass moment of inertia of the fins, scaled in relation to the 
symmetric half­stroke value of the BIO fin.  Mass moment of inertia was calculated at the point of 
largest trailing edge angle of the fins in each of the half­strokes. 
  BIO 
f
[Hz] Slow Symmetric Fast  f/s % 
1·5 0·982  1·00  0·967  98·4 
4·0 0·900  0·957  0·899  99·9 
  NACA 
1·5  1·313  1·414  1·207  91·9 
4·0  1·367  1·383  1·317  96·3 
3.2. Power used throughout the stroke 
Figure 56 shows data from two consecutive oscillations of the BIO fin at a demand amplitude of 16° 
and a frequency of 1·5 Hz.  Thrust, lateral force, power and shaft angle are plotted as functions of 
time for both symmetric (top) and the most asymmetric (bottom) oscillations.  The data from the 
asymmetric oscillations revealed that the magnitude of the power was linked to both the thrust and 
the lateral force, and that the lateral force could be twice the magnitude of the thrust.  Thus the peak 
power had a magnitude approximately proportional to that of the instantaneous resultant force.  As 
with the resultant force, the power consumption was higher on the faster of the asymmetric half­
strokes. 
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Figure 56 – Throughout the oscillations, the instantaneous power was influenced by both the 
thrust and the lateral force.  These two plots show the instantaneous thrust, lateral force, power 
and shaft angle of the BIO fin oscillating at f = 1·5 Hz and a demand amplitude, , of 16° using 
both symmetric (top, where the mta = 12·9°, n = 4) and asymmetric (bottom, where the mta = 12·2°, 
n = 4) oscillations. 
3.3. Power in the parameter space 
During the stroke, the unsteady power requirements followed the form of the resultant force.  In the 
steady state, it is therefore no surprise that the surface describing the mean power throughout the 
parameter space took the same form as that of the resultant force, as shown in Figure 57 for the 
symmetric oscillations (and in the Appendix for the asymmetric oscillations). 
The same approach was used to compare symmetric and asymmetric data as used in Chapter IV for 
comparing the force results.  Thus, Figure 58 and Figure 59 show the mean power at each point in the 
parameter space for each fin, with three stem plots showing the differences between the symmetric 
and asymmetric data, colour­coded for significance and direction of the difference. 
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BIO NACA 
Figure 57 – Frequency, mean true amplitude and mean power plots for the symmetrically 
oscillating BIO and NACA fins.  Data points are the mean of 5 experiments (4 for the BIO fin).  
The mean power used has a similar form to the resultant force in the parameter space, cf. Chapter 
IV. 
Figure 58 shows that for the major part of the parameter space, more power was needed to create 
asymmetric oscillations than to create symmetric ones and the number of significant data was fairly 
consistent across all values of asymmetry. 
Within the parameter space, the magnitude of the differences increased as the amplitude increased.  
There were a few points for which mean power used was more in the symmetric case and these all 
occurred at the edge of the parameter space, where the resultant force from the symmetric 
oscillations was also larger (Chapter IV).  At the frequencies separating the two regions of significant 
data (i.e. at f = 3·0 Hz and f = 3·5 Hz), there was a drop in the magnitudes of the differences found, as 
for the differences in the resultant force (see Chapter IV, page 74). 
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Figure 58 – Surface and stem plots of the BIO fin show how the power varied throughout the 
parameter space for the symmetric oscillations and the difference at each unique frequency and 
mean true amplitude combination.  Symmetric data (x) are mean values (n = 4) of power with red 
crosses indicating the points to which the surface was extended.  The stem plots show the 
difference between symmetric and asymmetric power consumption and have different markers 
depending on asymmetry (A = 35%: , A = 25%: , A = 15%: ).  Markers are colour­coded to 
represent the direction of the difference.  Filled (red) markers indicate the asymmetric power 
value was higher, open (blue) markers indicate that the symmetric value was higher.  Grey 
markers show differences that were not statistically significant at the p = 0·05 level as a result of a 
two­sample, two­tailed t­test. 
For the NACA fin, the general pattern was similar: the asymmetric kinematics used more power than 
the symmetric kinematics for the major part of the parameter space, Figure 59.  For the NACA fin 
however, statistically significant differences were not as widespread, with the A = 25% oscillations 
showing few differences compared to the symmetric oscillations.  Increasing asymmetry meant a 
greater difference, in general, between the symmetric and the asymmetric data, Figure 59. 
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Figure 59 – Surface and stem plots of the NACA fin show how the power varied throughout the 
parameter space for the symmetric oscillations and the difference at each unique frequency and 
mean true amplitude combination.  Symmetric data (x) are mean values (n = 5) of power with red 
crosses indicating the points to which the surface was extended.  The stem plots show the 
difference between symmetric and asymmetric power consumption and have different markers 
depending on asymmetry (A = 35%: , A = 25%: , A = 15%: ).  Markers are colour­coded to 
represent the direction of the difference.  Filled (red) markers indicate the asymmetric power 
value was higher, open (blue) markers indicate that the symmetric value was higher.  Grey 
markers show differences that were not statistically significant at the p = 0·05 level as a result of a 
two­sample, two­tailed t­test. 
The magnitudes of the differences between power from the symmetric and the asymmetric 
oscillations were larger when the amplitude was larger but again the relationship between the 
magnitude of the differences and the frequency was unclear.  Unlike the results from the BIO fin, 
there was no high­frequency region that suggested the symmetric oscillations used more power.  
Chapter IV did not find evidence that there was a difference between the resultant forces of the 
symmetric and asymmetric oscillations of the NACA fin at the high frequency end of the parameter 
space. 
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3.4. Cost of force generation 
The highest force efficiency, F, was found at the lowest frequency and amplitude for both fins using 
both symmetric and asymmetric oscillations as shown in Figure 60, with the equivalent asymmetric 
plots given in the Appendix).  Throughout the parameter space, an increase in amplitude and 
frequency both generally reduced the value of force efficiency, demonstrating that power used by the 
fin increased at a faster rate than the force did.  The exception to this trend was an area of the NACA 
fin’s parameter space: mean true amplitude = 0° – 6° and f = 2·5 Hz – 4·0 Hz.  In this area, Figure 60 
shows that the force efficiency increased with increasing frequency. 
BIO NACA 
Figure 60 – Mean force efficiency, F, of the BIO fin (left) and the NACA fin (right) as a function 
of frequency and amplitude for the symmetric oscillations with n = 4 for the BIO fin and n = 5 for 
the NACA fin.  Markers are positioned at the mean true amplitude value calculated for each fin.  
A log scale is used for the force efficiency.  In general, an increase of frequency and amplitude 
meant a lower force efficiency.  The lowest three amplitudes for the NACA fin, however, were 
associated with a rise in the force efficiency at frequencies greater than f = 2·0 Hz. 
I chose to examine the force efficiency data at some of the frequencies in the parameter space at 
which statistically significant differences were found between the resultant forces (see Chapter IV for 
details).  As such, the lowest and highest frequencies for the BIO fin and the lowest frequency of 
oscillation of the NACA fin are considered in this section.  Results are not presented for the fins at 
f = 1·5 Hz, as in other chapters, as there were no statistically significant differences between the 
symmetric and asymmetric force efficiency values. 
Chapter IV showed that at the lowest frequency, f = 0·5 Hz, the most asymmetric oscillations of the 
BIO fin produced a larger resultant force than the symmetric oscillations did, in particular at the 
larger amplitudes.  Figure 61 shows similar results to those of Chapter IV: the most asymmetric 
oscillations produced more force at the highest mean true amplitude than the symmetric oscillations 
did, although the differences were not as marked as in the results of Chapter IV.  The power used by 
C H A P T E R  V  
138 
the BIO fin increased as the amplitude increased and was dependent on the asymmetry, as the 
middle plot of Figure 61 shows.  The more asymmetric the oscillations, the more power was used, as 
was also shown in Figure 58 – the parameter space view of the data.   
Figure 61 – Mean (n = 4) values of force, power and ηF for the BIO fin at f = 0·5 Hz.  Differences 
between force efficiency data for the symmetric and most asymmetric oscillations were 
statistically significant at all mta apart from 9·5° (two­sample, two tailed t­test, p < 0·05).  Values 
for the symmetric and most asymmetric series are available in Table 9.  All data plotted came from 
the experiments described in this Chapter.  The plot of force efficiency has a log scale on the 
ordinate, so that the difference between the first and second datum is about one order of 
magnitude. 
The force efficiency plot at the bottom of Figure 61, which is a slice through the force efficiency plot 
shown in Figure 60 but for all asymmetries, shows that for a given amplitude, the asymmetric 
oscillations typically had a lower value of F, with more asymmetry provoking a lower value.  Force 
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efficiency decreased as the amplitude increased, showing that at the highest amplitude, each newton 
of resultant force cost around forty times more in power than at the lowest amplitude.  Table 9 gives 
the mean values of F for the A = 50% and the A = 15% oscillations (symmetric and most asymmetric) 
and indicates whether a statistically significant difference existed between them.  For all of the 
amplitudes but oneviii, the A = 15% force efficiency was lower than for the symmetric oscillations. 
At the highest frequency in the parameter space, where Chapter IV showed that the symmetric 
oscillations produced a larger resultant force magnitude, the power consumption by the symmetric 
oscillations was also larger, as shown in the parameter space in Figure 58 and in Figure 62 (page 140).  
When the force efficiency was calculated, shown in the bottom plot in Figure 62, there was little 
separation between the results from the different values of asymmetry.  At this frequency, the F
decreased with increasing amplitude, but at a slower rate than when the frequency was lower, since 
the peak value of F at f = 4·0 Hz was much smaller than at f = 0·5 Hz (see Table 9 for details). 
Table 9 – Mean values of ηF for the BIO fin (n = 4) at the lowest and highest frequencies.  
Increasing the frequency and amplitude generally led to a reduction in ηF.  Values are calculated 
at mean true amplitude and are the mean of n values of force efficiency, shown to one decimeal 
place.  Statistically significant differences (two-sample, two tailed t-test, p < 0·05) between the 
symmetric (A = 50%) and the most asymmetric (A = 15%) oscillations are shown are shown in bold, 
red type. 
f = 0·5 Hz, mean true amplitude [°] 
A [%]  1·6  3·1  4·7  6·3  7·9  9·5  11·1  13·1 
50  165·2  65·7  28·0  14·7  8·7 6·3 4·7  3·8 
15  64·9  13·7  7·4  4·1  3·1 2·8 2·4  1·7 
f = 4·0 Hz, mean true amplitude [°]
A [%]  
1.4  2.7  3.9  5.3  6.7  7.8  9.2  10.5 
50  2.7  1.7  1.2  1.1  1.1  1.0  1.0  1.0 
15  3.6  1.3  1.0  0.9  1.0  1.0  0.9  0.9 
viii  = 12°, mta = 9·5° 
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Figure 62 – Mean (n = 4) values of force, power and ηF for the BIO fin at f = 4·0 Hz.  There were no 
statistically significant differences between the symmetric and most asymmetric force efficiency 
values (two-sample, two tailed t-test, p < 0·05), although at the lowest amplitude, there was a 
difference between the symmetric and the intermediate asymmetry values’ data.  Values for the 
symmetric and most asymmetric series are available in Table 9. 
At the lowest amplitude and highest frequency, the symmetric F was lower than all the asymmetric 
force efficiencies.  Table 9 shows that there were no statistically significant differences between the 
symmetric and the most asymmetric values of force efficiency at this point (indeed at any amplitude 
at this frequency), however, the t­test results showed that for the other two asymmetry values, the 
differences were significant (pA=35% = 0·009, pA=25% = 0·023).  In addition, the value of p resulting from 
the t­test between symmetric and most asymmetric oscillations was pA=15% = 0·089, so approaching the 
threshold of significance. 
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Figure 63 shows the force, power and force efficiency plots for the NACA fin at f = 0·5 Hz.  At this 
frequency and at the higher amplitudes, Chapter IV showed that the most asymmetric oscillations 
produced more resultant force than the symmetric ones did. 
Figure 63 – Mean (n = 5) values of force, power and ηF for the NACA fin at f = 0·5 Hz.  Differences 
between force efficiency data for the symmetric and most asymmetric oscillations were 
statistically significant at amplitudes greater than 4° (two-sample, two tailed t-test, p < 0·05).  
Values for the symmetric and most asymmetric series are available in Table 10. 
The power consumption of the NACA fin, shown in Figure 63 and also shown throughout the 
parameter space in Figure 59, was very clearly affected by the asymmetry, with more power used 
when the asymmetry was higher.  The force efficiency plot of Figure 63 shows that the symmetric 
value of force efficiency was always higher than all the asymmetric ones, with the difference 
increasing as the asymmetry increased.  Table 10 shows that above a mean true amplitude of 4°, the 
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observed differences between the symmetric and the asymmetric force efficiencies were significant 
(based on a two­tailed t­test, n = 5, p < 0·05). 
Table 10 – Mean values of ηF for the NACA fin (n = 5) at the lowest frequency, f = 0·5 Hz.  
Increasing the frequency and amplitude generally led to a reduction in ηF.  Values are calculated 
at mean true amplitude and are the mean of n values of force efficiency.  Statistically significant 
differences (p < 0·05) between the symmetric (50%) and the most asymmetric (15%) oscillations are 
shown are shown in bold, red type. 
f = 0·5 Hz, mean true amplitude [°] 
A [%]  1·6  3·2  5·1  6·7  8·3  10·1  12·0  13·7 
50  1013·6  189·8  42·7  22·2  12·0  7·5  5·2  3·9 
15  142·1  22·8  7·5  4·5  3·0  1·7  1·7  1·2 
3.5. Efficiency in terms of wasted force 
Another measure of the efficiency of the fins is to compare the thrust and the lateral force produced.  
Figure 64 shows the mean values of the ratio of thrust to lateral force, using the root mean square 
values for the BIO finix. 
Figure 64 – Comparison of the mean RMS efficiency for all amplitudes for the BIO fin at f = 0·5 Hz 
(left) and at f = 4·0 Hz (right).  Markers represent the mean of five values of the ratio of rms thrust 
to rms lateral force, with error bars indicating the standard error. 
ix Here the data set without the torque sensor in place is used since, even though the overall trends 
were the same, the torque sensor data set had large variation which made the plot difficult to 
comprehend. 
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Even though the ordinates represent different measures of efficiency, the trends for the BIO fin at 
f = 0·5 Hz were the same – there was a drop in the efficiency as the amplitude increased and the 
greater the asymmetry, the lower the values at each amplitude.  At f = 4·0 Hz, the trends shown by 
each measure of efficiency were similar but the rms efficiency revealed a greater difference between 
the values of asymmetry (compare Figure 62 with Figure 64). 
The corresponding graphs for the NACA fin are shown in Figure 65 below.  As with the BIO fin, 
there were similarities between the trends of the two measures of efficiency (compare Figure 63 with 
Figure 65) but the RMS efficiency shows that when oscillating at f = 0·5 Hz and at the highest 
amplitudes achieved, the asymmetry value made no difference to the ratio of thrust to lateral force 
produced.  The f = 4·0 Hz data for the NACA fin are included for completeness and show very 
different trends to both the BIO fin at the same frequency and the NACA fin at the lower frequency.  
In this case, the RMS efficiency was not significantly different for each value of asymmetry but 
increased slightly as the amplitude increased. 
Figure 65 – Comparison of the mean RMS efficiency for all amplitudes for the NACA fin at 
f = 0·5 Hz (left) and at f = 4·0 Hz (right).  Markers represent the mean of five values of the ratio of 
RMS thrust to RMS lateral force, with error bars indicating the standard error. 
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4. DISCUSSION
The inclusion of the torque sensor into the experimental set­up increased the load on the servo 
motor.  This, combined with the reduction in the torsional stiffness of the drive shaft, was found to 
reduce the achievable kinematics of the oscillations and to increase the noise in the results.  However, 
the force produced at a given frequency and amplitude of the symmetrically oscillating fins was not 
statistically different to that produced without the torque sensor in place (details in Appendix).  This 
indicates that confidence can be placed in the significance of the differences because they were found 
under more conservative conditions. 
Since the forces generated by the fins were averaged over the full oscillation, the fins spent some 
portion of each cycle using power to produce forces that would cancel out.  The power used 
however, was additive over the cycle meaning it increased faster than the resultant force did for 
increases in the input kinematics.  As the frequency and amplitude increased, the magnitudes of the 
lateral forces, which would cancel, were larger (as discussed in Chapter IV), and so more power was 
used in general but also a greater proportion of the power was wasted. 
In contrast to oscillating fins, propellers do not suffer from this problem in the same way since their 
motion is continuously in one direction.  Thus energy is not wasted on force components that will 
cancel, although the large energetic wakes that propellers produce show that some energy is wasted 
in creating so much water movement.  The use of post­swirl devices, which are designed to cancel 
out some of the rotational fluid movement behind a propeller, can lead to power savings of up to 9% 
(Breslin and Andersen, 1994).  Power wastage through the generation of large lateral forces implies 
that the relationship between the thrust (or resultant force) and lateral force magnitudes could be 
used as a measure of the efficiency, which could describe the ratio of useful force to the wasted force. 
4.1. Peak power depends on lateral force maxima 
Throughout the parameter space, the mean power consumption followed the same general trends as 
the resultant force: for the BIO fin, higher frequencies and larger amplitudes were associated with 
larger values and for the NACA fin, the power consumption reduced after f = 1·5 Hz before 
increasing again towards f = 4·0 Hz.  Nearly all the asymmetric oscillations of both fins used more 
power than the symmetric oscillations used, as predicted by the model proposed in Section 1. 
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In the unsteady case (throughout each oscillation), the power consumption was shown to be related 
to the magnitude of the resultant force throughout the cycle.  In Section 1, it was proposed that the 
kinetic energy of the fin was proportional to the square of the angular velocity and so it was expected 
that the fins would use more power when oscillating more quickly.  It was found that peak power 
consumption for the symmetrically oscillating fins was coincident with a fin shaft angle of 
approximately zero, i.e. at the fastest movement of the driving kinematics.  For the asymmetric 
oscillations, Figure 56 showed that the peak power occurred between the shaft angle being zero and 
being at full amplitude on each stroke. 
Since the implementation of the torque sensor reduced the stiffness of the drive shaft, it would have 
introduced a small lag between the drive shaft and the fin shaft, thus using the shaft angle as a 
marker for the location in the stroke of the peak power is done cautiously.  It is better to relate the 
power to the other variables, thus peak power occurred when the unsteady forces were at a 
maximum.  Typically the lateral force dominated the unsteady force response and so the maximum 
lateral force can be used as a short­hand for the peak power location.  This is supported by 
experiments found in the literature; maximum power usage occurred at the maximum roll velocity of 
a three­dimensional rolling, pitching fin (Bandyopadhyay et al., 2008) and by simulations; a rigid fin 
had the highest power coefficient when it was approximately half way between its full amplitude 
and zero amplitude (Xiao and Liao, 2009).  In both cases peak power was approximately coincident 
with the locations of maximum lateral force.  Since maximum lateral force was dependent on the 
kinematics and physical parameters of the fin, so was the power usage.  
4.2. Asymmetry affects power used but not as predicted 
As expected, the asymmetric oscillations of both the BIO and the NACA fins used more power than 
the symmetric ones did, with few exceptions, as shown in Figure 58.  For the BIO fin, the three data 
that indicated that the symmetric oscillations used more power were at the same frequency at which 
the symmetric oscillations produced more resultant force, f = 4·0 Hz, as described in Chapter IV.  In 
Chapter VI, the analysis of the kinematics will reveal that the resultant force magnitude at a 
particular frequency was proportional to the trailing edge excursion.  Since the power used is related 
to the movement of the whole fin, it is likely that the extra power used by the symmetric oscillations 
in this case was due to a difference in the trailing edge excursion.  For experiments both with and 
without the torque sensor, the trailing edge excursion was always larger for the symmetric 
C H A P T E R  V  
146 
oscillations than for the most asymmetric oscillations (see Appendix for details).  This demonstrates 
the trade­off that using asymmetry brings: larger trailing edge excursion produces higher forces but 
also uses more power.   
The rigid­fin model to predict power consumption proposed that power was ultimately proportional 
to the angular velocity of the fins.  However, the results presented in Figure 54 and Figure 55 show 
that the flexible fins behaved differently to the predicted behaviour of rigid fins when they were 
subjected to asymmetric oscillations, influenced by asymmetry, frequency, amplitude and fin 
stiffness profile. 
For both fins, there were two distinct behaviours.  First, the discrepancy in the relative power 
coefficients of the oscillations at f = 0·5 Hz was negative for all values of amplitude and asymmetry 
for both fins.  This meant that the asymmetric oscillations at this frequency used more power than 
predicted by the model based on the symmetric oscillations’ power usage.   
The second behaviour for the BIO fin was that at frequencies of f = 1·0 Hz and above, the discrepancy 
was proportional to the frequency, amplitude and amount of asymmetry.  In this mode, the 
discrepancy was generally positive, meaning that the power used by the asymmetric oscillations was 
lower than predicted.  For the NACA fin after f = 1·0 Hz, both the value and the sign of the 
discrepancy were influenced by frequency, amplitude and asymmetry. 
The results of simulations reported in the literature show that a heaving flexible plate’s power 
consumption was affected by its driving frequency and its flexibility (Michelin and Llewellyn Smith, 
2009).  It was found that at a given frequency, power consumption generally decreased with 
increasing flexibility, however, the power consumption showed local maxima, which were coincident 
with the resonant modes of the plate.  The power consumption in the first resonant mode was larger 
than that of a rigid plate (Michelin and Llewellyn Smith, 2009).  Michelin and Llewellyn Smith (2009) 
also showed that the resonant peak shifted, occurring at higher frequencies for stiffer fins.   
Figure 66 describes two situations, based on the results of Michelin and Llewellyn Smith (2009) to 
show how asymmetry could influence the power used.  In the schematic of Figure 66, the driving 
frequency is represented by the curve marked a, which is the symmetric oscillation power curve.  
The faster half­stroke of the asymmetric oscillations is represented by b and the slower half­stroke by 
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c.  The average asymmetric power consumption is represented by d, which is shown as the average 
of b and c for simplicity.   
Figure 66 – At a particular driving frequency the symmetric oscillations’ power consumption, a, is 
influenced by the flexibility of the fin.  This sketch is based on the figures created by Michelin 
and Llewellyn Smith (2009).  The asymmetric oscillations have two different half­stroke 
frequencies – one for the fast stroke, b, one for the slow stroke, c, and because of this, the power 
used by the asymmetric oscillations of flexible fins is not a fixed ratio of the symmetric power, as 
predicted by the rigid fin model, since resonance plays a role.  Case (a) shows that the average 
asymmetric power consumption, d, is larger than the symmetric power consumption, a, and that 
d/a is larger for the flexible fin than for a rigid one.  Case (b) shows a situation where a is larger 
than d for flexible fins, which was seen at f = 4·0 Hz for the BIO fin. 
Case (a) shows that at the frequencies chosen, the asymmetric power consumption would have been 
larger than the symmetric power (d > a), since the fast half­stroke was coincident with the first 
resonant peak, which elevated the average power.  Under the right conditions, the asymmetric power 
may have been more than that predicted by the rigid model owing to the increase in power that 
flexibility brings, i.e. (d/a)flexible > (d/a)rigid, and this is the situation in case (a) of Figure 66.  By 
increasing the driving frequency, a, different half­stroke frequencies would be generated and thus 
case (b) shows the case where the symmetric power used is greater than the asymmetric power, as 
seen at highest frequency of the parameter space for the BIO fin. 
The reason that flexibility affects the power consumption of the fins is linked to the whole­fin 
kinematics.  First, at the resonant peaks, the fin excursion at the trailing edge is larger and a larger 
movement at a particular frequency would require more energy. 
Away from the local maxima of the resonant peaks, the curvature alters the mass moment of inertia 
and form drag of the fins.  Imagine two fins effecting the same stroke, one fin stiffer than the other.  
The less stiff fin would have a larger curvature than the stiffer fin.  This would reduce the mass 
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moment of inertia, as more of the fin’s mass would be nearer its axis of rotation, and the form drag of 
the fin would be lower since it would present less of its length normal to the instantaneous angle of 
rotation, Figure 67.  The less stiff fin would then use less power. 
In the Introduction, the mass moment of inertia was predicted to change and an estimation of the 
relative values was given in Table 8.  The results presented in Table 8 are crude but demonstrate that 
significant savings to the power consumption can be made.   
Figure 67 – Diagram showing why flexible fins can use less power than rigid fins if the kinematics 
are equal.  The kinematics were not equal between the symmetric and asymmetric oscillations and 
therefore the power usage was different but since the fins were flexible, the asymmetric 
oscillations used less power than predicted by a model based on the behaviour of rigid fins. 
My experiments showed that when effecting the slower half­stroke, the fins used less power than 
when effecting the faster half­stroke.  However, the form drag and the mass moment of inertia were 
both likely to have been lower on the faster half­stroke.  This demonstrates that the angular velocity 
was a more influential factor on the power consumption, which is expected when considering 
Equation (36), since the kinetic energy is proportional to the square of the angular velocity.  
However, the power used on the faster half­stroke was lower than it would have been were the fins 
rigid (which was the assumption of the rigid fin model) and so power used was lower than 
predicted.  If the kinematics of the whole fin were known throughout the stroke, it would be possible 
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to compute the total angular velocity and so the influence of the water on the power may be inferred.  
This idea is revisited in Chapter VIII. 
Since the NACA fin was stiffer towards the trailing edge than the BIO fin, it did not bend as much 
during oscillation (see Chapter VI for details of the fin kinematics) therefore, it might be presumed 
that its behaviour would be better described by the rigid fin model.  This was not the case, however, 
as a comparison of Figure 54 and Figure 55 shows.  It may be that power savings due to the changing 
mass moment of inertia were only apparent for the NACA fin in the middle of the parameter space.  
This is supported by the results in Table 8, which show that the mass moment of inertia of the NACA 
fin may be larger at f = 4·0 Hz than at f = 1·5 Hz.  This may be attributable to its stiffness profile; 
moving the point of consideration further up the rigidity axis of Figure 66 and so changing the 
relationships between power and frequency. 
4.3. Force efficiency typically favours symmetric oscillations 
The force efficiency was calculated and shown to be highest at low frequencies and amplitudes, 
reducing as both these parameters increased.  At the lowest frequency, f = 0·5 Hz, the symmetric 
oscillations of the BIO and the NACA fin had better force efficiency than the asymmetric oscillations 
did, with statistically significant differences at seven of the eight amplitudes (six of eight for the 
NACA fin).  The BIO fin oscillating at f = 4·0 Hz showed a different behaviour: no statistically 
significant differences were found between the force efficiencies of the symmetric and most 
asymmetric oscillations, but there was evidence to suggest that at the lowest amplitude, the 
symmetric oscillations had a lower force efficiency than all the asymmetric oscillations.  These trends 
were echoed in the results of computing the efficiency as the ratio of the root mean square (RMS) 
thrust to RMS lateral force. 
Symmetric oscillations of both fins at the lowest frequency and amplitude (f = 0·5 Hz,  = 2°, 
mta = 1·7° for the BIO fin, mta = 1·6° for the NACA fin) produced a force efficiency that was 
approximately one order of magnitude higher than any other datum.  For both fins, this datum was 
associated with negative thrust (see Chapter IV), so the efficiency as most often defined as the 
product of force, swimming speed and input power (as given by Equation (7) in Chapter II) is likely 
to be negative at this point.  Indeed, negative values of  were found by Xiao and Liao (2009) in 
simulations of a rigid NACA0012 oscillating both symmetrically and asymmetrically at low 
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frequencies and amplitudes.  For pitching amplitudes of 6°, their simulations showed that the 
efficiency of a rigid NACA0012 fin was greater at every value of reduced frequency tested for 
symmetric oscillations than for asymmetric oscillations, where A = 30%.  
There were two frequencies at which there was a statistically significant difference between the 
resultant forces of the symmetric and asymmetric oscillations of the BIO fin that showed statistically 
significant differences in the force efficiencies as well.  For the NACA fin, there was only one 
frequency at which this occurred.  At these frequencies, the symmetric oscillations had statistically 
significantly greater force efficiencies at nearly every value of amplitude, as shown in Figure 61, 
Figure 62 and Figure 63, even when the asymmetric oscillations produced larger resultant forces.  
Furthermore, the RMS efficiency from the fins oscillating symmetrically at f = 0·5 Hz was also higher 
than that of the most asymmetric oscillations at the lower end of the amplitude range.   
This agreement between the two different measures of efficiency shows several things.  First, at the 
lowest oscillation frequency, the most asymmetric oscillations used more power, so that even when 
they produced a greater resultant force, the force efficiency was lower than that of the symmetric 
oscillations.  The RMS efficiency shows that despite more power being used, the ratio of thrust to 
lateral force produced was very similar for the symmetric and most asymmetric oscillations.  This 
means that at the low frequency, high amplitude area of the parameter space, a larger resultant force 
can be produced, at the same thrust to lateral force ratio (and at an angle to the thrust direction), 
although this will cost more in terms of power input.  Secondly, a comparison of Figure 64 and 
Figure 65 provides an indication to the relative performance of the BIO and the NACA fins, where, at 
a given frequency, amplitude and asymmetry value, the BIO fin produced a greater ratio of thrust to 
lateral force than the NACA fin did.  This behaviour is a function of the stiffness profile, which 
affects how the input kinematics are translated to the trailing edge.  Chapter VI discusses how the 
trailing edge kinematics dictated the forces produced, but essentially the lower stiffness towards the 
trailing edge of the BIO fin meant that it could deflect more, thereby rotating the instantaneous force 
vector so that it was more aligned with the thrust axis (Figure 100 in Chapter VII shows an example 
of this). 
The trend of symmetric oscillations having a greater efficiency than the asymmetric oscillations was 
reversed for the lowest amplitude, highest frequency oscillations of the BIO fin (f = 4·0 Hz, mta = 1·4°).  
In this case, the all asymmetric oscillations (A = 35%, A = 25% and A = 15%) had higher force 
efficiencies than the symmetric oscillations did and the differences were generally statistically 
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significant at the p = 0·05 level, despite a lack of statistical significance among the force and power 
data at this point in the parameter space.  Table 11 shows the mean values of resultant force, power 
and force efficiency for all values of asymmetry, with the p value of a two­sample, two­tailed t­test 
undertaken between each of the asymmetric and the symmetric F data.   
Table 11 shows that the mean resultant forces and mean powers all followed the same relationships 
between the asymmetry values: the largest values associated with A = 35%, then A = 25%, A = 15% 
with the smallest values found with A = 50%.  One possible explanation is this: the asymmetric 
oscillations used more power than the symmetric oscillations did since their movements were faster, 
however, the power usage decreased as the asymmetry increased since, despite the input amplitude 
being the same (interpolated values were used), the body kinematics in each case may have been 
different due to the vibration mode of the fin.  This is implied by the reduction in resultant force 
magnitude as the asymmetry increased.  However, this was not seen at any other 
frequency/amplitude combination and was not apparent for the NACA fin.   
Table 11 – Values of R, P and F for the BIO fin at f = 4·0 Hz and  = 2° (mta = 1·4°) for all values of 
asymmetry. 
 50%  35%  25%  15% 
Mean R [N], (standard 
deviation) 
 1·3 x 10­2
(1·1 x 10­3) 
 2·2 x 10­2
(8·2 x 10­4) 
 1·9 x 10­2 
(1·4 x 10­3) 
 1·8 x 10­2
(1·8 x 10­3) 
Mean P [W], (sd)  4·7 x 10­3
(3·6 x 10­4) 
 5·6 x 10­3
(2·6 x 10­4) 
 5·2 x 10­3
(2·4 x 10­4) 
 4·9 x 10­3
(2·2 x 10­4) 
Mean F [N/W], (sd)  2.74 (0·17)  4.07 (0·31)  3.77 (0·29)  3.64 (0·41) 
Difference between F
A = 50% and other 
values (p value) 
 –  1·33 (0·009)  1·03 (0·023)  0·90 (0·089) 
The simulations of a pitching rigid NACA0012 mentioned above (Xiao and Liao, 2009), showed that 
under certain kinematic conditionx, the asymmetric oscillations had higher efficiencies than 
symmetric ones had.  Despite differences in fin shape and stiffness between my experimentsxi and the 
simulations of the rigid NACA fin, their result implies that higher efficiency may not have been due 
to experimental error but also suggests that the vibration mode of the fins was not the cause, since 
their fin was rigid.  This suggests that at a particular frequency and amplitude, asymmetric 
x amplitude = 2°, reduced frequency, k = fc/0·5U = 4·5 – 6·0 
xi Though for my experimental parameters, a reduced frequency, k, equal to 4 would require a flow of 
less than 1 mm/s (7·5 x 10­4 m/s), implying it would take 2 minutes for the flow to move the length of 
the fin, so this does not make a significant difference. 
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oscillations could provide force more efficiently than symmetric oscillations could.  Possible 
experiments to determine the cause of this discrepancy are discussed in the section on Further Work, 
Chapter VIII. 
The RMS efficiency values showed the same reversal of the trend as for the force efficiency measure 
for the BIO fin – the most asymmetric oscillations produced a larger ratio of thrust to lateral force 
than the symmetric oscillations did, until a threshold was reached at amplitudes over approximately 
9°, after which there was very little difference in the RMS efficiency values.  The problem of rig 
alignment, as discussed in Chapter IV for the apparent rotation of the unsteady force traces of the 
BIO fin oscillating symmetrically at f = 4·0 Hz, could be partially reponsible for the different RMS 
efficiencies of the symmetric and asymmetic oscillations of the BIO fin given in this Chapter. 
The RMS efficiency values for the BIO fin between the lowest and the highest frequency dropped, 
even for the symmetric oscillations.  This shows that even though the BIO fin produced more 
resultant force at f = 4·0 Hz, it wasted a lot of power producing lateral forces that would cancel, 
which is shown pictorially in the unsteady force traces show in Chapter IV. 
The greatest values of force efficiency and RMS efficiency recorded during these experiments were 
found at the lowest frequency and amplitude, which corroborate results in the literature that show 
that optimum thrust and efficiency occur with different kinematics, e.g. Triantafyllou et al. (1993) and 
Anderson et al. (1998), refer back to Chapter II for details.  Tuncer and Kaya (2005) state that for rigid 
heaving pitching foils, maximum thrust occurs at large heave amplitudes, whereas maximum 
propulsive efficiency occurs at low heave values, with large pitch amplitudes. Chapter VII will show 
that the resultant force produced by the fins was related  to the trailing edge kinematics, in particular 
the trailing edge velocity.  Therefore the ideal fin kinematics may be to maximise the trailing edge 
average speed, while minimising body movement and this is discussed further in Chapter VII. 
5. CONCLUSIONS AND SUMMARY
The mean power used was related to both the physical parameters of the fin (size, stiffness, stiffness 
profile) and to the kinematics (frequency, amplitude, asymmetry, vibration mode), all of which 
affected the magnitudes of the forces generated. 
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In general, the asymmetric oscillations of both fins used more power than the symmetric oscillations 
did.  However, the average power usage increased at a faster rate than the resultant force did, 
meaning the symmetric oscillations had better force efficiency than the asymmetric oscillations did, 
even when the asymmetric oscillations produced more force.  It must be considered that in creating 
large unsteady lateral forces, the fins also wasted energy, which was an initial criticism of propellers.  
However, by being flexible, the power consumption was less than if the fins were rigid and the 
internal stresses of the fins are likely to have been lower. 
The coincidence of the maxima of time­averaged thrust (or resultant force) and power, (Michelin and 
Llewellyn Smith, 2009), and the coincidence of the unsteady power maxima with the unsteady 
resultant force or lateral force ((Bandyopadhyay et al., 2008; Xiao and Liao, 2009)) pose a problem for 
oscillating fin propulsion.  Both quantities are due to the movement of the fin; larger faster 
movements provoking larger values of both force and power, and so their maxima fall at the same 
input kinematics.  However, since Chapter IV proposed that the movements of the fin bodies were 
chiefly responsible for the lateral forces, which would cancel, it should be possible to alter the 
stiffness profile of a flexible fin such that at a particular frequency, the body movement is minimised 
for a large trailing edge excursion.  This would increase the efficiency of the propulsion. 
Main findings 
 Model for predicting relative power usage was not very good since: 
o Fins were assumed rigid 
o Water was neglected 
 In many places of the parameter space, asymmetric oscillations used less power than 
predicted indicating the possibility that flexible fins use less power than rigid fins when 
oscillating (corroborating experiments reported in the literature) 
 Power consumption in the parameter space followed characteristic form of the resultant 
force in the parameter space 
 Asymmetric oscillations used more power than symmetric oscillations 
o More asymmetry meant more power was used 
o Except at high frequency end of parameter space for BIO fin only, where symmetric 
oscillations used more power 
 Force efficiency and RMS efficiency greatest at low frequency, low amplitude 
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o High frequency, low amplitude area of parameter space for NACA fin 
(symmetrically and asymmetrically) showed higher force efficiency than mid­
frequency, low amplitude area 
 Force efficiency favoured the symmetric oscillations 
o Even if asymmetric oscillations produced larger resultant force at a given frequency 
and amplitude 
o Except at high frequency end of parameter space for BIO fin only, where symmetric 
oscillations used more power and where there was no significant difference between 
symmetric and asymmetric F
 RMS efficiency favoured the symmetric oscillations 
o Even if asymmetric oscillations produced larger resultant force at a given frequency 
and amplitude 
o Except at f = 4·0 Hz, for low amplitudes of BIO fin parameter space, where 
asymmetric RMS efficiency was highest 
o Except at f = 4·0 Hz for the NACA fin, where there was no difference 
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Chapter	VI	-	Kinematics	&	Force	Production
his chapter explores the movements of the fin trailing edge to find a link between the 
kinematics of the trailing edge and force production.  To deduce parameters that correlated 
with force production, geometrical features were quantified from high­speed video footage.  The 
video footage of the fins showed how different the fin geometry was during symmetric and 
asymmetric oscillation and links were found between the kinematics and force that were not reliant 
on knowing the input kinematics. 
Experimentally, there was a trade­off between applicability and reliability: maximum trailing edge 
velocity correlated with force magnitude but was susceptible to experimental error.  Trailing edge 
angle correlated well with force magnitude but was fin­specific and subject to some variation.  
Trailing edge excursion was the easiest to measure but its relation to resultant force was dependent 
on the input kinematics.  The circulation normalised by the trailing edge excursion was a good 
predictor of resultant force for both fins.  These results are summarised at the end of this Chapter and 
a model of flexible fin propulsion is proposed. 
1. INTRODUCTION
Propulsion through a fluid is achieved through momentum transfer: an object, such as fin or a fish, 
does work and imparts a velocity to a mass of fluid.  The momentum of the fluid will be equal to the 
product of its mass and velocity.  The object will have momentum equal and opposite to that of the 
fluid, thus will move in the opposite direction to the moved fluid.   
Lighthill (1960) determined that the mean rate of working of a slender fish can be described in 
physical terms as the mean of the product of the lateral tail velocity and the rate of shedding of the 
lateral momentum behind the trailing edge.  The mean thrust that is necessary to balance the drag 
T
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force created by a swimming velocity, U, can be determined from the mean rate of working and the 










































where  is the density of the fluid, A(l) is the area of the fin at the tail, U is the swimming speed of 
the fish and h is the lateral displacement of the trailing edge, which is a function of both time, t, and 
the distance along the fish body, x, with l being the full length. 
Wu (1977) used Lighthill’s slender body theory to investigate the scaling of tail beat frequency and 












where, dte is the tail­beat amplitude, g is the depth of the fin,  is the angular frequency of the wave 
on the body and c is the propulsive wavespeed.  The wavespeed is related to the frequency, f, and 
wavelength, , by c = /k = f , where k is the wavenumber and so the mean thrust of Equation (44) 
is proportional to the square of the frequency and the square of the trailing edge amplitude. 
Whilst the oscillating rubber fins used in this thesis had a measurable wavespeed, c, it was not one of 
the parameters calculated, since for a tethered fin, the body waves would not be contributing to the 
propulsion in the same way as for a free­swimming device.  In addition, the fin’s swimming velocity 
was zero, since it was tethered, so Equation (44) was modified to account for this.  For the 
symmetrically oscillating fins, the bollard thrust produced was the same as the bollard resultant force 
(Chapter IV, q.v.) and so re­writing Equation (45) in terms of bollard resultant force so that 
swimming speed is ignored, and so that all other parameters are encompassed by some constant, K, 
gives: 
where C = (dte · f)2.  It is reasonable to suggest that Equation (45) will be valid for the asymmetric 
oscillations since the trailing edge excursion, dte, will be affected by the asymmetric­in­time 
kinematics. 
Equation (45) indicates that the resultant force will be proportional to its individual components of dte
and f, if the other is held constant.  Chapter IV has already shown that for the BIO fin, the bollard 
resultant force increased with driving frequency, although there was a more complicated 
KCfdKfdR tete 
22 (45) 
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relationship between resultant force and the frequency for the NACA fin.  The dependence of R on dte
is supported by work by Michelin and Llewellyn Smith (2009) who showed that at a particular 
forcing frequency, the larger the trailing edge amplitude of a heaving flexible plate, the larger the 
thrust produced.  This corroborates work by McHenry et al. (1995) whose research on the 
pumpkinseed sunfish provided the stiffness data that were used to construct the BIO fin used in this 
research (see Riggs (2010) or Chapter III for more details).  It was proposed that trailing edge 
excursion correlated positively with swimming speed in the frequency range f = 2·0 Hz – 4·0 Hz and a 
diagram showing the input and response variables of the work of McHenry et al. (1995), is shown in 
Figure 68. 
There is not a direct correlation between thrust produced and swimming speed – for a constant 
swimming speed, the thrust must balance the drag that is produced.  Wu (1977) states that the 
principal component of drag in the case of swimmers in the Re range of 104 – 108 is that due to the 
viscous shear stresses on the body surface (form drag and induced drag being negligible).  However 
different swimming motions will produce different amounts of drag: McHenry et al. (1995) found 
that a longer wavelength, i.e. fewer waves on a fin, was positively correlated with swimming speed, 
which I observed as true for an undulating fin surface craft (Collins et al., 2008).   
Figure 68 – Input parameters affect kinematics variables which affect force.  Diagram redrawn 
from McHenry et al. (1995), who note that “tail beat frequency has a positive relationship with 
wave speed only when propulsive wavelength is actively held constant”. 
The caveat to Michelin and Llewellyn Smith’s (2009) finding (that larger trailing edge amplitude leads 
to larger thrust) was that this relationship was only valid within a particular vibration mode.  This 
C H A P T E R  V I  
158 
was not a condition of the results put forward by McHenry et al. (1995) which may be due to the 
small range of frequencies tested by them. 
Katz and Shadwick (1998) showed that the motion of fish bodies can be modelled though time and 













where  is the wavelength and a and b are constants.  Plotting the set of curves given by Equation 
(46) for multiple values of t and by normalising the curves to all pass through the origin, distinctive 
patterns are obtained, Figure 69.  Michelin and Llewellyn Smith (2009) stated that the vibration mode 
of a heaving flexible plate can be inferred from the outline of the set of all midlines, such that the 
number of “necks” in the outline, N, corresponds to vibration mode N+1.  As such, the outlines 
shown in the bottom row of Figure 69 indicate the second mode of vibration because one neck is 
apparent.  Note that the curves are plotted for the range of x = [0,1] and are not foreshortened to take 
into account the length of the curve (as would be on a finite length fin or fish). 
There is good agreement between the patterns shown in Figure 69 and those of passively flapping 
flaps, e.g. (Alben and Shelley, 2008), and to those of heaving flexible plates, e.g. (Michelin and 
Llewellyn Smith, 2009).  By changing the wavelength, it can be seen that the mode of vibration is 
strongly influenced by the ratio of the wavelength,  to the fin (body) length, x, shown in (a) and (b) 
of Figure 69.  The constants a and b also affect the profile but more subtly: a describes the width of the 
envelope but does not change the shape whereas b changes the rate of the exponential growth of the 
envelope, shown in (b) and (c) of Figure 69.  This means that at the trailing edge, the amplitude is 
much greater than at the leading edge and the set of normalised curves looks as if it has been 
stretched out from the tail, reducing the depth of the necks and in some cases hiding them, as shown 
in Figure 69.   
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(a) (b) (c) 
Figure 69 – Normalising sine waves that have an exponential amplitude envelope so that all 
curves start at the origin creates a notched profile similar to those seen in simulations of heaving 
flexible wings e.g. Michelin and Llewllyn Smith (2009).  Curves on top row are the set of curves 
given by Equation (46) for values of t from 1 to 25.  On the bottom row, the curves have been 
normalised to begin at (0, 0).  Changing the wavelength, , changes the vibration mode (panels 
(a)  (b)) and changing the value of b (panels (b)  (c)), the exponential constant, alters the shape 
of the profile, stretching it at the trailing edge and masking the necks. 
The product of the trailing edge amplitude, dte, and the frequency, f, gives a measure of the trailing 
edge velocity.  Schnipper et al. (2009) estimated the circulation of the trailing edge vortices, te, of a 
pitching rigid foil by integrating the square of the trailing edge velocity, vte(t), over a half­stroke, 

















Michelin and Llewellyn Smith (2009) state that the theoretical mean thrust produced by their heaving 
flexible plate was a function of the circulation strength of the trailing edge vortices.  They explain 
that larger trailing edge amplitudes (in a given vibrational mode) had higher trailing edge velocities 
and so produced higher mean circulation of the vortices in the wake, yet owing to the flexibility of 
their plate (which they varied), there was not a simple scaling relationship between mean circulation 
and trailing edge amplitude. 
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The literature reviewed in this Chapter has proposed multiple relationships involving the kinematics 
of the oscillating fins.  The applicability of these relationships has only been proposed for 
symmetrically oscillating fins or symmetrically heaving plates and so a principal aim of this Chapter 
is to test them for both symmetric and asymmetric oscillations of both fins.  This will allow a direct 
comparison of the BIO and NACA fin, which will contribute to explaining the differences in their 
behaviour.  A secondary goal of the work in this Chapter is to create a list of variables that can be 
utilised by future researchers, in particular those dealing with experimental data, to predict the 
resultant force produced by oscillating bodies. 
It is expected that the fins will produce oscillation patterns that have a similar form to those of Figure 
69.  Using the simple metric of the number of necks in the set of all body midlines as a guide, as used 
by Michelin and Llewellyn Smith (2009), the vibrational mode of the fins can be determined.  This in 
turn will allow me to determine whether the largest trailing edge excursion within a particular 
vibration mode of an oscillating rubber fin, produces the largest resultant force at a particular 
frequency, as was shown for the heaving of a flexible plate (Michelin and Llewellyn Smith, 2009), and 
whether this relationship is valid for asymmetrically oscillating fins. 
The relationship between trailing edge velocity and resultant force magnitude will be explored to test 
the proposed quadratic relationship between the two variables.  This will be done with different 
measures of the trailing edge velocity in order to test the limits of the relationship with measures of 
varying sophistication. 
I will use Equation (47) to estimate the circulation of the trailing edge vortices.  I propose that the 
faster half­strokes of the trailing edge will produce vortices with higher circulation, which will 
explain why the faster half­strokes of the trailing edge produced larger thrust, as found in Chapter 
IV.  Furthermore, I predict that the total trailing edge circulation (sum of circulation from two 
successive half­strokes) will be larger for the asymmetric oscillations than the symmetric ones.  
Michelin and Llewellyn Smith (2009) showed a relationship between mean thrust and mean 
circulation, that was also a function of vortex spacing in the wake.  I will use this as a basis for 
investigating a link between the resultant force magnitude and the total circulation, for both fins with 
both symmetric and asymmetric oscillations. 
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2. EQUIPMENT AND ANALYSIS
The fins were controlled by the same driving mechanism as for the force experiments (see Chapter IV 
for details) except that it was no longer suspended on the force sensors but bolted directly onto a 
flow channel.  The channel had a working section of 1·3 m x 0·3 m x 0·3 m and was designed and 
built within the research group.  The channel is shown in the diagram of the equipment set­up, 
Figure 70.  The camera (PCO 1200 high speed CCD) was mounted perpendicular to the flow direction 
of the tank and recorded through the bottom of the tank via a mirror positioned at 45° to the camera 
plane, as shown in Figure 70.  The videos were analysed based on the contrast between the fin and 
the background.  A broadcast quality lamp (Dedo DLH3) was used to illuminate the base of the fin 
and plastic sheeting, placed out of the water, provided a contrasting backdrop (not shown in Figure 
70). 
Figure 70 – Third angle sketch of the experimental set­up showing the relative placement of the 
camera, fin and tank.  Coordinate system of the tank is the same as that of Chapter III (i.e. origin is 
coincident with the rear pivot of the rig, although the axes are not shown coincident with the 
origin for simplicity). 
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The fins were oscillated in still water and a video of at least one oscillation was taken at 100 fps for 
each combination of fin, frequency, amplitude and asymmetry.  The kinematics of the fin were 
thought to be less sensitive to any remaining water movement than the force recordings were and so 
the tank was not left to settle between capturing the videos.  This was acceptable since small particles 
that remained in the water from other experiments showed that there was only slight movement in 
the water after the fin had stopped oscillating. 
LabVIEW was used for the image analysis of the videos and the subsequent writing to file of the 
data, using bespoke analysis programs (see Supplementary Material for details) and the kinematics 
data were imported into MATLAB for analysis.  The image analysis used threshold values of the 
greyscale image to find the edges of the fin.  The midline was then calculated as the set of points half 
way between the two found edges of the fin.  The threshold values could be adjusted for each frame 
of the videos in order to mitigate errors with the found edges.  Figure 71 shows how some common 
problems manifested themselves in the image analysis program, which were classified as minor or 
serious.  Problem areas were the leading edge, the trailing edge, the fin around the shaft, which was 
visible, Figure 71, and locations where particle debris had collected in the tank.  Any frame that 
showed a serious problem was re­analysed therefore Figure 71 shows images before they were 
repaired. 
Figure 71 – Problems that could not be fixed took different forms.  Left to right: trouble with fin 
shaft and missing trailing edge section (minor); missing trailing edge section (serious); missing 
leading and trailing edge sections (serious); outline corruption due to particles (minor).  All 
images suffer from the misplacement of the leading edge marker. 
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The second LabVIEW program used the silhouette and midlines to analyse the kinematics in more 
detail.  The midlines were resampled so that each was 400 points long, meaning that the 
segmentation of the fin and the calculated parameters were all in relation to the found length of the 
fin.   
Sign conventions used in this chapter are the same as those used in the rest of the thesis.  This means 
that the fin is presented with its leading edge towards the top of the page and the faster stroke of an 
asymmetric oscillation is represented as an anticlockwise movement of fin if the asymmetry, A ≤ 50%.  
It follows that the velocity of the trailing edge was positive when the fin rotated in an anticlockwise 
manner.  The trailing edge lagged the leading edge in position, with the bend of the fin away from 
the direction of travel, so that on an anticlockwise stroke, the fin trailing edge section angle, δ, was 
negative.   
The midline of the fin was split into ten regions by eye, with the centreline of the section kept as close 
to the local midline as possible.  Ten segments of differing lengths were used to describe both fins, 
and the section divisions are given in the Appendix.  The angles of the segments’ centrelines, with 
respect to the centreline of the channel were tracked by the program and written to a data file.  The 
trailing edge section accounted for 6% of the found length of the fin. 
Figure 72 – Definition of trailing edge angle, δ, and velocity, vTE, for a flexible fin.  Coordinate 
system is the same as used in previous chapters, except that here the origin is coincident with 
the fin shaft rather than the rig.  The centreline is defined here as the chord line of the fin at 
rest. 
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The trailing edge excursion was calculated as the difference between the maximum and the 
minimum value of the x­coordinate, based on the coordinate system shown in Figure 72, describing 
the trailing edge tip.  Displacements in the y­direction were ignored. 
The velocity of the trailing edge was calculated based on the trailing edge tip rather than the average 
section velocity.  Missing trailing edge sections and misplacement of the trailing edge marker caused 
noise in the x­ and y­coordinate data of the trailing edge.  To address this, the position data were 
smoothed.  Data from the two coordinates required different levels of smoothing; the y­direction data 
were much noisier than those of the x­direction.  A robust locally­weighted linear regression 
smoothing method, which used a quadratic polynomial for the fitting method (robust Loess method, 
see Appendix for details) was implemented in MATLAB.  The number of data considered in the 
weighting process was 50% of the total number of data for the y­direction and 20% for the x­
direction.  The rationale for choosing this method over other smoothing algorithms is given in the 
Appendix.  Once the position data were smoothed, the distance travelled by the fin tip and its 
velocity between frames were calculated. 
The velocity was used to calculate the circulation both on the full­stroke and on each half­stroke, 
using Equation (47), with the half­stroke defined as the movement of the trailing edge between 
maxima of excursion.  This calculation was implemented in MATLAB and programs used in this 
thesis are available on the Supplementary Material DVD. 
3. RESULTS
Even before quantitative data were analysed, it was obvious that the fins moved in a different way to 
each other: the reduced stiffness of the BIO fin towards the trailing edge allowed more movement 
compared to the sections nearer its leading edge, whereas the NACA fin’s local velocity seemed more 
constant along its length.  When oscillating asymmetrically, both fins showed a different behaviour 
compared to when using the symmetric oscillations, and this can be seen in the video clips on the 
accompanying DVD. 
The results of the kinematics experiments presented in this section are based on one oscillation for 
each combination of frequency and amplitude for the symmetric (A = 50%) and the most asymmetric 
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oscillations (A = 15%) of both fins.  The kinematics are linked to the mean resultant force (n = 6 for the 
NACA fin, n = 5 for the BIO fin) that was the result of Chapter IV.   
3.1. Movement of the fins through the water 
The shape of the fins throughout the oscillation stroke was influenced by the stiffness of the fins, the 
frequency of oscillation and the degree of asymmetry being used.  Figure 73 and Figure 74 show the 
set of all the midlines of the BIO and NACA fins oscillating at each frequency (with input amplitude, 
 = 16°), with each subplot showing the midlines for just over one oscillation (110%).  The true 
amplitude of oscillation would have been different, reducing as the frequency increased (as 
discussed in previous Chapters).  However, the change in the shape of the set of midlines was more 
affected by the frequency than by the amplitude. 
As the frequency increased, the amplitude envelopes, i.e. the shape describing the outline of the set of 
all the midlines, changed shape, narrowing at the trailing edge and so describing a smaller area, for 
both symmetrical and asymmetrical oscillations.  This indicates that, at all points along the chord, the 
lateral displacement was lower.  The widths of the amplitude envelopes were generally larger for the 
BIO fin than the NACA fin, and this was more noticeable as the frequency increased. 
The appearance of necks in the amplitude envelopes indicated that a change of the mode of vibration 
had taken place, the first mode of vibration being depicted by no necks apparent in the envelope.  
Both fins resonated in the first vibrational mode at frequencies up to f = 1·0 Hz, and there was a 
switch to the second mode of vibration between 1·0 Hz and 1·5 Hz.  The necks were nearer to the 
trailing edge on the BIO fin than the on the NACA fin and the width of the amplitude envelopes at 
the necks was larger for the BIO fin than the NACA fin. 
The introduction of asymmetry caused the trailing edge to extend further on one side (–x side of the 
axes), which occurred at the end of the slow half­stroke, this is shown clearly in Figure 73 for 
f = 1·5 Hz, and was more apparent on the BIO fin than on the NACA fin.  The extension of the trailing 
edge was also lower on the +x side when asymmetric oscillations were used than when the 
symmetric kinematics were employed.  This had the effect of deforming the amplitude envelope so 
that it was not symmetric about the axes, e.g. Figure 74, f = 3·0 Hz. 
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Figure 73 – The sets of midlines describing one oscillation of the BIO symmetric (A = 50%, top) 
and asymmetric (A = 15%, bottom) show how the frequency changed the response of the fins when 
oscillating.  The midlines have been normalised so that the approximate centre of the shaft is 
translated to the origin of the axes.   
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Figure 74 – The sets of midlines describing one oscillation of the NACA symmetric (A = 50%, top) 
and asymmetric (A = 15%, bottom) show how the frequency changed the response of the fins when 
oscillating. The midlines have been normalised so that the approximate centre of the shaft is 
translated to the origin of the axes.   
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To examine more closely the effect of asymmetry on the movement of the fins throughout one 
oscillation, Figure 75 and Figure 76 show the fins oscillating at two frequencies: f = 1·5 Hz and 
f = 4·0 Hz respectively, with  = 16°.  The values of the true amplitude recorded during the force 
experiments are given in the Appendix and show that BIO fin mta = 14·61° when A = 50%, 
mta = 14·20° when A = 15% and NACA fin mta = 14·13° when A = 50%, mta = 13·71° when A = 15%.   
The midlines of the BIO fin oscillating symmetrically, shown in the top left of Figure 75, show that 
the trailing edge displacement was symmetric about the centreline but also that the fast and slow 
strokes (anticlockwise and clockwise) mirrored each other.  A different response is seen in the top 
right­hand image of Figure 75, in which the most asymmetric oscillations of the BIO fin caused the 
unequal excursion of its trailing edge, with lower amplitude achieved after the faster half­stroke.  The 
pattern of the midlines was also asymmetric – the fast stroke (solid red line) causing a much larger 
bend on the fin.  This bend caused a large negative trailing edge angle, with respect to the centreline 
of the channel, and moved the trailing edge of the fin towards the leading edge by ~8% of the chord 
length of the fin. 
The symmetric oscillation of the NACA fin, bottom left­hand image in Figure 75, also showed the 
trailing edge extent and the pattern of the midlines to be symmetric.  One of the midlines traced a 
semi­circle close to the leading edge, exposing a video frame in which the shaft was unavoidably 
included in the fin’s midline.  The bottom right­hand image in Figure 75 shows the NACA fin with 
its most asymmetric kinematic profile; both trailing edge excursion and the bend on the fin were 
asymmetric. 
Figure 76 shows that at the highest value of frequency, f = 4·0 Hz, the pattern created by both the fins 
was very different to that of the lower frequency, cf. Figure 75.  The trailing edge excursion was 
smaller than at the lower frequency, although for the BIO fin this change was not as marked as for 
the NACA fin.  The result was that the trailing edge excursion of the NACA fin was of the same 
order as the leading edge excursion.  This happened for both the symmetric and the asymmetric 
kinematics.   
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Figure 75 – Midlines of the BIO fin (top) and the NACA fin (bottom) undergoing a symmetric 
(left) and an asymmetric (right) oscillation at f = 1·5 Hz and  = 16°.  One cycle is plotted and 
midlines are 75 ms apart.  Solid, coloured lines represent anticlockwise movement and dashed, 
black lines represent clockwise movement of the shaft. 
For the BIO fin, the change in vibration mode was evident from the bell­like shape of the amplitude 
envelope for both the symmetric and asymmetric oscillations, shown in Figure 76.  As detailed in the 
Appendix, the BIO fin mta = 12·40° when A = 50%, mta = 11·95° when A = 15% and NACA fin 
mta = 12·76° when A = 50%, mta = 12·22° when A = 15%.  The NACA fin’s mode of vibration also 
changed, with the trailing edge oscillating in anti­phase with the leading edge.  The BIO envelopes 
were both wider than the NACA counterparts, in particular towards the trailing edge.  The necks in 
the envelopes were also much closer to the trailing edge than for the NACA fin.  The asymmetric 
midlines of the BIO fin were slightly angled to one side, compared to the symmetric midlines; not 
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simply rotated but as if deformed.  This high frequency region of the parameter space corresponded 
to the region in which the NACA fin did not produce its peak force, as shown in Chapter IV.   
Figure 76 – Midlines of the BIO fin (top) and the NACA fin (bottom) undergoing a symmetric 
(left) and an asymmetric (right) oscillation at f = 4·0 Hz and  = 16°.  One cycle is plotted and 
midlines are 75 ms apart.  Solid, coloured lines represent anticlockwise movement and dashed, 
black lines represent clockwise movement of the shaft.  For several midlines of the NACA fin 
oscillating asymmetrically, the full length of the fin was not captured by the image analysis 
program. 
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3.2. Trailing edge excursion 
At a given frequency, increasing the amplitude provoked a larger trailing edge excursion for both 
symmetric and asymmetric oscillations, and this was linked to higher force as long as the frequency 
remained constant.   
Figure 77 shows the force produced by the fins as a function of the trailing edge excursion for all 
frequencies and amplitudes, using both symmetric and most asymmetric kinematics.  The markers 
give the location of the calculated trailing edge excursion (i.e. twice the amplitude at the trailing 
edge) and the mean resultant force with the same input parameters, as calculated in Chapter IV.  The 
contour lines describe the amplitude of the shaft as calculated from the kinematics analysis rather 
than the force experiments.   
Considering constant amplitude, i.e. between the contour lines on Figure 77, increases in the 
frequency did one of two things.  At f = 1·0 Hz and below, higher frequencies led to larger trailing 
edge excursions and higher forces.  From f = 1·5 Hz and above, an increase in the frequency led to a 
reduction in the trailing edge excursion on both fins, although the reduction was more on the NACA 
fin than on the BIO fin.   
For the NACA fin, a reduced trailing edge excursion meant reduced force magnitude, but for the BIO 
fin the opposite was true; a reduced trailing edge excursion was linked to an increased force 
magnitude.   
The difference between two experiments with the same trailing edge excursion was the speed at 
which the oscillation took place.  Experiments with the same approximate trailing edge excursion 
produced significantly larger force when the frequency was higher.  The influence of the speed of 
oscillation is discussed in Section 4. 
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Figure 77 – Mean resultant force magnitude (n = 5 for BIO, n = 6 for NACA) as a function of the 
trailing edge excursion for the BIO fin (top) and NACA fin (bottom) oscillating symmetrically 
(left) and asymmetrically (right, A = 15%).  Force data are mean of n experiments (see Chapter IV 
for details) but trailing edge excursion is based on only one experiment.  Coloured lines shows the 
contours of shaft amplitude in degrees for the symmetric and asymmetric oscillations resulting 
from the kinematics experiments. 
3.3. Trailing edge angle 
The shape of the NACA fin’s midlines at the highest frequency and input amplitude, Figure 76, 
indicated that the fin was oscillating almost in anti­phase, that is the phase shift between the input 
shaft and the trailing edge was approximately  rad.  In general, the phase lag was found to not be 
significantly affected by input amplitude and so data from all amplitude values used ( = 6° – 16°) 
were grouped together for the BIO fin, whereas the symmetric and asymmetric NACA series were 
separate.  Differences between the series were found using two­tailed t­tests and the specific results 
are included in the Appendix.  The NACA and the BIO fin exhibited different behaviour with 
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regards to the phase lag from the shaft to the trailing edge.  This is shown in Figure 78 as the settling 
of the NACA curves while the BIO one continues to rise as the frequency increases.  
The phase lag increased as the frequency increased for both fins with symmetric and asymmetric 
kinematics.  From about f = 1·5 Hz, the phase lag of the NACA fin with A = 15% was larger than that 
of the BIO fin, which in turn was larger than that of the NACA fin operating symmetrically.  From 
f = 3·0 Hz – 4·0 Hz, the NACA fin symmetric and asymmetric phase lags were the same and settled at 
a mean value (n = 12) of 3·26 rad (1·04 rad).  The BIO fin showed a different response and the phase 
lag continued to rise as the frequency increased, with the symmetric and asymmetric kinematics 
statistically indistinct.  The mean value (n = 12) of the phase lag at f = 4·0 Hz was 3·86 rad (1·20 rad). 
The maximum trailing edge angle of the fins was dependent on the amplitude of the oscillation but 
generally, it was not affected by the frequency of oscillation.  Figure 79 shows the mean resultant 
force produced as a function of the maximum positive and negative trailing edge angle for both 
symmetric and asymmetric kinematics for the BIO and NACA fin.  The two measures for the 
maximum trailing edge angle represent the maximum angle on both halves of the stroke, with 
positive angles occurring on the clockwise (slow) stroke and negative angles found during the 
anticlockwise (fast) stroke. 
Figure 78 – Phase lag as a function of frequency for the BIO and NACA fins, data are mean values 
of phase lag at all amplitudes (6° – 16°) and errorbars are ±1 standard error, where n = 12 for the 
BIO series and n = 6 for the two NACA series (N15, N50).  BIO data are grouped because of the 
statistical similarity of the symmetric (A = 50%) and asymmetric (A = 15%) series, see the Appendix 
for the statistical significance between each point. 
C H A P T E R  V I  
174 
Figure 79 – Trailing edge angle plotted against average resultant force magnitude for the BIO fin 
(top) and NACA fin (bottom) using the symmetric (A = 50%) kinematics, left, and the asymmetric 
(A = 15%) kinematic profile, right. 
The BIO and the NACA fin showed different trailing edge angle behaviour.  The relationship 
between maximum trailing edge angle on the BIO fin and the force produced appeared to be 
quadratic for both symmetric and asymmetric kinematics, as demonstrated by Figure 79.  However, 
the trailing edge angles seemed to approach a maximum value as frequency and amplitude were 
increased, indicating that the relationship was not simply quadratic. 
The angles achieved by the NACA fin trailing edge were not as large as those achieved by the BIO 
fin, sometimes only half the size.  Furthermore, the NACA fin trailing edge angle varied almost 
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linearly with the demand amplitude over the frequency range tested.  The coefficient of 
proportionality between the trailing edge angle and the force, i.e. the slope of the curves in Figure 79, 
was dependent on the time taken to complete the half­stroke.  The average maximum trailing edge 
angle (the mean of the maximum positive and maximum negative angle of the trailing edge) was the 
same for both symmetric and asymmetric oscillations.  
The introduction of asymmetry, shown on the right of the figure, did two things.  First, the trailing 
edge angles recorded during the faster half­stroke (negative values) tended to be larger than those of 
the slower half­stroke with the same input kinematics.  Secondly, the data demonstrated some 
dependence on the frequency of oscillation, shown as the separation of the data in the right­hand 
plots of Figure 79. 
3.4. Velocity of the trailing edge 
Despite Lighthill’s slender body theory using only the lateral velocity of the trailing edge, for the 
experiments of this Chapter, the velocity was calculated using the vector distance of the trailing edge.  
This was to account for there being no imposed flow in the channel, and so including the y­direction 
movement of the trailing edge would effectively include any local flow at this point. 
The magnitude of the maximum trailing edge velocity had a similar relationship to the resultant 
force as the trailing edge angle did.  The fins’ trailing edge velocities, both positive and negative, and 
the mean resultant force are shown in Figure 80 with the BIO fin results at the top (symmetric left, 
asymmetric right) and the NACA fin data at the bottom.  According to the sign convention adopted, 
the anticlockwise movements of the fins (fast stroke of the asymmetric oscillations) were defined as 
having positive velocity, as shown in Figure 72.   
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Figure 80 – Maximum and minimum trailing edge velocity plotted against average resultant force 
magnitude for the BIO fin (top) and NACA fin (bottom) using the symmetric (A = 50%) 
kinematics, left, and the most asymmetric (A = 15%) kinematic profile, right.  Trendline represents 
best fit through all symmetric data for both fins. 
Figure 80 shows that the range of the force produced by the BIO fin was smaller with asymmetric 
than with symmetric kinematics, as shown in the results of Chapter IV.  In the asymmetric case, the 
faster strokes produced higher maximum trailing edge velocities than the slower ones did, although 
this phenomenon decreased with increasing frequency.  This is partially obscured in Figure 80 by the 
proximity of the data. 
The trailing edge velocities reached by the NACA fin in both the symmetric and asymmetric cases 
were smaller than or the same order of magnitude as those seen on the BIO fin, bottom row of Figure 
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80.  The values of maximum and minimum trailing edge velocity were similar for the symmetric 
oscillations.  For the asymmetric oscillations, the minimum velocity was smaller than the maximum 
velocity, and, as with the BIO fin, this difference decreased as the frequency increased.  In general the 
ranges of positive and negative velocities for each fin were the similar, even when asymmetric 
oscillations were being used. 
For both fins, the curves described by the symmetric oscillations were parabolas with few outliers.  
Fitting quadratic trend­lines to the set of all symmetric data gave a good fit (R2 = 0·9482).  The 
separation of the series for the asymmetric case was caused by two phenomena: the plotting of the 
half­cycle data against the average resultant force for the whole cycle and the errors induced by the 
analysis and smoothing processes.  
The asymmetric data graphs of Figure 80 show the differences between the maximum velocity on the 
clockwise (slow) and anticlockwise (fast) strokes: the maximum velocity was faster on the fast strokes 
at low frequency values but the difference decreased as the frequency increased.  Re­plotting the 
data, so that the average maximum speed is used for the abscissa, shows how well the asymmetric 
data conform to the trendline.  Figure 81 shows that the parabola, fitted through all the symmetric 
data, adequately described the data for both fins. 
Figure 81 – Using the average maximum speed as the independent variable shows that the 
average resultant force produced by the BIO fin (left) and NACA fin (right) oscillating 
asymmetrically is modelled by the parabolic trendline produced for all the symmetric data 
(as plotted in Figure 80). 
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In Chapter IV, the delineation of the data into clockwise and anticlockwise excursions of the trailing 
edge was described.  This method was used to estimate the forces due to each half­stroke at four 
different frequencies, f = (0·5, 1·5, 2·5, 4·0) Hz.  Thrust was used in this case as the lateral forces would 
not have cancelled out on the half­stroke, adversely affecting the calculation of the resultant force.  
Figure 82 shows the maximum and minimum trailing edge velocity of these oscillations plotted 
against the mean thrust from the half­strokes (n = 6 for NACA, n = 5 for BIO), and the trend­line 
fitted to the symmetric data of Figure 80 is also plotted. 

















Figure 82 – Maximum and minimum trailing edge velocity plotted against thrust on the fast and 
the slow halves of the cycle.  Positive velocity occurs when the fin was moving anticlockwise (fast 
on the asymmetric strokes).  Trendline is that used for the symmetric data in Figure 80. Markers 
are placed at mean values of thrust: n = 5 for BIO, n = 6 for NACA. 
The BIO fin produced larger maximum trailing edge velocities than the NACA fin, as shown in the 
previous figures of this section, and this was accompanied by larger mean half­stroke thrust.  At the 
highest frequency, the BIO fin oscillating symmetrically showed some asymmetry: the thrust on the 
anticlockwise stroke (positive velocity) was much higher than the thrust on the clockwise stroke, 
despite the similarity in the values of trailing edge velocity. 
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In the Introduction, it was proposed that the resultant force was proportional to the product of the 
trailing edge velocity and frequency squared, denoted C in Equation (45).  The result of computing C
for all the data available in this chapter is shown in Figure 83 with a linear trend­line fitted to all the 
data since a two­way ANOVA (see the Appendix for details of this statistical test) showed that all 
four series approximated the same population mean. 
Figure 83 – The linear relationship between C, which is easy to calculate, and resultant force, 
for both fins, both asymmetries, all frequencies and amplitudes.  C was calculated using 
Equation (45), which was based on the equation for thrust given by Wu (1977), Equation (44).  
There was no evidence (see main text for details) that the fins had different coefficients of 
proportionality, K. 
3.5. Total circulation and its relationship with resultant force 
The mean resultant force varied linearly with total trailing edge circulation but only at a given 
frequency, Figure 84.  Statistical tests were performed on the data from each fin to determine the 
effect that both the frequency and the asymmetry had on the relationship between circulation and 
mean resultant force. 
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Figure 84 – Total trailing edge circulation after two consecutive half­strokes and the mean 
resultant force for the BIO fin (top) and the NACA fin (bottom) oscillating symmetrically (left) 
and asymmetrically (right).  Data are grouped by driving frequency, which increases typically 
from the abscissa to the ordinate.  The relationship between the mean resultant force and the 
trailing edge circulation was dependent on the frequency, in a similar manner to the trailing edge 
excursion (cf. Figure 77).  For the NACA fin, the symmetric oscillations produced less resultant 
force for a given trailing edge circulation than the asymmetric oscillations did (see main text for 
details of the statistical test perfomed). 
A two­way ANOVA showed that the main effect of asymmetry was not significant for the BIO fin, 
F(1,96) = 2·57, p = 0·11 but that the main effect of frequency was, F(7,96) = 26·44, p < 0·0001 and that the 
interaction of these two factors was not significant, F(7,96) = 0·66, p = 0·70. 
For the NACA fin, a two­way ANOVA found that the main effect of asymmetry was significant, F(1, 
96) = 4·74, p = 0·032, with the asymmetric oscillations producing larger resultant forces at a given 
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value of circulation, and that the main effect of the frequency was also significant F(7, 96) = 37·51, 
p < 0·0001.  For the NACA fin, the interaction between the asymmetry and the frequency was 
significant, F(7, 96) = 3·51, p < 0·002.   
Michelin and Llewellyn Smith (2009) stated that the relationship between the mean thrust produced 
and the mean wake circulation would be dependent on the physical structure of the wake.  Since the 
trailing edge excursion is often taken as a good approximation for the width of the wake, I decided to 
divide the total trailing edge circulation by the trailing edge excursion, to give a normalised 
circulation, G. 
The relationship between the resultant force and the normalised circulation, G, was quadratic, as 
shown in Figure 85.  A two­way ANOVA showed that there was no significant effect from the 
asymmetry (F(1, 251) = 0·11, p = 0·7332) but that the fin type had an effect (F(1, 251) = 2·97, p = 0·0864) 
and as such, two trend­lines are plotted in Figure 85. 
Figure 85 – Normalised trailing edge circulation, G, had a quadratic relationship with the resultant 
force that was independent of the asymmetry but that may have been dependent on the fin type. 
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4. DISCUSSION
Lighthill (1960) demonstrated that the movement of the trailing edge, and in particular the difference 
between the rate of working and the rate of shedding kinetic energy into the wake, was the 
parameter governing mean thrust production.  The results of this Chapter have shown that trailing 
edge movements are good predictors of the magnitude of the resultant force for both symmetric and 
asymmetric oscillations.  The trailing edge parameters listed here are, of course, related; however 
each parameter has its own advantages and disadvantages.  For example, some parameters were 
easier to measure, giving more reliable results, but were less suitable to describe the physical 
behaviour of the fin. 
A limitation of the data presented in this Chapter is that the data are the result of one oscillation from 
one experiment, meaning that there is an associated uncertainty.  However, the kinematics are 
likelier to be more consistent than the measurements of the forces, and this is demonstrated by the 
strong trends presented in the Results section.  
The midline envelopes of Figure 73 and Figure 74 gave an indication as to how the fins responded to 
forced oscillations.  The midline envelopes presented were only from the highest input amplitude of 
the parameter space; however the frequency, rather than the amplitude, dominated the shape of the 
envelopes.  The shapes of the envelopes were similar to those of heaving flexible wings (e.g. Michelin 
and Llewellyn Smith (2009)) and to those of flapping flags in a free stream (e.g. Alben and Shelley 
(2008)).   
Two modes of vibration were displayed in Figure 73 and Figure 74 and the change of mode of 
vibration was at the same approximate frequency (f = 1·5 Hz), regardless of the amplitude.  The exact 
frequency that provoked the change in vibration mode was not known but a figure of f = 1·5 Hz is 
supported by the results shown in Figure 77 and Figure 84.  These show that there was a different 
relationship between the independent variable (trailing edge excursion and total circulation 
respectively) and the mean resultant force after f = 1·0 Hz.  Since the motion of the fins was a function 
of their input kinematics and their stiffness profiles, it should be possible to describe the shape of 
their oscillation envelopes mathematically.  This would allow an objective classification of vibrational 
modes. 
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4.1. Relationship between thrust and swimming speed 
In the experimental frequency range used by McHenry et al. (1995) my fins were oscillating in the 
second vibrational mode.  In this mode, McHenry et al. (1995) found that the trailing edge excursion 
was negatively correlated with frequency, which is what my experiments showed, although no 
mention of the vibrational mode was made in their paper.  A sample image of the rubber fish 
midlines in McHenry et al.’s work seems to indicate that at f = 2·0 Hz, the rubber fish oscillated in the 
first vibrational mode (using the notches method).  In the Introduction, the ratio of wavelength to 
body length was shown to be key in determining the vibrational mode of a rubber fin.  The actuation 
point of their rubber fish was further towards the rear than on my fins, meaning that at a given 
frequency and amplitude, fewer waves would be present on their fin than on the BIO fin.  This may 
suggest that my fins were predisposed to vibrate in higher modes perhaps, although the material 
properties of the rubber will have affected this.  Under f = 1·5 Hz, however, my results indicated that 
the opposite was true – trailing edge excursion increased with increasing frequency. 
The obvious flaw in predicting the bollard thrust of an oscillating fin is that thrust is not the same as 
swimming speed.  The research by McHenry et al. (1995) mentioned in Section 4.2 discusses the 
relationship between input kinematics and swimming speed of oscillating foils to deduce the 
mechanisms that fish use to self­propel.  For their passive models, an increase in oscillation 
frequency, whilst increasing the thrust, actually decreased the swimming speed.  The discrepancies 
between fish­swimming and passive models suggested that fish actively stiffen their bodies, 
implying that stiffer bodies produce less drag associated with the oscillations.  Increasing the 
stiffness of a body increases the propulsive wavespeed (the product of wavelength and frequency), 
which means the wavelength must also increase (for a constant frequency).  The Froude efficiency, 
Equation (48), is defined to quantify the relationship between the wavespeed and the swimming 
speed.  McHenry et al. (1995) proposed that to swim faster, fish increase their tail­beat frequency so 
that more force is produced, as predicted by Equation (44) and they stiffen their bodies so less of this 
force is used for overcoming drag. 
From the relationship described by Equations (44) and (45), it is clear that an increase in driving 
frequency will increase the force produced but since my experiments contained no information about 
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relationship between thrust and swimming speed: at low values of thrust, the drag may be large 
enough that a swimming fin/craft does not move at all.  As the thrust increases, there will be a 
maximum swimming speed, at which the Froude efficiency is a maximum (dependent on the 
wavespeed).  Further increases in the thrust would then induce more drag and the swimming speed 
would then drop off as the Froude efficiency drops.  A graph demonstrating this is given in the 
Appendix based on work by Collins et al. (2008). 
On passive structures, for a given mass and stiffness of fin, there is only one wavespeed, c, which is 
the product of the frequency and wavelength, , so with the introduction of asymmetry, the relative 
frequency of each stroke is changed and therefore, so is the wavelength of the wave on the fin.  Since 
the faster half­strokes of the asymmetric oscillations had a higher frequency, the wavelength on the 
fin will have been shorter.  The shorter the wavelength, the more waves on the fin and the larger the 
drag associated with the oscillation itself.  However, Chapter V considered the power requirements 
of the oscillations and proposed that the form drag of the asymmetrically oscillating fins was lower 
owing to the increased bend on the fin.  This was supported by deviation of the power from that 
predicted by a rigid­fin model.  When Wu (1977) stated that the form drag and induced drag were 
negligible for swimmers in the range Re = 104 – 108, this may have been linked to the idea of self­
propulsion.  Thus, when tethered the form drag was important, and was lower the greater the bend 
on the fin, but when free swimming, my oscillating fin would be more affected by viscous shear and 
so the drag would be higher on the fast­half strokes than on the slow ones.  This is not to say, 
however, that the swimming speed will necessarily be lower since the faster oscillation frequency 
will also be linked to higher thrust production.   
A simple extension of the work presented here would be to measure the swimming speed of the fins 
throughout the parameter space.  This would provide data to examine the relationship between 
thrust and swimming speed on these fins.  It may be that the swimming performance of the NACA 
fin is not as bad as the thrust at high frequencies suggests.  If the wavelength on the fins were also 
calculated, the hypothesis that fewer waves produce less drag could be tested. 
4.2. Trailing edge excursion and frequency 
It was shown in Equation (44) that the mean thrust created by an oscillating fin will be proportional 
to its physical characteristics and the square of its trailing edge frequency and amplitude.  In their 
paper on flexible heaving plates, Michelin and Llewellyn Smith (2009) showed that maxima of 
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trailing edge excursion in each vibrational mode were coincident with maxima in the mean thrust.  
My experiments were slightly different: Michelin and Llewellyn Smith (2009) altered the flexibility of 
their plate to induce different vibrations rather than using the driving frequency as the independent 
variable.  Indeed, Figure 77 showed that although there were two vibrational modes for both fins, 
with both symmetric and asymmetric oscillations, the relationship between trailing edge excursion 
and mean resultant force was strongly influenced by the frequency of oscillation. 
At a given frequency, increases in the driving amplitude caused the trailing edge excursion of both 
fins, with both symmetric and asymmetric oscillations, to increase.  In the first vibrational mode (up 
to f = 1·0 Hz), the trailing edge excursion was positively correlated with the resultant force but only if 
the frequency was constant.  The relationship given in Equation (45) implies that the resultant force 
was a quadratic function of the trailing edge excursion, though the proximity of the data in Figure 77 
obscures this from view. 
In Chapter II, the Keulegan­Carpenter number, KC, was presented as an inverse form of the Strouhal 
number, originally determined for cylinders in oscillatory flow.  Tatsuno and Bearman (1990) equate 
the KC number to the 2a/d, where a is the amplitude of the relative (sinusoidal) motion and d is the 
diameter of the cylinder.  Using this description, it is clear that the abscissae of the plots given in 
Figure 77 are a version of KC since they describe the deflection of the trailing edge, i.e. 2a.  In the 
parameter space used in this thesis, KC had a maximum value of approximately 1·83 if d is taken to be 
the length of the fins.   
If the abscissae of Figure 77 are a scaled version of the Keulegan­Carpenter number, then it can be 
seen that KC alone is not sufficient to describe the behaviour of the fins.  What is absent from the KC is 
a reference to the frequency at which the oscillation takes place.  For oscillating cylinders, this can be 
solved by expressing the fluid regime in the parameter space of the Stokes number, Stk, and 
Keulegan­Carpenter, as in Tatsuno and Bearman (2004), where Stk = fd2/, and  is the kinematic 
viscosity.  In the analysis presented in this Chapter, the frequency of oscillation and the deflection of 
the trailing edge were combined as the maximum speed of the trailing edge rather than expressed as 
a defection and some other frequency­based parameter.  By not expressing the results solely using 
dimensionless parameters, the data are more difficult to compare to other research however, they are 
adequate for answering the hypotheses proposed as part of this thesis. 
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In the second mode of vibration, higher frequencies induced lower trailing edge excursions on both 
fins with asymmetry playing a small role in the magnitudes of the decreases.  In this mode of 
vibration (from f = 1·5 Hz – 4·0 Hz), the magnitude of the resultant force produced by the NACA fin 
was reduced, using both symmetric and asymmetric oscillations.  The force produced by the BIO fin 
increased in this frequency range, despite a drop in trailing edge excursion.   
The key factor to the performance of the BIO and NACA fins in the second vibrational mode was the 
speed of the trailing edge.  The trailing edge excursion of the BIO fin decreased in the second 
vibrational mode but not as fast as the frequency increased, thus the resultant force increased.  The 
drop in the trailing edge excursion of the NACA fin was more severe and thus the trailing edge 
velocity decreased and the resultant force decreased.  Increased trailing edge velocity may produce 
stronger vortices in the wake, giving larger momentum transfer and more resultant force.  The link 
between trailing edge velocity and resultant force is considered further in the next section. 
The consequence of this finding is that frequency and trailing edge excursion cannot be used in a 
wider context to predict the resultant force (or thrust) of an oscillating fin – they must only be used in 
restricted comparisons, such as when the driving frequency and fin type are the same.  As such, the 
work on heaving flexible plates (Michelin and Llewellyn Smith, 2009) and the work on oscillating 
rubber fish shapes (McHenry et al., 1995) must be considered in the context of their experimental 
parameters. 
4.3. Speed of trailing edge is key parameter 
In the previous section the velocity of the trailing edge was suggested as the parameter governing 
force production since trailing edge velocity can be used to calculate the circulation of trailing edge 
vortices.  In order to test the hypothesis that the resultant force was a quadratic function of the 
trailing edge velocity, three different measures of the trailing edge velocity were taken: maximum 
velocity on each half­stroke, average maximum velocity and the parameter C, which was the average 
velocity of the trailing edge squared. 
A real physical relationship between trailing edge velocity and the resultant force existed that was 
independent of fin type.  Figure 80 showed that the values of maximum trailing edge velocity of both 
BIO and NACA fins correlated with the mean resultant force generated by both symmetric and 
asymmetric oscillations, regardless of frequency and amplitude.  This was corroborated by the 
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results presented in Figure 82, which showed that when trailing edge velocity of the half­stroke was 
plotted against the thrust (to prevent unbalanced lateral forces distorting the values of the forces) the 
data once again were described by the all­symmetric­data trend­line.  By taking the average of the 
maximum velocity values of the half strokes of the trailing edge, it was shown in Figure 81 that the 
asymmetric oscillations conformed to the proposed relationship as well. 
It is interesting that the maximum velocity data were described by the same curve.  This suggests 
that there is a relationship between the trailing edge speed of the fins and the resultant force, albeit 
bollard force, that is independent of the fins themselves.  This has implications for further study, both 
empirical and numerical: the average maximum speed of the trailing edge is an adequate predictor of 
resultant force providing the errors in measuring the movement of the trailing edge are not too large 
or too numerous. 
The maximum velocity was calculated by interrogating the data files for the largest distance travelled 
between frames.  Errors in finding the true position of the trailing edge owing to poor contrast in the 
video footage caused problems, which was why the trailing edge was given priority over other 
sections of the fin when determining the outlines.  The midlines presented in Figure 76 showed that 
missing trailing edge sections were sometimes unavoidable within the limitations of the 
experimental methods and so the data were noisy.  This was more important in the calculation of the 
trailing edge circulation than the velocity since the three velocity measures used maximum values; 
although Figure 81 showed that noise was still an issue.  I estimated the distance travelled by the 
trailing edge by eye for two of the data presented in Figure 81 (the two furthest away from the trend­
line) and details are given in the Appendix.  I calculated an average maximum speed of the trailing 
edge that deviated by 18% from the proposed trend­line for the BIO fin (compared to 27% for the raw 
datum) and by less than 1% for the NACA fin (compared to 24% for raw datum).  This demonstrates 
that with suitable input data the proposed relationship between velocity and resultant force can be 
exploited. 
The maximum trailing edge velocity may have been such a good predictor of resultant force (as 
opposed to a time­averaged measure of the velocity) because all the input kinematics were 
sinusoidal.  This means that the velocity profile through time was always similar in shape, meaning 
that the maximum value could stand­in for the time­averaged value.  As the input kinematics 
became more asymmetric, the input waveform approached a sawtooth wave (see the Appendix 
relating to the fast Fourier transforms (FFT) of the input kinematics for a demonstration) and this 
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may have also contributed to the noise in the data.  If a different waveform were used for the input 
kinematics, the maximum trailing edge velocity may no longer be a suitable independent variable 
and it might be better to use the time­averaged value of velocity. 
Using the average velocity of the trailing edge squared, C, to predict the mean resultant force 
represented the easiest calculation, since it only relied on the maximum excursion of the trailing edge 
of the fin and the frequency of oscillation, Equation (45).  The frequency of oscillation was the 
parameter used by the servo motor to regulate the movement and so it was precise.  Therefore the 
spread of the data was caused by two phenomena: random errors in the measurement of the trailing 
edge excursion and the approximations made for the calculation of C. 
The random error was caused by missing sections in the found silhouettes during the image analysis.  
To be detrimental to the calculation of C, the silhouette of the fin at the maximum trailing edge 
excursion had to be affected.  This was more likely on the BIO fin than the NACA fin since the 
trailing edge was thinner, making it more difficult for the program to determine the outline of the fin.  
If the silhouettes were affected by this type of error – the value of C would always be 
underestimated.   
In deriving Equation (45), several parameters put forward by Wu (1977) were ignored (travelling 
wave properties and swimming speed), or were encompassed into the constant of proportionality, K
(fluid density and fin depth).  The undeformed fin depth was the same for each fin but owing to their 
flexibility, they deformed during oscillation so that they became cupped, which reduced the 
instantaneous depth of the fin.  Faster oscillations will have provoked more cupping and the BIO fin 
being more flexible would have been more affected than the NACA fin.  This may have been relevant 
to the calculation of C because the fin depth is used to estimated added mass of the fin. 
There was no significant difference caused by the asymmetry or the fin type in the relationship 
between C and the mean resultant force, R, however it is possible that the random errors in the 
measurement of the trailing edge excursion were enough to mask the effect that the change in the fin 
depth had.  That said, if the effect of the change in fin depth was that small, then perhaps it may be 
ignored in order to keep the calculation of C as simple as possible.  Thus the linear trend between C
and R could be used to predict the resultant force for other fins, provided they are likely to have the 
same value of K (same size, flexibility etc.). 
K I N E M A T I C S  & F O R C E  P R O D U C T I O N
189 
Whilst C is a more specific use of the well­known relationship proposed by Wu (1977), its usefulness 
comes from the fact that it seems to be valid for both fins using both symmetric and asymmetric 
oscillations. 
4.4. Influence of trailing edge angle 
The previous section mentioned that the angle of the trailing edge was not consistent across the 
whole span of the fin owing to the cupping of the fin as it moved.  Information regarding the angle of 
the trailing edge at the mid­span was not available from the video footage and so the trailing edge 
angle here refers to the angle of the trailing edge on the bottom surface of the fin.  Figure 88 on page 
193 provides a picture of the cupping of the fin. 
It was proposed in the previous section that the velocity of the trailing edge directly informs the 
circulation strength of the vortices produced.  The question then is: what information does trailing 
edge angle give that trailing edge velocity does not?  Trailing edge angle, δ, was shown in Figure 79 
to positively correlate with average resultant force, quasi­quadratically for the BIO fin and linearly 
for the NACA fin.  The results show that the maximum positive and negative angles were different 
for the asymmetric kinematics on both fins.   
The relationship between δ and R for the BIO fin was described as quasi­quadratic since it is likely 
that the fin has a maximum trailing edge angle for shaft amplitudes not that far out of the current 
parameter space.  With no imposed flow, the only movement of the fin was the driving kinematics.  
Figure 79 showed that the maximum trailing edge angle for the BIO fin was most influenced by the 
input amplitude.  The asymmetric case appears to show that the frequency was important to the 
trailing edge angle but this is due to plotting the half­stroke angle against the full­cycle resultant 
force – the angle values do not change, only the force values do. 
Considering the fin as a two rigid plates – one representing the “body” of the fin, the other the 
trailing edge, joined by a hinge, Figure 86, then the maximum δ would be opposing the vector of 
movement at the hinge, which would be orthogonal to the body.  The BIO fin acted in a similar 
manner but instead of a hinge, the trailing edge was much more flexible than the body.  For the BIO 
fin, the minimum phase shift between the leading edge and the trailing edge was 0·7 rad (lag of the 
trailing edge), therefore at the maximum angle of the trailing edge, the largest angle recorded by the 
shaft was 11·4°.  This means that the maximum theoretical angle between the trailing edge and the 
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centreline was 101·4°.  Since the fin body contributes some resistance to the bend, it is perhaps better 
modelled by a hinge and torsional spring.  This means that the maximum angle between the body 
and the trailing edge would be less than 90° and so the maximum theoretical angle would be lower 
than 101·4°.  In fact the maximum value of trailing edge angle was 66° (recorded on a fast stroke) and 
corresponded to the largest trailing edge excursion on the negative x side of the rig ( = 16°, 
f = 1·5 Hz). 
Figure 86 – As the fin bends value of δ may reach a physical maximum, which depends on the 
stiffness profile of the fin (as well as the absolute value of stiffness), the viscosity of the fluid and 
the input kinematics. 
Another factor to affect the trailing edge angle, and the extent of deflection, is the influence of the 
fluid itself.  The fin movement is principally created by the input kinematics, however, the 
displacement of the fin not only affects the fluid movement but it is affected by the fluid as well.  If 
the fin is considered to be cambered at one instant in time and in a steady flow, the pressure on the 
convex side of the fin will be lower than on the concave side.  Even though the fin was flexible and in 
unsteady flow, this may also have been true: the results of the DPIV shown, for example in Figure 92, 
suggest that the flow on the convex side of the fin had velocity than on the concave side.  In this case 
the fin would have responded by trying to reach equilibrium, that is, the fin would tend to become 
less curved.  This negative feedback type mechanism could be responsible for the tendency of the 
BIO fin to reach a maximum trailing edge angle.  Furthermore, since oscillation is a way of keeping 
the fluid attached (Bandyopadhyay et al., 2008) or to have it re­attach to the fin (Jones et al., 2004), the 
deformation of a fin could be a way of mitigating separation, i.e. there is flow separation control by 
angle equilibrium.  As a negative feedback system, these results may be applicable to aeroelasticity 
problems, such as flutter avoidance.  The distinct advantage in a passive system is that it does not 
need a control system or power supply so is inherently more reliable.   
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If one assumes the steady­state Kutta condition to be valid for unsteady motions, so that at each 
moment in time, the fluid flows smoothly from the trailing edge, then the negative feedback system 
described above is advantageous for the force production.  If the trailing edge angle is not as high as 
it would be without the fluid loading, then the flow will leave the fin at a lower angle as well.  As a 
result, more of the fluid movement will be in line with the thrust axis.  This means that for a given 
instantaneous resultant force magnitude, less of the force will cancel out over the whole stroke.  
Evidence for this may be found in the unsteady force traces shown in Chapter IV (Figure 34and 
Figure 35).  At the point of maximum trailing edge excursion, the force vector from the BIO fin was at 
a smaller angle with respect to the thrust axis than the NACA fin’s force vector was.  Since the BIO 
fin was more flexible, it was likely that it was more susceptible to the influence of fluid loading, as 
implied by the trailing edge angle asymptote shown in Figure 79, which is in keeping with the 
unsteady force vector results. 
It has been proposed that some fish can reduce the angular momentum of shed vortices using the 
return stroke of their tails to annihilate a shed vortex during the movement of the tail from its 
maximum excursion to the centreline (Ahlborn et al., 1991).  From their diagrams I inferred that the 
larger the angle of the tail, the greater the lever­arm and hence the larger the moment that pushes the 
shed vortex, reducing its angular momentum.  This implies that once a vortex is shed, subsequent 
trailing edge­vortex interactions can affect the time­averaged force produced by the fin.  Figure 87 
shows the relationship between maximum trailing edge velocity, average maximum trailing edge 
angle (average of maximum positive and maximum negative angles) and the average resultant force 
for the BIO fin oscillating symmetrically.  The resultant force changes quadratically with the velocity 
and (quasi­quadratically) with the angle of the trailing edge.  If larger trailing edge angles were 
useful in manipulating shed (or shedding vortices) of any given strength, the expectation is that at a 
given trailing edge velocity, a larger angle would be linked to larger resultant force.  The filled 
symbols in Figure 87 represent four data that have the same approximate trailing edge velocity.  This 
direction of the trend is clear: the higher the average maximum trailing edge angle, the larger the 
associated resultant force for a given trailing edge velocity.   
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Figure 87 – Relationship between trailing edge velocity, angle and average resultant force for the 
BIO fin oscillating symmetrically.  The grey markers show the data projected onto the edges of the 
figure so that the relationship between the trailing edge velocity and the resultant force and 
between the trailing edge angle and resultant force can be determined.  There was some evidence 
that at a given value of maximum trailing edge velocity, trailing edge angle correlated with mean 
resultant force.  The filled symbols mark data at the same approximate trailing edge velocity that 
show a correlation between trailing angle and resultant force. 
It is likely that the trailing edge angle was underestimated owing to the experimental set­up and the 
image analysis parameters.  Figure 88 shows an instance of the cupping of the BIO fin and the 
difference in the found trailing edge angle.  The extracted midline only deviated from that of the 
mid­span of the fin towards the trailing edge, where both fins, but in particular the BIO fin, were less 
stiff.  The cupping of the fin was larger when the fin’s velocity was larger.  The discrepancy between 
the position of the mid­span and the edge of the fin might have allowed the mid­span to be at its 
maximum amplitude as the edge of the fin, which dictated the extracted midline, was crossing the 
centreline.  The approximate nature of the analysis that led to the linking of the trailing edge position 
and maximum thrust within a cycle, coupled with the small trailing edge excursion at f = 4·0 Hz 
(~25 mm), means this is a plausible explanation.  This is not to say that merging between leading 
edge/boundary layer and trailing edge vortices did not occur, rather that this merging was not 
responsible for the untimely shedding of the trailing edge vortices. 
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Figure 88 – Cupping of the fin created a discrepancy between the real edge (yellow line, right­
hand surface) and the edge found by kinematic analysis (red line, left­hand surface).  This created 
a significant difference in the trailing edge angle value.  Shown is a still from the DPIV analysis 
of the BIO fin, A = 15%,  = 16°, f = 1·5 Hz as the trailing edge approached the maximum excursion 
on the fast stroke.  Inset: the trailing edge with features highlighted. 
Likely sources of error for all the parameters are detailed in the Appendix.  Further experiments, 
especially kinematics experiments coupled with force measurements would allow the relationship 
between trailing edge velocity, angle and average resultant force to be explored in more detail. 
4.5. Circulation and predictions of force 
The shaft speed on the asymmetric fast strokes was by design larger than that of both symmetric 
half­strokes and the asymmetric slow stroke at a given frequency value, however, there was less 
asymmetry in the movements of the trailing edge due to the fins acting as low­pass filters.  Despite 
this, Figure 80 showed that the trailing edge velocity was larger on the faster half­stroke than on the 
slower one, indicating that some asymmetry was communicated to the trailing edge.  Since a larger 
trailing edge velocity leads to stronger vortices, the fast half­strokes produced stronger circulation 
than the slow half­strokes did, with the circulation from each half of the symmetric strokes being 
equal.  The half­stroke circulation results are presented in Chapter VII to allow a better comparison 
with the results of the flow visualisation. 
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The equation given for the calculation of trailing edge circulation (see Equation (47) for more details) 
was found in the literature (Schnipper et al., 2009) and was described as an underestimate of the 
vorticity at trailing edge, presumably because the authors’ experiments were conducted in a non­zero 
free­stream, which was neglected in their equation.  To account for the local streamwise velocity of 
the flow, the displacement of the trailing edge in both x and y directions was used to calculate the 
trailing edge velocity.  As discussed in Section 4.3 of this Chapter, the trailing edge velocity was 
subject to large amounts of noise due to bad image analysis.  By filtering the position data that were 
used to calculate the trailing edge velocity, the circulation was not greatly affected by these errors 
and so the graphs of Figure 84 show good linear relationships between the circulation and the 
resultant force over all frequencies. 
In Chapter VII, the wake vorticity plots are given for oscillations at f = 1·5 Hz and f = 4·0 Hz.  Using 
the approximation that the circulation of a vortex is the product of its vorticity and area, trailing edge 
vortices for the symmetric oscillation were shown to have circulation strengths of the same order of 
magnitude as calculated by the trailing edge kinematics (see Chapter VII, page 218, for more details). 
Trailing edge circulation was clearly not the whole story when it comes to force generation on 
flexible oscillating fins, since Figure 84 showed that frequency was influential on the relationship 
between resultant force and trailing edge circulation.  In fact, whilst trailing edge vortices are 
responsible for the much of the fluid’s movement, there are other factors to consider.   
Schnipper et al. (2009) provide an estimate for the circulation of the boundary layer, though it was 
not possible to calculate the boundary layer circulation in this instance since it relies on the speed of 
the flow surrounding the fin.  Since my experiments were conducted in still water, the only flow was 
that induced by the movement of the fin itself for which I had no measure.  From personal 
observation, I noted that flow down the side of the fin accelerated along the chord when the fin 
moved away and decelerated as the fin completed its return stroke. 
In their paper, Schnipper et al. (2009) describe how the shedding of vortical structures present in the 
boundary layer affects the wake, with vortices from the boundary layer and those shed from the 
trailing edge merging into one vortex if the timing is matched.  Merging can take place between two 
opposing sign vortices, thus reducing the strength of the vortex in the wake, or between same sign 
vortices, whereupon the vortices will become one larger, stronger vortex.  Since the progression of 
boundary layer vortices depends on the speed of the surrounding fluid, it may be the case that with 
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no external flow, the timing is fixed and merging either does not occur or always occurs in one mode 
(constructive or destructive).  Chapter VII will not present evidence that would suggest that vortical 
structures were present in the boundary layer.  However, the influence of boundary layer vorticity is 
worth bearing in mind if repeating these experiments in a flow. 
The form of the wake is also important in predicting the force produced.  Michelin and Llewellyn 
Smith (2009) gave a measure of the theoretical mean thrust that depended on the circulation strength 
of the shed vortices and their spacing in the wake, both streamwise and cross stream.   
In many studies in which the Strouhal number is calculated for heaving pitching fins, the 
characteristic dimension – the width of the wake – is taken as the double amplitude of the trailing 
edge, thus the trailing edge excursion in this case may be used as a proxy for the lateral spacing 
between shed vortices.  If two oscillating fins produced vortices of equal circulation, but behind one 
fin, the spacing of the vortices was larger, it suggests that energy may be wasted as there would be 
significant lateral movement.  From Figure 77, the trailing edge excursion was seen to decrease as the 
frequency increased, implying a narrower wake and Chapter VII will present evidence that the 
separation of the vortices in the x­direction was smaller at f = 4·0 Hz than at f = 1·5 Hz.  A narrower 
wake would mean for a given circulation, more “useful” force would be produced, which is in 
keeping with the results presented in Figure 84.  By normalising the data in Figure 84, dividing the 
circulation by the trailing edge excursion, the width of the wake was allowed for, as shown in Figure 
85. 
The relationship between the mean resultant force and the normalised circulation, G, was quadratic 
with evidence that the two fins produced had different relationships (results from the ANOVA 
detailed in Section 3.5 showed that p­value was 0·0864).  The relationship is quadratic, since the 
normalised circulation has the units of m/s and so this is similar to the use of velocity as the 
independent variable, albeit taking into account more parameters than the maximum velocity value.  
The separation of the data according to fin type shows that for a given resultant force, the BIO fin 
typically had a higher value of G, which can be thought of as desirable, since it represents a better use 
of the generated circulation.   
In order to maximise the value of G, a fin must produce the largest circulation and the smallest 
trailing edge excursion.  The relationship between input kinematics, trailing edge excursion and the 
circulation is complicated and was different for each fin.  Figure 84 showed that circulation was 
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increased when the input frequency and amplitude were larger for the BIO fin and circulation 
peaked at f = 1·5 Hz for the NACA fin, while keeping its relationship with the amplitude.  These 
trends are caused by the movement of the trailing edge: the larger the trailing edge velocity the 
larger the circulation.  Since the velocity depends on the trailing edge excursion and the time period 
of the oscillation, at a given frequency it is advantageous to have a larger trailing edge excursion.  
Therefore the maximisation of G reveals a conflict – trailing edge excursion should be both as large 
and as small as possible.  In fact, since the trailing edge excursion decreased as the frequency 
increased, which therefore increased the trailing edge velocity on each fin, G was typically highest 
when the frequency and input amplitude were maximum.   
Another strategy to maximise G would be to increase the instantaneous velocity of the fin in order to 
maximise the circulation.  This could be done with different input kinematics, such as by using a 
square wave, which in reality would be a trapezoid wave but would be a valid strategy for rigid fins 
also.  Alternatively, the stiffness profile of the fin could be changed so that at a given combination of 
input kinematics, the phase lag between the leading and trailing edges provoked a fast movement.  
This second strategy is linked to the idea of travelling wavespeed along the fin and this may be why 
the BIO fin outperformed the NACA fin at the higher frequencies of the parameter space.  With a 
reduction in the mass per unit length towards the trailing edge of the BIO fin, due to a reducing 
section depth, the wave propagating along its length will have been faster. 
The potential usefulness of using the normalised circulation to predict the resultant force depends on 
the significance of the fin type.  A less noisy data set would allow the effect of the fin type to be better 
investigated, and I urge the repetition of these experiments with a better method for image analysis 
(perhaps by tracking a fluorescent marker at the trailing edge) and using multiple oscillations. 
If the fin type does not make a difference to the value of G, then a parameter that correlates with 
resultant force has been found that is potentially valid for all fin types.  The power of G as a predictor 
of resultant force is due to its reliance on the estimated trailing edge circulation.  The circulation 
relies on the velocity throughout the stroke and so encodes information not just about the input 
frequency and excursion but also about the stiffness of the fin and the form of the input stroke.  
Furthermore, by using the circulation generated by the movement of the trailing edge, it may not be 
necessary to know the input kinematics, and so the calculation of G may be valid for non­passive 
kinematics, such as fish swimming. 
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5. SUMMARY AND CONCLUSIONS
The outcomes of the work presented in this chapter are two­fold.  I have shown that there are many 
parameters (summarised below) that correlate with the force produced, giving models of varying 
sophistication that may be used to predict the resultant force magnitude produced.  This 
demonstrates that multiple approaches are available for predicting the performance of oscillating 
fins. 
Two methods were particularly useful for predicting the resultant force produced by the fins.  Wu’s 
(1977) approximation for thrust generated by swimming fish, Equation (44) was shown to be 
applicable to my oscillating fins in an adapted form that only considered the trailing edge excursion 
and frequency, parameter C in Equation (45).  A more sophisticated parameter, but by extension 
more difficult to measure, was the normalised circulation, G.  G was based on the trailing edge 
circulation and an attempt to allow for the wake structure, which was shown to predict the mean 
thrust produced by a heaving flexible plate (Michelin and Llewellyn Smith, 2009).  Since the 
normalised circulation relied on the time­dependent trailing edge kinematics, it should be more 
useful than C, as it should allow for different wave forms and asymmetries.   
The calculation of the normalised circulation also highlights the importance of the form of the wake 
when considering oscillating foil propulsion.  Flow visualisation of the wake is considered in the 
following Chapter. 
Ways to predict the magnitude of force you will produce are: 
 Trailing edge excursion, dte
o (If just at one frequency), where more dte  more force 
 Velocity of trailing edge, vte
o Max value if you are in a hurry, independent of frequency, amplitude and fin but not 
impervious to asymmetry, can be used on half­cycles and there may be a real 
quadratic relationship between vte and R
 C ( where R = KC, i.e. K x trailing edge excursion2 x frequency2) 
o Uses trailing edge excursion and frequency, therefore simple to measure 
o Relationship dependent on K which should change with size of fin, asymmetry and 
stiffness,  
o Maybe only valid if using sinusoidal oscillations 
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 Circulation, te
o Use trailing edge velocity to calculate circulation due to trailing edge vortices but 
now affected by f and A (but not really affected by fin shape though) 
 Normalised circulation, G
o Result is parabolic relationship valid for both symmetric and asymmetric oscillations 
though there was some evidence that fins behaved differently to each other 
o Assumes trailing edge excursion is good proxy for wake width and that wake width 
is apt to describe the usefulness of the created circulation 
o May be valid for different oscillation profiles (not just sinusoidal) 
 Max trailing edge angle, 
o Cannot compare between fins 
o Proper set up of analysis should allow reliable calculation 
o Independent of f and  but maybe dependent on A
Model proposed of propulsion for flexible fins has 4 elements: 
1. Producing strong vortices 
o Maximising trailing edge velocity 
2. Using those vortices 
o Keeping wake width small to minimise “lost” force  maximising normalised 
circulation, G
o Large trailing edge angle to push off vortices, suggesting for room active fins to 
stiffen or create other angles 
o Movements between freestream (if applicable) and trailing edge allow interaction 
(suggests results in moving water may be different) 
3. Using other vortices 
o Getting those in the boundary layer (if applicable) to have the desired effect (which 
is down to kinematics and stiffness and possibly shape) 
4. Minimising drag on the body through selection of optimum kinematics 
o Possibly by reducing the number of waves on the body of the fin (or fish) 
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Chapter	VII	-	Wake	Visualisation
his chapter explores the wake patterns of oscillating fins using digital particle image 
velocimetry (DPIV) to determine whether the wakes resulting from symmetric and 
asymmetric oscillations are different and what this implies for force production.  By the end of 
this chapter, it will be apparent that at the lower frequency examined, f = 1·5 Hz, the wakes 
resulting from symmetric and asymmetric oscillations had the same form but their principal 
directions of fluid movement were different.  At the higher frequency, f = 4·0 Hz, the direction 
of the wakes was the same but the magnitude of fluid velocity had changed in the case of the 
BIO fin, so that the symmetric oscillations produced a visibly faster moving wake. 
1. INTRODUCTION
The visualisation of the patterns and structures in a flow can be very informative and can allow 
experimenters to understand the behaviour of a swimming or flying system so that adverse 
flow structures can be minimised.  
Underwater, dye is often used to reveal the underlying flow structures and this approach was 
used by Koochesfahani (1989) and Schnipper et al. (2009) among others, to study the flow 
patterns of pitching foils in a flow.  Koochesfahani (1989) discovered that asymmetric­in­time 
oscillations caused one strong vortex to be shed as a result of the faster half­stroke, since faster 
oscillations at a given amplitude result in stronger vortices (Michelin and Llewellyn Smith, 
2009).  Koochesfahani (1989) also found multiple vortices to be shed into the wake during the 
slower half­stroke of a rigid NACA0012 foil, as shown in Chapter II (see Figure 10).  Multiple 
vortex modes were shown to result from the different interactions between the boundary layer 
and trailing edge vortices of an oscillating rigid foil shape (Schnipper et al., 2009). 
T
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Another method for determining the flow patterns surrounding the movements of an object is 
to use numerical simulations.  This approach was used by Xiao and Liao (2009) to determine the 
wake behind a rigid NACA foil oscillating asymmetrically­in­time.  As reported in Chapter II, 
the simulations of Xiao and Liao (2009) showed that the vortex shed after the faster half­stroke 
was smaller and had a higher vorticity than the vortex shed after the slower half­stroke.  This 
result corroborated the experiments of Koochesfahani (1989) and allowed the quantification of 
the relative vortex strengths.  A further interesting result found by Xiao and Liao (2009) was 
that the larger of the shed vortices, which was the result of the slower half­stroke, seemed to 
move cross­stream to create an asymmetric wake.  In this case, if the fast oscillation were 
anticlockwise (a positive rotation about right hand axes, where the y­axis represents the thrust) 
then the wake movement would have had a positive x component. 
It is reasonable to assume that flexible oscillating fins produce similar patterns to those found 
by Koochesfahani (1989) and Xiao and Liao (2009).  Thus, this Chapter will examine the form of 
the wakes produced to determine whether larger vortices result from the one of the half­strokes 
and if there is any cross­stream movement of the shed vortices, producing a bias to the general 
wake movement.  The possibility of multiple vortices per half­stroke will also be examined. 
It was reported in Chapter II that with a span to chord ratio approaching one, three dimensional 
effects are prominent in the wake as vorticity is shed from all sides of a flapping fin (Godoy­
Diana et al., 2009).  The three dimensional vortex structures created in this case are called 
horseshoe vortices and examples of these can be found in the literature e.g. von Ellenrieder 
(2003), Clark and Smits (2006), Buchholz and Smits (2006, 2008). 
Since two dimensional wake structures are a subset of the underlying three dimensional flow 
(Lentink et al., 2008), the two dimensional approach is a first step to understanding the fluid 
motions.  For the purposes of verifying the hypothesis as stated in Chapter II, which is 
expanded at the end of this section, only two dimensions will be considered.   
In the case of the oscillating fins of this thesis, the forces produced were measured by tethering 
the fins to a rig equipped with force sensors and strain gauges.  For researchers working with 
live subjects, such as fishes and birds, which cannot be instrumented in the same way, the dual 
approach of wake and kinematic analysis can be used to provide information about the forces 
produced by the subject. 
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To extract information about the flow, such as spatial acceleration, vorticity, strain and shear, 
the local flow velocity must be known (Stamhuis and Videler, 1995).  A simple method to 
quantify the flow is to suspend neutrally buoyant particles in the test tank and film their 
movement.  If the frame rate of the camera is low enough, the particles show up as streaks 
rather than discrete points, and the lengths and directions of the streaks can be correlated with 
the particles’ velocities.  This method was used by Ahlborn et al. (1991) to quantify the flow 
around mechanical fish tails and to investigate tail­vortex interaction. 
A more sophisticated method to quantify flow features is known as digital particle image 
velocimetry, DPIV.  The general principle remains the same: particles are suspended in a flow 
and their movement is observed.  Images are taken in short burst pairs by a high­speed camera, 
this time to avoid streaking, so that there are two images close together separated by a longer 
pause.  The use of a high speed camera requires a high­energy light source to provide enough 
illumination, thus a laser is used.  Laser beams can also be concentrated into a thin light sheet so 
that the fluid visualised is essentially a two­dimensional flow. 
The DPIV software uses a process known as cross­correlation to determine the likely movement 
of each particle between the image pairs and so the number of particles per interrogation area 
needs to be controlled.  The seeding density can vary according to the size of the flow structures 
but Hinsch (1993, cited in Stamhuis et al., 2002) states that a range of 8 to 15 particles per 
interrogation area is needed for a “classical” auto­ or cross­correlation. 
Once the wakes behind my symmetrically and asymmetrically oscillating fins have been 
quantified using DPIV, the flow can be examined to help corroborate the findings of other 
Chapters.  As such, at f = 1·5 Hz, where the BIO and the NACA fin produced a larger resultant 
force when oscillating asymmetrically compared to symmetrically, the maximum wake velocity 
is predicted to be higher.  By contrast, at f = 4·0 Hz, the wake behind the symmetrically 
oscillating BIO fin is predicted to have higher maximum velocity than the wake behind the 
asymmetrically oscillating BIO fin.  Since there was no statistically significant difference found 
in the resultant force magnitude from symmetric and asymmetric oscillations of the NACA fin 
at f = 4·0 Hz, there should be no difference in the wake velocities. 
There are few links between the wake parameters of and the forces generated by oscillating fins.  
Buchholz and Smits (2008) investigated thrust performance and efficiency as well as wake 
C H A P T E R  V I I  
202
structures in three dimensions of rectangular pitching panels but did not link force magnitude 
to wake structure.  Chapter IV and Chapter VI both discussed the relationship between the 
forces produced and the kinematics of the fins, despite the experiments not being conducted 
concurrently.  This discussion will be extended in this Chapter to include the wake fluid 
structures.  In particular, the following questions will be addressed: is a narrower wake 
associated with smaller trailing edge excursion, as proposed in Chapter VI?  Is there any 
evidence of trailing edge­shed vortex interaction, as implied by the results of the NACA fin’s 
symmetric oscillation at f = 4·0 Hz (Chapter IV)?  Is the circulation strength of the shed vortices 
measurably different on each half­stroke of the asymmetric oscillations and how does this 
compare with predictions made by the kinematics of the fin? 
This chapter details the results of DPIV experiments that were used primarily for flow 
visualisation and secondarily for obtaining quantitative data relating to the flow parameters.  
The DPIV set­up used had not long been available at the time of the experiments; however, the 
data generated were of sufficient quality to allow general flow parameters to be calculated. 
2. EQUIPMENT AND ANALYSIS
Sign conventions used in this chapter are the same as those used in the rest of the thesis.  This 
means that the fin is presented with its leading edge towards the top of the page and the faster 
stroke of an asymmetric oscillation is represented as an anticlockwise movement of fin if the 
oscillations were asymmetric, i.e. A ≤ 50%.  It follows then that the velocity of the trailing edge 
was positive when the fin rotated in an anticlockwise manner, as shown in Figure 72 in Chapter 
VI.  The trailing edge lagged the leading edge in position and the bend of the fin was away from 
the direction of travel, so that on an anticlockwise stroke, the fin trailing edge section angle, δ, 
was negative.  The centreline was defined as the chordline of a fin at rest and was collinear with 
the y­axis. 
2.1. DPIV set-up and analysis 
DPIV was performed at two frequencies for both fins using symmetric and asymmetric 
oscillations.  The chosen (demand) amplitude and frequency combinations were:  = 16°, 
f = 1·5 Hz and  = 16°, f = 4·0 Hz. 
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The equipment set­up was the same as for the kinematics experiments (Chapter VI) except that 
the tank was no longer illuminated with a lamp and instead a laser and synchroniser were used. 
Laser light from a 2 W, class IV diode­pumped, solid state laser (Excel, Laser Quantum Ltd) 
powered by an SMD power unit, was shone into the tank.  The beam went through three 
divergent lenses to create a sheet and a fourth lens to focus the sheet in the tank and it emitted 
green light of 532 nm wavelength.  Since the laser light was a constant beam, i.e. not pulsed, the 
camera was connected to a synchroniser (LASERPULSE Synchronizer Model 610035, TSI 
Incorporated), which managed the operation of the camera shutter.  The image pairs were taken 
at 200 Hz with a 1700 μs delay between the images.  The tank was seeded with Vestosint 1301 
particles (Evonik Degussa GmbH), which had a variable size up to 250 μm and a density of 
1060 kg/m3 meaning they were slightly negatively buoyant.  To achieve a good seeding, the 
flow in the tank was activated, stirring up the particles.  During an experiment, however, the 
tank was still to replicate as well as possible the conditions in the other experimental tank. 
The image processing was done using Insight 3G DPIV software (TSI Incorporated) in three 
stages: pre­processing, cross­correlation and post­processing.  The pre­processing prepared the 
images to ensure they were of suitable quality.  Flicker caused by the camera was removed by 
subtracting the residual background reading, which was the image recorded by the camera 
while the lens cap was in place.  For one experiment a mask was applied to cover the shadow 
area of the fin in order to prevent the cross­correlation being applied to that region.  The cross­
correlation operation generated the velocity vectors by comparing the pixel pattern in a region 
of interest with pixel patterns in the second of the pair of images to determine the most likely 
movement effected by the particles.  It is a technique most commonly used in signal processing 
where it is used to compare two sequences as a function of the time shift between them (Lynn 
and Fuerst, 1998).  Post­processing was done to validate the velocity vectors generated – vectors 
were checked for size and missing vectors were replaced with averages of the surrounding 
vectors.  The Appendix gives the settings used in the three stages of the analysis.  For data 
analysis, the vector files were imported into Tecplot (Tecplot, Inc.).  Vorticity and velocity plots 
for the entire capture were created and the .avi files are available on the accompanying DVD. 
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Figure 89 – Third angle sketch of the experimental set­up showing the relative placement of 
the camera, laser and tank.  Tank coordinate system shown is the same as that of Chapter III, 
i.e. origin is coincident with the rear pivot of the rig (not shown), though the axes are placed 
at the edge of the diagram for clarity. 
2.2. Linking DPIV to force and to kinematics data 
Synchronising the kinematics and the DPIV data in order to generate the images shown in 
Section 3 (vorticity plot with probable fin midline superimposed) was less reliable than 
synchronising the kinematics and the force data, which both had measures of the shaft angle.  
During the DPIV experiments the main focus of the video frame was the wake.  The fin trailing 
edge was visible in the video frame but not the whole fin.  This meant that the shaft angle could 
not be used to synchronise the two data sets.  The only variables in common were the trailing 
edge kinematics.  The trailing edge angle was used in favour of the trailing edge position 
because it was a measure that did not necessitate knowing the relative position of the fin in the 
video frame, since it was relative to the global coordinates of the video frame, or the scale of the 
resulting image.  The trailing edge angle was calculated from stills taken from the DPIV process 
at 20 points during the 1 s experiment time.  These 20 data were compared to the calculated 
trailing edge angle from the kinematics data and the relative timing of the two data sets was 
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found by eye, and this process is shown diagrammatically in Figure 90.  The start of the 
kinematics cycle was defined as the beginning of the DPIV cycle because it was necessary to 
keep the flow visualisation in order – re­ordering the kinematics data (time­shifting some of the 
midlines to the end of the cycle) was considered negligible interference.  
Figure 90 – Diagram showing the flow of data used to synchronise the results from the 
different experiments.  The angle of the trailing edge (TE) was calculated by hand from the 
DPIV stills and 20 data were used for each experiment.  Synchronising the data was done by 
eye based on the trailing edge kinematics.  DPIV data was kept in sequence and so some fin 
midlines may have been time­shifted to produce the output images. 
In the sequences of the images in Section 3, the DPIV images were chosen to represent the same 
approximate location of the trailing edge in the x­direction.  Since the camera may have moved 
between filming the symmetric and asymmetric oscillations, this was done by eye rather than 
by using a particular reference datum. 
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3. RESULTS
In general, vortex pairs were shed at the fundamental frequency of oscillation.  No difference 
was marked between the shedding frequency either between symmetric and asymmetric 
oscillations or between the two halves of an asymmetric stroke.  The wakes were qualitatively 
similar when the frequency and degree of asymmetry were the same for the two fins.  The 
shedding of opposing sign vortices to create a reverse Kármán vortex street was discernible in 
every case, albeit angled with respect to the centreline in the asymmetric cases.  These can be 
seen in the DPIV vorticity plot animations, which are available on the accompanying DVD.  
Between vortices, jets of water were created whose direction was dependent on the vortices.  In 
a reverse Kármán street, jets typically are orientated downstream and away from the centreline, 
which is linked to thrust production.  Such jets were observed but their magnitude and 
direction depended on the input kinematics and wake geometry.  The only flow in the water 
channel was induced by the oscillation of the fins and the vortices shed into the wake dissipated 
quickly, taking less than 0·5 s/less than 50 mm to disappear.   
Since the BIO and the NACA fin produced similar amounts of force at the lower frequency 
(f = 1·5 Hz) and dissimilar amounts at the higher frequency (f = 4·0 Hz), the results are 
considered by frequency.   
3.1. Wake characteristics at f = 1·5 Hz 
Behind both fins oscillating symmetrically, strong vortices formed (with maximum vorticity of 
±50 rad/s), which left the trailing edge and moved downstream at an angle to the centreline.  
This angle was estimated to be ±45° for the both fins, but the quick dissipation of the vortices 
made it difficult to be precise.  With each strong vortex shed into the wake, there appeared to be 
an accompanying weak vortex of opposite vorticity.  This was caused by the vortex already in 
the wake breaking up and some portion of it moving with the current vortex.  Positive and 
negative vortices were approximately the same size. 
Behind the fins, areas of high velocity were created that were separated by slower moving fluid.  
These high velocity zones (v ≈ 0·30 m/s – 0·50 m/s) were surrounded by a chevron­shaped area 
of lower velocity fluid (~ 0·20 m/s), as shown in Figure 91.  The high­velocity regions dissipated 
as the fluid moved downstream, becoming smaller in area and lower in velocity magnitude.  
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The peak velocity was approximately 0·56 m/s for all cases at this frequency except for the 
NACA fin oscillating asymmetrically, which produced a peak velocity magnitude of 
approximately 0·64 m/s. 
Figure 91 – Snapshot of flow velocity plots taken from the DPIV analysis of the BIO fin (top) 
and the NACA fin (bottom) oscillating symmetrically (left) and asymmetrically (right) at 
f = 1·5 Hz.  The shadow area of the fin has been covered by a grey rectangle.  The small black 
arrows represent the local velocity vectors (magnitude, scaled to the length of the arrows, and 
direction) and the background colour indicates velocity magnitude  Symmetric oscillations 
produced a symmetric wake behind both fins but asymmetric oscillations caused the wake to 
travel predominantly to one side.  At this frequency, high velocity fluid formed discrete areas 
behind the NACA fin and behind the BIO fin oscillating asymmetrically. 
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The position of the fins and the vorticity created by them are shown as sequences of images in 
Figure 92 and Figure 93 for the BIO and NACA fins respectively.  These sequences show pairs 
of images in which the fin trailing edge was in the same approximate location in the x­direction.  
During the DPIV experimentation, 200 image pairs were captured, which represented 1 s of 
footage.  Thus at f = 1·5 Hz, one and a half oscillations of the fin were available for analysis. 
Figure 92 shows the image pairs for the BIO fin at f = 1·5 Hz starting with the fin moving 
anticlockwise, which is a fast motion for the asymmetrically oscillating fin.  Image pair (a) 
shows that a vortex was present on the fin in both cases, though the vortex resulting from the 
asymmetric oscillations appeared larger and closer to the fin than the one behind the 
symmetrically oscillating BIO fin.  In both cases, there was high speed fluid at the fin’s trailing 
edge.  
The pair of images presented in (b) shows that although the fin trailing edge was not in exactly 
the same place in each frame, considerable differences had appeared.  First, the vortex behind 
the asymmetrically oscillating fin (henceforth “asymmetric vortex”) was much closer to the fin 
trailing edge than the symmetric vortex was.  The asymmetric vortex was therefore also nearer 
to the centreline.  When the fin had moved past the centreline, the different placement in the 
tank of the two vortices was apparent, as shown in image pair (c).  Defining t = 0 s as the time 
when image (a) was taken, then the symmetric oscillation image in (c) was at t = 150 ms, 
whereas for the asymmetric oscillation, t = 90 ms.  At this point, the symmetric vortex had 
begun to dissipate and had travelled more downstream than the asymmetric one had.  There 
was still fast moving water just past the fin trailing edge in both cases but there was also a 
region of fast moving water immediately upstream of the trailing edge in the case of the 
asymmetrically oscillating fin, indicated in Figure 92 by the density of the black velocity vectors. 
Image pairs (d) and (e) show the fins as they effected the return strokes, moving clockwise.  The 
fin moved more slowly when oscillating asymmetrically than symmetrically and this is 
reflected in the bend apparent on the fin.  The main difference between the image pairs in (d) is 
the flow that is encountered by the returning fin: the symmetric vortex that was apparent in 
frames (a – c) had dissipated by the time the fin returns.  However, the asymmetrically 
oscillating fin moved towards a region where vorticity was still detectable.  The areas of high 
fluid velocity behind the fins show that the wake behind the asymmetrically oscillating fin was 
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moving much faster than in the symmetric case.  This area of faster moving fluid is still 
apparent in (e) and by this point the vorticity in each case appears to be close to zero. 
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Figure 92 – Evolution of negative vortex on BIO fin oscillating symmetrically (top) and asymmetrically (bottom).  Overlaid fin midlines are from the 
kinematics analysis (see Chapter VI).  DPIV analysis of the asymmetric oscillation was done with shadow of fin masked, symmetric oscillation was 
masked in picture editing software (grey rectangle).  The size and direction of the small black arrows indicates the local velocity vectors.  The white 
arrows describe the flow features, with dotted lines indicating a dissipating vortex, and are sized to facilitate interpretation.  Video frame axes are in mm. 
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Figure 93 – Evolution of negative vortex on NACA fin oscillating symmetrically (top) and asymmetrically (bottom).  Overlaid fin midlines are from the 
kinematics analysis (see Chapter VI).  The shadow side of the images was masked with a grey rectangle in picture editing software to render images 
clearer.  The size and direction of the small black arrows indicates the local velocity vectors.  The white arrows describe the flow features, with dotted 
lines indicating a dissipating vortex, and are sized to facilitate interpretation.  Video frame axes are in mm. 
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The NACA fin did not bend as much, with either symmetric or asymmetric oscillations, as the 
BIO fin did.  This can be seen in the overlaid midlines in Figure 93, in which the sequence of 
images starts as the fin neared the end of the clockwise (slow) stroke.  The top set of images, 
those showing the wake behind the symmetrically oscillating fin, shows that the flow was 
directed towards both sides of the tank, whereas the bottom set shows a lack of velocity vector 
arrows on the –x side of the tank.  This is linked to the high velocity jets that were produced 
between areas of opposite vorticity.  Image pair (a) indicates that the jet behind the 
asymmetrically oscillating fin was larger and stronger than that resulting from the symmetric 
case, although the direction was the same.  At (a), coherent vortex structures were difficult to 
visualise behind the symmetrically oscillating fin, but not behind the asymmetrically oscillating 
fin.  At this point, a positive vortex can be seen and the negative asymmetric vortex apparent in 
(a), had not dissipated completely, and it can be detected in images (b) and (c) also.   
Image pair (d) shows the fin after starting the anticlockwise (fast) stroke, with negative vorticity 
building up around the fin’s trailing edge.  The velocity directly behind the trailing edge 
appeared larger behind the symmetrically oscillating fin.  By frame (e), the fin had started the 
next clockwise stroke.  The velocity vectors (black arrows) that point downstream and in the –x
direction were larger behind the symmetrically oscillating fin but both cases showed strong jets 
in this direction.  The difference is that behind the asymmetrically oscillating fin, this jet does 
not travel to the –x side of the tank, as the symmetric one does, which can be seen by 
considering the change from image pair (e) back to (a) and is also shown in the NACA fin 
velocity plot, Figure 91. 
The positive vortices generated by the fins were not as easily identified as the negative vortices 
owing to the shadow created by the fin.  However, Figure 92 shows evidence of the positive 
vorticity generated by the BIO fin, in particular in panels (c) and (e) for the symmetrically 
oscillating BIO fin and panels (a) and (d) for the asymmetrically oscillating fin.  The positive 
vortices generated by the NACA fin oscillating symmetrically seemed less coherent than their 
BIO fin counterparts, with only panel (e) of Figure 93 showing a concentrated area of positive 
vorticity.  Oscillating asymmetrically, the NACA fin produced more distinct positive vortices 
and these can be seen in panels (a) – (c) of Figure 93. 
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3.2. Wake characteristics at f = 4·0 Hz 
The symmetrically oscillating BIO fin provoked a large amount of fluid movement in the wake, 
with most of the viewed area moving at more than 0·10 m/s, Figure 94, on page 214.  Peak 
values of velocity in the flow were higher than at the lower frequency (v = 0·70 m/s compared to 
0·64 m/s at the lower frequency) and more of the analysed area was at moving at a higher 
velocity.  The higher wake velocities meant that the wake area took a triangular form with most 
movement directly behind the fin.  The asymmetric oscillation of the fin caused a similar 
triangular shape to the wake but areas of high velocity were less widespread, with 
approximately half the area of the symmetric case moving at speeds above 0·20 m/s, Figure 94, 
although peak velocity was not affected. 
Wake velocities behind the NACA fin were much lower than those behind the NACA fin at the 
lower frequency and behind the BIO fin at either frequency.  Figure 94 shows that only one 
quarter of the analysed area had a water velocity of 0·20 m/s or higher, for both symmetric and 
asymmetric oscillations.  Interestingly, both the symmetric and asymmetric oscillations 
produced an angled wake, with more water movement on the +x side of the analysed area than 
on the –x side. 
The number of DPIV image captured per experiment was constant so even though 1 s of footage 
was taken, this meant that at f = 4·0 Hz four oscillations were available for scrutiny. 
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Figure 94 – Snapshot of flow velocity plots taken from the DPIV analysis of the BIO fin (top) 
and the NACA fin (bottom) oscillating symmetrically (left) and asymmetrically (right) at 
f = 4·0 Hz.  The shadow area of the fin has been covered by a grey rectangle.  Symmetric 
oscillations of the BIO fin produced a symmetric wake but symmetric oscillations  of the 
NACA fin, and asymmetric oscillations of both fins, caused the wake to travel 
predominantly to one side. 
Figure 95 shows the series of image pairs from the DPIV analysis behind the BIO fin at 
f = 4·0 Hz for both the symmetric and the asymmetric kinematics.  At this frequency, the vortex 
generation, shedding and movement were qualitatively similar for both the symmetric and the 
asymmetric oscillations.   
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The sequence of images shown in Figure 95 starts with the BIO fin trailing edge crossing the 
centreline, moving anticlockwise.  At this point in the stroke, negative (clockwise) vortices had 
been generated by both symmetric and asymmetric oscillations, and these are clearly defined in 
Figure 95 (a).  The negative vortex generated by the symmetrically oscillating fin dissipated 
more rapidly than the negative vortex in the asymmetric case, the former having disappeared 
by panel (d), whereas the latter is detectable in all five panels of Figure 95.  The negative vortex 
was further from the symmetrically oscillating fin trailing edge than it was from the 
asymmetrically oscillating fin trailing edge, shown in panel (b).  This resulted in a larger area of 
fast moving fluid just downstream of the trailing edge in the symmetric case compared to the 
asymmetric case, panel (c). 
Coherent positive vortices were difficult to identify however, the creation of a positive vortex 
can be seen in panels (c) – (e) of Figure 95, behind both the symmetric and asymmetric 
oscillations. 
Figure 96 shows the vorticity plots for the NACA fin at f = 4·0 Hz and it is clear that they are 
very different to those of the BIO fin at the same frequency.  The vortex generation and 
shedding patterns for the NACA fin at f = 4·0 Hz were similar between the two asymmetry 
values and were also consistent over several oscillations of the fins.  As far as the positive 
vortices could be identified, for example in Figure 96 (d), they seemed to be smaller than the 
negative vortices for the asymmetrically oscillating NACA fin.   
The vortices shed from the NACA fin at f = 4·0 Hz travelled a short distance downstream 
(~50 mm) before dissipating.  The separation of the vortices in the x­direction was smaller than 
their separation at the f = 1·5 Hz.   
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Figure 95 – Evolution of negative vortex on BIO fin oscillating symmetrically (top) and asymmetrically (bottom).  Overlaid fin midlines are from the 
kinematics analysis (see Chapter VI).  The shadow side of the images was masked with a grey rectangle in picture editing software to render images 
clearer.  The size and direction of the small black arrows indicates the local velocity vectors.  The white arrows describe the flow features, with dotted 
lines indicating a dissipating vortex, and are sized to facilitate interpretation.  Video frame axes are in mm. 
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Figure 96 – Evolution of negative vortex on NACA fin oscillating symmetrically (top) and asymmetrically (bottom).  Overlaid fin midlines are from the 
kinematics analysis (see Chapter VI).  The shadow side of the images was masked with a grey rectangle in picture editing software to render images 
clearer.  The size and direction of the small black arrows indicates the local velocity vectors.  The white arrows describe the flow features, with dotted 
lines indicating a dissipating vortex, and are sized to facilitate interpretation.  Video frame axes are in mm. 
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3.3. Circulation 
It was reported in Chapter II that the circulation strength of the vortices in the wake can be calculated 
as the surface integral of the vorticity.  This can be simplified so that the product of the vortex area 
and its vorticity estimate its circulation strength.  Using this approach, the circulation strengths of the 
negative (clockwise rotating) vortices in Figure 92, Figure 93, Figure 95 and Figure 96 were found, 
given in Table 12.  Also shown in Table 12 are the trailing edge circulation values based on the 
motion of the trailing edge of the fins after the method given by Schnipper et al. (2009), which was 
presented in Chapter VI.   
Table 12 – Circulation strength for the negative vortices presented in the vorticity plots of Figure 
92, Figure 93, Figure 95 and Figure 96, with the panel indicated in parentheses.  Calculation of 
circulation is based on the assumption that all vortices present had uniform vorticity, , within 
the area that was equal to –50 rad/s.  Only vortices with one coherent region of this level of 
vorticity were included in the calculation.  Circulation data from the kinematics experiments are 
based on the approximation of trailing edge vortex circulation given by Schnipper et al. (2009). 
Fin  f [Hz]  A [%]  








 50  10·4 x 10­3 (a)  6·3 x 10­3  3·6 x 10­3
 15  13·7 x 10­3 (a)  9·3 x 10­3  4·6 x 10­3
 4·0 
 50  11·3 x 10­3 (a)  4·5 x 10­3  5·3 x 10­3
 15  9·4 x 10­3 (a)  3·9 x 10­3  3·8 x 10­3
NACA 
 1·5 
 50  9·4 x 10­3 (d)  5·7 x 10­3  5·8 x 10­3
 15  9·4 x 10­3 (d)  5·4 x 10­3  4·3 x 10­3
 4·0 
 50  7·7 x 10­3 (e)  2·3 x 10­3  1·4 x 10­3
 15  10·1 x 10­3 (e)  1·7 x 10­3  1·8 x 10­3
The kinematics of the trailing edge were used to compare the trailing edge vortex circulation from 
subsequent shed vortices and to compare the total circulation resulting from the symmetric and 
asymmetric oscillations.  This was because the positive (anticlockwise rotating) vortices were not 
coherent in the DPIV analysis results. 
3.3.a Half-stroke circulation ratio 
The circulation produced on each half­stroke (defined as the movement from the extent of trailing 
edge excursion in one direction to the other extent) of the symmetrically oscillating fins was 
approximately the same.  For the fins oscillating asymmetrically, the circulation at the low 
frequencies was higher on the fast stroke than the slow stroke but this was less apparent as the 
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frequency increased.  Figure 97 shows how the circulation ratio, that is the ratio of the circulation on 
the anticlockwise (fast) stroke to that on the clockwise (slow) stroke, varied with frequency and 
amplitude for the fins.  The amplitude did not seem to affect the circulation ratio, except at the lowest 
frequency, but frequency had an effect: both on the noise and on the circulation ratio for the 
asymmetrically oscillating fins. 
Figure 97 – Ratio of fast to slow stroke circulation for the BIO fin (left) and NACA fin (right), for 
symmetric (A = 50%) and asymmetric kinematics (A = 15%).  Circulation ratio describes how much 
larger the circulation on the anticlockwise (ACW) half­stroke was than on the clockwise (CW) 
stroke.  For the asymmetric oscillations, the ACW stroke was the fast stroke.  Circulation from 
each half­stroke was calculated using the approximation proposed by Schnipper et al. (2009), 
which used the trailing edge velocity.  For the asymmetric oscillations at f = 0·5 Hz, the separation 
of the data was linked to the amplitude, as indicated.   
3.3.b Full-stroke circulation ratio 
To compare the effects of asymmetry, the circulation over a full oscillation was calculated and 
compared for the symmetric and asymmetric oscillations.  The total circulation was calculated as the 
sum of the circulations from each half­stroke.  At low frequency, the total circulation was higher after 
an asymmetric oscillation than after a symmetric one, as shown in Figure 98, which shows the ratio 
of total circulation from the asymmetric oscillation to the total circulation from the symmetric stroke 
for both fins at all frequencies and amplitudes.   
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Figure 98 – Ratio of total circulation for the BIO fin (left) and NACA fin (right). Circulation ratio 
describes how much larger the total circulation from the asymmetric oscillation (A = 15%) was 
compared to that of the symmetric oscillation (A = 50%).  Total circulation was calculated as the 
sum of the circulation resulting from two consecutive half­strokes based on the approximation 
proposed by Schnipper et al. (2009) that used the trailing edge velocity.  For f = 0·5 Hz, the 
separation of the data was linked to the amplitude, as indicated.  Potential outliers resulting from 
bad or missing trailing edge data are marked and fin kinematics are discussed in Chapter VI.   
4. DISCUSSION
The velocity and vorticity data presented here have shown that asymmetric­in­time oscillations 
produced wakes that were asymmetric­in­space at f = 1·5 Hz.  Behind both fins, the negative 
(clockwise) vortices were large and in most cases it was these vortices that moved to the other side of 
the wake to create an angled flow.   
The DPIV undertaken was not intended to allow the quantification of the wake beyond the simplest 
measures, and so was used to explore the conclusions drawn from the results of other Chapters.   
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4.1. Unsteady Kutta condition 
In the vorticity plots of Figure 92 and Figure 95, the arrows marking the principal flow direction 
corresponded well to the trailing edge angle for the BIO fin oscillating symmetrically, but not for all 
cases when oscillating asymmetrically.  For example, for the BIO fin oscillating asymmetrically at 
f = 1·5 Hz (Figure 92 subplots (b) and (d), lower row), the trailing edge of the fin is at a different angle 
to the local flow.  Of course, the synchronisation of the midlines and the DPIV data were only 
approximate but the difference was quite large.  This disagreement may indicate a violation of the 
Kutta condition for the unsteady asymmetric case.  In Figure 92 (b), which shows a fast half­stroke, 
the fluid angle is lower than the fin trailing edge angle, however, in Figure 92 (d), the fluid angle is 
larger than that of the trailing edge.  Referring to the unsteady plots of Chapter IV (Figure 34 and 
Figure 35), the asymmetric force trace of the BIO fin is more open than the symmetric one was – 
which may indicate the alignment of the force vector with the thrust axis on the fast half­stroke 
(lower fluid angle).  It is not possible to determine the effect on the time­averaged forces due to this 
deviation, since it is not possible to distinguish between the effects of the asymmetry and the effects 
of a trailing edge/fluid angle discrepancy. 
4.2. Characteristics of the shed vortices 
The vorticity plots, presented in Figure 92, Figure 93, Figure 95 and Figure 96, along with the 
animations of the vorticity fields through time (see accompanying DVD), showed distinct vortices 
being generated by the trailing edge of the fins.   
The set­up of the experiment made positive vortices difficult to visualise; the orientation of the laser 
in relation to the fin and to the camera was such that one side of the fin was always in shadow.  
Furthermore, one oscillation or one second of footage was taken, whichever was larger, meaning that 
generally the DPIV data contained only one vortex shedding per side at the lower frequency.  
Despite these set­backs, the size and strength of the vortices from consecutive half­strokes can be 
compared by using a combination of the results from the kinematics experiments and the DPIV 
experiments. 
C H A P T E R  V I I  
 222
4.2.a Relative size of vortices from consecutive half-strokes 
Behind each fin, a strong negative vortex (≥50 rad/s) was apparent at the end of the clockwise (slow) 
half­stroke, for both frequencies.  The size and location of this negative vortex, both in the wake and 
in relation to the fin trailing edge, varied between fins and between the two frequencies presented.  
Using the approximation that the circulation strength of a vortex is the product of its size and 
average vorticity, the circulation strength of the vortices was computed, Table 12.  At f  = 1·5 Hz, the 
BIO fin seemed to produce larger and more coherent vortices than the NACA fin did, which was 
supported by the results given in Table 12.  At f = 4·0 Hz, the vortices were less coherent and the size 
of the negative vortex, and therefore the estimated circulation strength, varied, as shown in Figure 95 
and Figure 96 
A coherent image of the positive vortex in the wake was very difficult to discern from the DPIV 
analysis owing to the shadow in the laser light caused by the fin itself.  This made a comparison 
between the size and strength of the vortices from consecutive half strokes difficult.   
The only case to show a discernible, though qualitative, difference in the sizes of the negative vortices 
behind the symmetrically and asymmetrically oscillating fins, is that of the BIO fin oscillating at 
f = 1·5 Hz.  At this frequency, the vortex that is visible in panels (a), (b) and (c) of Figure 92 was 
bigger behind the asymmetrically oscillating fin, which is expected since the half­stroke that created 
the vortex was slower, allowing more time for the vortex to grow.  The negative vortex appeared 
more pervasive in the asymmetric case because the panels are presented based on the movement of 
the trailing edge of the fin rather than by time.  For the other combinations of frequency and fin, 
there is nothing in Figure 93, Figure 95 and Figure 96 to suggest that the vortex was a different size 
behind the fins oscillating symmetrically or asymmetrically. 
Ahlborn et al. (1991) estimated the radius of a vortex core in their model to be r = amplitude/2, but 
with a substantial amount of water outside this vortex core, up to the radius equivalent to the 
amplitude of the fish tail movement.  For a rigid fin oscillating asymmetrically, in particular if the fin 
forms part of a simulation, there would be no difference in amplitude compared to a symmetrically 
oscillating fin.  However, Xiao and Liao (2009) found that vortices shed at the end of the slower half­
stroke were bigger than those shed at the end of the faster half­stroke.  This suggests that the size of a 
vortex is not just affected by the amplitude of the fin excursion.  Wang (2000) cites two timescales for 
optimal propulsion, one of which is related to the trailing edge vortex growth time.  Thus the vortex 
shed at the end of the slower half­stroke of a rigid fin may have been larger because it had time to 
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grow and so the relative size of consecutive vortices will be related to the amount of asymmetry in 
the stroke.   
The vortices created during the faster half­stroke should have had higher circulation but the vortices 
shed at the end of the slower­half stroke were found to be larger, implying that they had lower 
vorticity.  This highlights a shortcoming of the DPIV experiments reported in this Chapter: there was 
no perceived difference in the vorticity of the trailing edge vortices.  To get a better estimate of the 
circulation, the vorticity would need to be better quantified, perhaps by assuming a particular 
vorticity distribution within the vortex (rather than the uniform distribution assumed for the 
calculation reported in Table 12). 
To circumvent this problem, the relative circulations of consecutively shed vortices from symmetric 
and asymmetric oscillations were compared.  The vortex circulation calculated from the trailing edge 
kinematics was of the same order of magnitude at f = 1·5 Hz as that calculated from the DPIV 
analysis.  However, at f = 4·0 Hz, there was less agreement between the two methods, Table 12.  The 
circulation calculated from the trailing edge kinematics was more conservative and, owing to the 
approximate nature of the calculation of circulation based on the DPIV vorticity plots, was thought to 
better represent the wake created quantitatively.  As a result, the kinematics experiments’ data were 
used to calculate the circulation ratios. 
4.2.b Measures of circulation ratio 
The results of the half­stroke circulation analysis, which calculated the ratio of anticlockwise to 
clockwise circulation, Figure 97, are clear.  From this ratio, it can be seen that the symmetrically 
oscillating fins always produced vortices with the same magnitude circulation on each half­stroke.  
For the asymmetrically oscillating fins, there was a clear dependence on the frequency of oscillation, 
with a small effect coming from the amplitude at the lowest frequency of the parameter space.  At the 
highest frequency in the parameter space, the half­stroke circulation ratio for the NACA fin exhibited 
significant noise, which was caused by missing trailing edge sections in the image analysis program.  
The data used in the kinematics experiments covered 1·1 oscillation cycles, so the lower the 
frequency, the more trailing edge position data existed, which made the position data filtering more 
robust (see Chapter VI for details of the filtering). 
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The separation of the data according to the amplitude, where the greater the amplitude, the greater 
the half­stroke circulation ratio, occurred for both fins oscillating asymmetrically at f = 0·5 Hz but was 
more pronounced for the NACA fin.  The separation was caused by the low amplitude, low 
frequency oscillations not provoking enough movement of the trailing edge to make successive half­
strokes as different as they should have been, an effect which reduced as the amplitude increased.  
This relationship may have existed at other frequencies but it was not possible to distinguish trends 
from noise in the data.   
The reduction in the half­stroke circulation ratio as the frequency increased may have been caused by 
the flexibility of the fin.  As the frequency increased, the lag between the shaft and the trailing edge 
kinematics became larger and the amount of asymmetry propagated to the trailing edge was 
reduced.  It is interesting that the drop in half­stroke circulation ratio happened more rapidly for the 
NACA fin than for the BIO fin, despite the NACA fin being more consistent in its stiffness profile 
along its length, which would imply a greater fidelity of kinematics at the trailing edge.  It seems 
from these results (and those of the previous Chapters) that the NACA fin was more sensitive to its 
resonant mode than the BIO fin was.   
The half­stroke circulation ratio relationships, shown in Figure 97, do not imply a relationship 
between the full­stroke circulation from the asymmetric and symmetric strokes.  Figure 99 
demonstrates how the relative values of circulation can change the total circulation ratio, without 
modifying the relationship between the half­strokes.   
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Figure 99 – A difference in the half­stroke circulation ratio (ratio of the absolute value of 
circulation from subsequent trailing edge vortices) does not imply a difference in the full­stroke 
circulation ratio (ratio of circulation from asymmetric oscillation to that of symmetric oscillation).  
Panel (a) shows an example of an asymmetrically oscillating fin, (b) and (c) a symmetrically 
oscillating fin with two different circulation strengths.  Comparing the asymmetric with each of 
the symmetric cases gives two different full stroke circulation ratios. 
There were similarities between the half­stroke circulation ratio and the full­stroke circulation ratio.  
Figure 98 showed that when the frequency was low, both fins produced higher trailing edge 
circulation when oscillating asymmetrically than symmetrically.  At the lowest frequency of 
oscillation, there was a weak relationship between the full stroke circulation ratio and the amplitude 
for both fins, but in contrast to the half­stroke circulation ratio, the larger the amplitude, the lower 
the circulation ratio.  As the frequency increased, each fin had a slightly different response.  The BIO 
fin’s circulation ratio decreased and remained somewhere between 0·7 and 1·1.  The NACA fin’s 
circulation ratio appeared to drop more quickly below zero but then seemed to increase again in the 
range f = 2·0 Hz – 4·0 Hz, and again showed a weak negative relationship with the amplitude.  At the 
two highest frequencies, the circulation ratio of the NACA fin showed a separation of the data, and 
some data were highlighted in Figure 98 as possible outliers caused by the bad capture of the fin 
outline in the image analysis.  However, these data obeyed the direction of the trend of the amplitude 
separation: the lower the amplitude, the greater the circulation ratio. 
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The full­stroke circulation ratio acts as a measure of the asymmetry since it compares the trailing 
edge velocity profiles of the symmetric and asymmetric oscillations.  Because circulation was 
positively correlated with resultant force at a given frequency (see Chapter VI for details), the 
expectation is that at f = 0·5 Hz, there should have been a difference in the resultant force magnitude 
from symmetric and asymmetric oscillations, since Figure 98 showed a full­stroke­circulation ratio 
greater than one.  Chapter IV showed that there was a difference for both fins and that the 
asymmetric oscillations produced the larger resultant force.  However, Figure 98 also indicated that 
the lower the amplitude, the greater the circulation ratio at f = 0·5 Hz.  This implies that at f = 0·5 Hz, 
the lower the amplitude, the greater the difference in the resultant force produced by the symmetric 
and asymmetric oscillations, which is the opposite of the relationship reported in Chapter IV. 
Because the fin trailing edge moved a greater distance when the shaft amplitude was larger, a 
position error of 2 mm for example, would have had less effect on the trailing edge velocity than at a 
lower amplitude and so the accuracy of the circulation calculation would have improved.  However, 
position error of the trailing edge marker in the kinematics analysis would fall both ways: that there 
was a distinct trend to the relationship between the circulation ratio and the amplitude points to a 
physical cause rather than error.   
At the highest frequency tested, there was a weak negative relationship between full­stroke 
circulation ratio of the NACA fin and amplitude, and no difference was marked between the 
resultant force of the symmetric and asymmetric oscillations at this point (see Chapter IV for details).  
The common factor between the low amplitude, low frequency case on both fins and the low 
amplitude, high frequency case on the NACA fin, was that the trailing edge amplitude in each case 
was low (lowest trailing edge excursion recorded was 6·4 mm).  This implies that there may be a 
physical threshold under which the difference in circulation produced at the trailing edge makes no 
difference to the amount of resultant force produced.  This may be because the amount of water 
entrained in the trailing edge vortex was too small to be useful (low added mass) or that the 
circulation was too low allowing the vortex to dissipate too quickly rather than advecting 
momentum down the wake. 
The question posed in the Introduction about whether the vortices on each half­stroke would have 
measurably different circulations has been addressed in part by the DPIV analysis but principally it 
has been answered by the kinematics of the trailing edge.  With a more quantitative approach to the 
DPIV, perhaps with multiple laser­light sheets to avoid shadows, it should be possible to determine 
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how accurate the estimation of circulation based on the trailing edge velocity was.  If the DPIV 
analysis were of sufficient quality to accurately measure the circulation strength of vortices in the 
wake, the half­stroke circulation ratio could be used as a quantifier of asymmetry in the kinematics.  
This would be useful to determine when a fish might be deliberately generating corrective swimming 
forces with its tail. 
With asymmetric kinematics, one would expect the full­stroke circulation ratio to have a value 
greater than one, but it was affected by the frequency of oscillation.  The decrease of the fins’ 
circulation ratios in the frequency range f = 0·5 Hz – 2·0 Hz indicates that the asymmetry introduced 
at the shaft created less asymmetry at the trailing edge, or, since the full­stroke circulation ratio fell 
below one, that the asymmetry was not properly communicated to the trailing edge.  Owing to the 
flexibility of the fins, the fin body acted as a low­pass filter, so that the trailing edge kinematics only 
retained the lower frequencies in the spectrum (which is shown in the fast Fourier transforms given 
in the Appendix).  By implementing signal analysis techniques to analyse the input and trailing edge 
kinematics of multiple oscillation cycles, it may be possible to construct a “black­box” model that 
represents each of the fins.  Thus with new input kinematics, it may be possible to predict the trailing 
edge kinematics, which were shown in Chapter VI to be relatable to the resultant force magnitude.  
Furthermore, since the half­stroke circulation ratio can be calculated from the trailing edge 
kinematics, and since the half­stroke circulation ratio is linked to the resultant force angle, with 
further refinement of the black­box model, it may be possible to predict the resultant force angle as 
well. 
The rise of the NACA fin’s full­stroke circulation ratio at the higher frequencies suggests that the 
NACA fin might be capable of moving into another resonant mode, which was first suggested by 
Riggs (2010) who investigated the thrust produced by the NACA fin oscillating symmetrically at 
frequencies up to f = 5·0 Hz.  By contrast, the BIO fin’s full­stroke circulation ratio may have 
increased at the higher frequencies but this was indistinguishable from the noise in the data.  By 
improving the image analysis and by capturing more oscillation cycles, the measurement of the 
circulation would be greatly improved allowing the proper investigation of how the circulation ratio 
changes with the frequency. 
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4.2.c Cross-stream movement of vortices 
The velocity plots of the fins oscillating asymmetrically at f = 1·5 Hz, shown in Figure 91, indicate that 
the wake travelled predominantly to the right­hand side – the side on which the faster half­strokes 
ended.  The negative trailing edge vortices, which were produced at the end of the slower half­
stroke, were apparent on the left­hand side of the fins’ centrelines as shown in the lower images in 
panel (a) of Figure 92 and in panel (d) of Figure 93.  These vortices were shed to the left of the 
centreline, Figure 92 (c) and Figure 93 (e), but the low­pressure suction region behind the fin pulled 
them along causing them to travel to the right­hand side of the wake: this is shown clearly in the 
lower images of panels (a) – (c) of Figure 93. 
At f = 4·0 Hz, the wake velocities of the BIO fin oscillating symmetrically and asymmetrically were 
different, Figure 94, but the lack of wake coherence, Figure 95, made it difficult to detect any cross­
stream movement of the vortices.  The vorticity videos, available on the accompanying DVD, show 
that it was unlikely that the negative vortices generated by the asymmetrically oscillating fins crossed 
the centreline.  The wakes of the NACA fin oscillating symmetrically and asymmetrically at f = 4·0 Hz 
were both directed at the right­hand side of the centreline, Figure 94.  As a result of examining the 
vorticity videos, it appears that the negative vortices created by the NACA fin, oscillating both 
symmetrically and asymmetrically, travelled to the right­hand side of the tank, although this was 
more pronounced for the asymmetric oscillations. 
As noted in the Introduction, the cross­steam travel of vortices from asymmetric fin oscillations is not 
limited to flexible fins.  Xiao and Liao (2009) observed this phenomenon with a simulation of a rigid 
pitching NACA0012.  From personal observation, induced flow along the body of the BIO fin had a 
speed proportional to the oscillation speed: so that in the coordinate system used here, water moving 
along the left­hand side of the fin accelerated towards the trailing edge as the fin effected an 
anticlockwise rotation and decelerated as the fin completed the return stroke.  It follows, then, that 
the fast stroke of the asymmetric oscillations induced greater flow along the body.  The difference in 
the section form of the BIO and the NACA fins may have created a difference in how the flow 
progressed along the fin body.  Since the BIO fin was narrower than the NACA in the area from the 
centre of the fin to the trailing edge, it was less stiff and rearward sections showed greater excursions 
for the same input kinematics, as demonstrated in Chapter VI.  Larger excursions at the same 
frequency mean that rearward sections of the BIO fin would be moving faster than the NACA 
sections, and so induced flow at the trailing edge may have been faster on the BIO fin than on the 
NACA fin. 
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Since the fin was travelling faster when effecting the anticlockwise portion of the asymmetric stroke 
than when effecting any other stroke, the bend on the fin was larger, as shown in Figure 92 and 
Figure 93.  The faster movement also caused a bend of the fin around the chord of the fin, causing the 
cupping of the fin.  As the fin rotated, water behind the fin would have moved to the position that 
was previously occupied by the fin, normal to the local fin surface.  This means that the greater the 
bend on the fin, the larger the chordwise component of the local velocity behind the fin, as shown in 
Figure 100, which would have encouraged the suction zone.   
Because a fin’s shape and mechanical properties will affect the pressure distribution around the fin 
body, these properties can be optimised to encourage or discourage low­pressure suction regions, 
which can cause the cross­stream movement of the vortices.  This could allow the physical properties 
of a fin to be customised to achieve the greatest resultant force angle during asymmetric oscillations, 
thereby creating a propulsion system with efficient turning capabilities. 
Figure 100 – Water movement induced by the oscillation of a fin will be perpendicular to the 
local movement of the fin.  If the fin were flexible, as in (b), the bend created on the fin as it 
oscillates would induce water movement with a larger chordwise component than a rigid fin 
(a) would have done. 
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If the faster movement of the fins oscillating asymmetrically encouraged faster flow along the body 
of the fins and caused the high­velocity, low pressure suction region behind the trailing edge that 
pulled the negative vortices across, then some questions arise.  First, why did this no longer happen 
to the BIO fin at f = 4·0 Hz and secondly, what happened to the NACA fin oscillating symmetrically 
at f = 4·0 Hz?  For the BIO fin, it may simply have been that the high frequency allowed the trailing 
edge to return to impede the negative vortex before it had moved too far cross stream.   
For the NACA fin oscillating symmetrically, for which there was a consistent bias to the wake there 
are multiple possibilities.  The first is that the fin had an asymmetry to it that encouraged flow to one 
side.  After thousands of asymmetric oscillations, typically all asymmetric in the same direction, the 
fin showed evidence that it had been plastically deformed, albeit very slightly (the trailing edge was 
deflected less than 1 mm away from the centreline).  A bend of the fin in this direction, i.e. the form 
shown by the fin in Figure 96 (a), would likely have caused wake asymmetry in the direction 
opposite to the one shown in Figure 94.   
The second possibility is that the equipment was misaligned.  The raw DPIV images revealed that in 
some cases the laser, camera and tank were not in perfect alignment, which introduced a discrepancy 
of up to 3° between the camera frame and the edge of the laser sheet.  It is unknown whether this was 
due to the misalignment of the camera or the laser with respect to the tank, or possibly both.  This 
discrepancy is small compared to the angle of the wake shown in Figure 94, however, so whilst it 
may have contributed to the wake bias, it was not the sole cause.  It was suggested in Chapters III 
and IV that since the unsteady force traces of both fins at f = 4·0 Hz were rotated in the thrust­lateral 
force space, the first movement of the fin may have set up an asymmetry in the servo motor 
alignment.  
The final possibility is more interesting since it is not caused by an error: under certain conditions, 
symmetrically pitching fins produce asymmetric wakes (Heathcote and Gursul, 2007b; von 
Ellenrieder and Pothos, 2008; Godoy­Diana et al., 2009).  The asymmetric wakes occur when the 
reduced frequency, k, which is related to the Strouhal number, and the heave amplitude (if 
applicable) are increased past critical values (Platzer et al., 2008).  It seems that past this threshold, the 
recently shed vortices influence the ones that are being shed and pull them to one side (Platzer et al., 
2008).  The initial movement of the fin determines to which side the vortices move (Jones et al., 1996; 
Heathcote et al., 2008; Godoy­Diana et al., 2009).  Since the initial movement of the fin was always 
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anticlockwise, the first pair of vortices would have created a mean flow to the right­hand side, which 
is the direction of the wake in Figure 94. 
Asymmetric wakes, like those discussed above, show that a fin has created a non­zero mean lateral 
force component (Godoy­Diana et al., 2009).  The results of Chapter IV show that the resultant force 
angle of the NACA fin oscillating symmetrically at f = 4·0 Hz was only 2°, which was smaller than 
that of the BIO fin under the same condition, and was much smaller than the angle of the wake 
presented in Figure 94.  Thus until further evidence is gathered, the most likely cause of the wake 
bias is an asymmetry in the set­up of the servo motor.   
4.3. Time-averaged wake characteristics 
It is generally accepted in the literature (see Chapter II for details) that the Strouhal number for 
flapping fins and foils can use twice the heave amplitude or the trailing edge excursion (for heaving 
and pitching motions) as a proxy variable for the wake width.  This approximation has been used for 
rigid fins, e.g. Triantafyllou et al. (1993) and for flexible fins, e.g. Ferreira de Sousa and Allen (2011).  
In Chapter VI, I suggested that even after a change in the vibration mode, the trailing edge excursion 
of the fins used in this work would approximate the wake width, so that at f = 4·0 Hz, the wake 
would be narrower than at f = 1·5 Hz. 
From the symmetric oscillations wake patterns of the fins at f = 1·5 Hz, shown in Figure 92 and Figure 
93, the negative vortices were shed at approximately –45 mm.  If we assume that the wake was 
symmetric under these conditions, then its width was ~90 mm.  The corresponding trailing edge 
excursion was 60 mm for the BIO fin and 56 mm for the NACA fin. 
By contrast, at the higher frequency, shown in Figure 95 and Figure 96, the negative vortex appeared 
to shed at approximately –25 mm, implying a wake width of ~50 mm for the BIO fin.  The recorded 
trailing edge excursion was 27 mm.  At this frequency, the NACA fin wake was not symmetric, 
which is obvious from the wake velocity plot, Figure 94. 
This indicates that the width of the wake was somewhere between 1·5 and 2 times the trailing edge 
excursion, which is apparent when the position of the fin trailing edge is considered in the velocity 
plots.  The discrepancy arises from three factors.  First, the position of the fin in relation to the DPIV 
frame is approximate, so the exact shedding point is difficult to determine.  Secondly, the wake is 
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assumed to be symmetric about the centreline, which was not always the case.  Finally, and perhaps 
more importantly, the vortices in the wake did not have a constant horizontal spacing as they 
translated away from the fin.  This is shown in the velocity plot of Figure 91 as the chevron­like 
shape of the wake and was owing to the fact that without an external flow, the vortices moved in the 
direction in which they were shed.   
At f = 1·5 Hz, the asymmetric oscillations of both fins produced a larger resultant force than the 
symmetric oscillations did.  At f = 4·0 Hz, this relationship was inverted for the BIO fin: at that 
frequency, the symmetric oscillations produced a larger resultant force.  The results of Chapter IV 
also indicated that the BIO fin produced a much larger resultant force than the NACA fin did at 
f = 4·0 Hz. 
The peak wake velocity did not appear to be strongly related to the resultant force magnitude.  
Figure 91, which shows typical wake velocity plots for both fins at f = 1·5 Hz, shows that the peak 
velocity achieved with both symmetric and asymmetric oscillations was the same (~0·65 – 0·75 m/s).  
At f = 4·0 Hz, the peak velocities were not dissimilar between the plots, as shown in Figure 94.   
The striking difference between the BIO and the NACA plots at f = 4·0 Hz, Figure 94, is the area of the 
wake that is moving at a particular velocity.  For the BIO fin, the area moving at least 0·20 m/s behind 
the fin oscillating asymmetrically was approximately half the area behind the fin oscillating 
symmetrically.  For the NACA fin, oscillating both symmetrically and asymmetrically, this area had 
reduced to one quarter.  This demonstrates that the resultant force magnitude is correlated with the 
amount of water moving and the velocity at which it moves, i.e. its momentum, rather than the peak 
velocity as was hypothesized in the Introduction.  Expressed in terms of Newton’s laws of motion, 
the forces produced by the fins are proportional to the rate of change of momentum in the wake, 
which was formulated by Lighthill (1960) so that the momentum transfer rate could be calculated 
from the trailing edge kinematics of a fish tail.   
In order to increase the magnitude of the forces created, there are three approaches: increase the mass 
of water affected, impart a larger velocity to the water or do so more quickly.  Since three 
dimensional effects are significant with fins that have a span to chord ratio of one (Godoy­Diana et 
al., 2009), there will have been large portions of the actual wake created, in which the water had 
substantial momentum, that were ignored by only looking at the wake in the plane of symmetry.   
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The limitations of this method (assuming a two­dimensional case in a three­dimensional flow), are 
numerous but only have negative consequences if one is unaware of them.  For example, using the 
two­dimensional flow field as a way to estimate the total momentum transfer in the wake will result 
in a sizeable underestimate, since the water entrained in the vortical structures shed from the upper 
and lower edges of the fin will not be dominated by that shed from the trailing edge.  Thus total 
momentum transfer in the wake is badly described by the two­dimensional flow field.  In addition, 
the presence of the vortical structures on the upper and lower surface of the fins would also have 
increased the power consumption of the fins as wing tip vortices induce significant drag. 
Since the circulation of the vortices created by the upper and lower surfaces of the fins are opposite 
in direction, only the cross­stream components of the velocity in the wake will be affected, typically 
overestimated.  Thus the lateral force recorded will be affected not only by the movements of the 
trailing edge and of the body of the fin but also by the water moved in the vortices on the upper and 
lower surface.  This means that the link between the fin kinematics and the instantaneous forces 
produced may be too simplistic (and would change for infinitely long fins).   
Despite these shortcomings, a comparison of the velocity plots in Figure 91 and in Figure 94, shows 
that where a difference in the resultant force existed, there was definitely a change in the mass of the 
water affected.  By contrast, there was no apparent difference in the magnitude of the velocity 
imparted to the wake.  It may be that a detailed wake velocity analysis will reveal differences in the 
average wake velocity behind the fins. 
By using asymmetry in the stroke, the fins had a higher rate of shedding momentum into the wake 
on one half­stroke, and a lower rate on the other half­stroke.  At the lower frequencies of the 
parameter space, this was associated with larger resultant force and at the highest frequency 
(f = 4·0 Hz), this was associated with lower resultant force for the BIO fin.  At the highest frequency, 
the amount of asymmetry that the servo motor could produce was reduced.  Fast Fourier transforms 
of the input kinematics (available in the Appendix) showed that the shaft movements were still 
asymmetric, but this may not have been communicated to the trailing edge.  The kinematics 
experiments of Chapter VI showed that the trailing edge excursion of the BIO fin at f = 4·0 Hz was 
lower when oscillating asymmetrically (25·4 mm compared to 27·7 mm when oscillating 
symmetrically) and Figure 94 shows that less of the wake was agitated behind the asymmetrically 
oscillating BIO fin. 
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In Chapter VI, the normalised circulation, G, was defined as the trailing edge circulation divided by 
the trailing edge excursion.  The normalised circulation had a parabolic relationship with the 
resultant force magnitude that was valid for both symmetric and asymmetric oscillations of both fins.  
The wake momentum and the normalised circulation are related parameters, both being a measure of 
the wake movement.   
In order to maximise the resultant force magnitude, the momentum in the wake or the normalised 
circulation can be maximised.  An increase of the trailing edge excursion would cause the trailing 
edge velocity to increase and hence normalised circulation to rise.  In terms of the momentum, an 
increase in the trailing edge excursion would increase the added mass, thereby increasing the 
resultant force.  The trailing edge excursion can be maximised in a number of ways: by increasing the 
input amplitude, by oscillating only at the resonant frequencies of the fin or by increasing the 
flexibility of the fin, in particular at the trailing edge.  However, the trailing edge vortices were 
shown to create an expanding wake because there was no external flow imposed, and so the 
efficiency of advecting momentum into the wake would decrease with larger trailing edge 
excursions. 
Alternatively, the fin could be oscillated faster, which would increase the normalised circulation and 
would increase the rate at which momentum is shed into the wake, and so increase the resultant 
force.  However, the effect that the oscillation frequency has on the vibration mode of a particular fin 
may preclude this as a strategy.  The NACA fin produced lower resultant force at f = 4·0 Hz than at 
f = 2·0 Hz owing to the reduced trailing edge excursion, a by­product of the vibration mode.   
5. SUMMARY AND CONCLUSIONS 
This Chapter has shown the differences between the wakes of the two fins by using DPIV as a wake 
visualisation tool.  The goal was to validate the results presented in the preceding Chapters and to 
determine whether the wakes behind flexible fins corroborate the findings of research on rigid fins. 
Two frequencies were selected from the parameter space at which to compare the wakes behind the 
BIO and NACA fins oscillating symmetrically and asymmetrically.  At f = 1·5 Hz, the angle of the 
wake was non­zero, echoing the results of Chapter IV in which the resultant force angle was also 
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non­zero.  Chapter IV showed that as the frequency increased, the resultant force angle, , of the fins 
oscillating with asymmetry of A = 15%, decreased until it became approximately zero at f = 2·0 Hz for 
both fins.  The half­stroke circulation ratio of both fins also decreased as the frequency increased, as 
shown in Figure 97.   
The creation of a wake at a particular angle was caused by the movement of shed vortices in the 
wake owing to a low­pressure suction region created behind the trailing edge.  The cross­stream 
movement of vortices was reported in the literature for simulations of asymmetrically oscillating 
rigid fins, which suggests that much of the literature on rigid fins may be directly applicable to 
flexible fins too.  The movement of the vortices further demonstrates that they can be manipulated by 
altering the conditions around an oscillating fin.  This suggests that effects like this can be exploited 
to create favourable flow conditions at the trailing edge, either by altering the fin kinematics or by 
modifying the fin’s physical properties. 
At f = 4·0 Hz the wakes behind the BIO and NACA fin were very different and Chapter IV showed 
that the forces created by each fin at this frequency were also very different.  The wake behind the 
NACA fin showed far less water movement than behind the BIO fin, oscillating either symmetrically 
or asymmetrically.  The wake can be characterised in two ways: by using the normalised circulation 
(as introduced in Chapter VI), which relies on the kinematics, and by considering the rate of 
imparting momentum to the wake.  The maximisation of the resultant force can then be related, via 
these two parameters, to increases in the trailing edge excursion and frequency of oscillation within 
certain limits. 
The questions that have been left open by this Chapter show the need for fluid flow investigations 
around the whole of the fin and for more quantitative wake studies.  These will allow correlative 
relationships to be defined, for example between resultant force angle and half­stroke circulation 
ratio. 
Summary of the main findings  
 Slower strokes generate bigger but not stronger vortices 
 Asymmetric­in­time oscillations of flexible fins produce: 
 Vortices of different circulation strengths, the faster half­stroke producing higher 
circulation though this effect decreased with increasing frequency 
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 Larger total circulation than symmetric oscillations, this also decreased with increasing 
frequency 
 Wakes not aligned with the centreline at lower frequencies 
 Wake direction coincides with end of fast stroke 
 Low­pressure suction region pulls vortex generated during slower half­stroke 
across wake 
 Indicates a net lateral force exists 
 Wakes aligned with the centreline at high frequencies 
 Asymmetry has less effect on the creation/influence of this suction region as the general 
driving frequency increases 
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Chapter	VIII	-	Conclusions	&	Further	work
his thesis examined the asymmetric­in­time oscillations of two flexible rubber fin shapes.  The 
resultant force magnitude and direction were found and compared throughout a large 
parameter space in which the frequency, amplitude and degree of asymmetry were varied.  For a 
subset of the parameter space, the unsteady forces were considered which allowed a model of how 
the fins’ kinematics related to the forces produced.  The model proposed that thrust was best 
described by the movement of the trailing edge whereas lateral force was best described by the 
motion of the fin body, which I believe to be a novel description of fin dynamics.  The relationship 
between the trailing edge kinematics and the magnitude of the resultant force was quantified and 
parameters were introduced to allow predictions of the resultant force under given conditions.  Some 
of these parameters corroborated those found in fish swimming literature and so were shown to be 
valid for uniquely passive fins as well.  The wake behind the fins was examined and was shown to 
share characteristics with the wakes found behind asymmetrically oscillating rigid foils, a 
comparison that had not been made before.  To my knowledge only two other research groups have 
considered the asymmetric­in­time kinematics used throughout this work: Koochesfahani (1989), 
who only considered the wake patterns produced by his rigid fin and Xiao and Liao (2009) whose 
numerical simulations on rigid fins were published after I started this work.   
1. METHODS OF RESEARCH AND MAIN FINDINGS
At the beginning of the thesis, the swimming motions of different species of rays were considered.  
Some of the larger, more oscillatory, rays were shown to use asymmetry­in­time when they 
propelled themselves more quickly.  This led to a survey of the available literature to determine how 
oscillating foils, moving both symmetrically and asymmetrically, generate thrust and what wake 
structures they create.  The main finding of this was that whilst the reverse Kármán street represents 
optimum motion, the wake structure behind a fin oscillating asymmetrically­in­time deviates from 
T
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this: vortices generated during and shed at the end of the fast half­stroke are stronger and the slower 
half­stroke vortices may move cross­stream.  The relative timing of the elements of the stroke and the 
surrounding fluid speed are important factors in the wake structure and force generation 
performance.  Flexibility can increase thrust and efficiency but this must be tuned to the kinematics.  
From these observations, the hypotheses given below were created and the structure of the thesis 
followed the order of the hypotheses. 
1. Asymmetric­in­time oscillations of a flexible fin produce larger resultant force 
magnitudes than symmetric oscillations do 
This was shown in Chapter IV to be true for both fins at the lower frequency end of 
the parameter space.  At the higher frequency end of the parameter space, the 
opposite was true for the BIO fin with no reported difference for the NACA fin.   
2. Power consumption of asymmetric kinematics is larger than that of symmetric kinematics, 
but that asymmetry may still produce favourable force efficiency (force/power) 
The asymmetric oscillations did use more power than the symmetric oscillations did, 
so the above statement was shown to be true (Chapter V),  however at the high 
frequency end of the parameter space, where the BIO fin produced more resultant 
force oscillating symmetrically, it also used more power.  It was proposed that owing 
to the fins’ flexibility they used less power when oscillating asymmetrically than 
rigid fins would.  The force efficiency was either higher for the symmetric 
oscillations (even if asymmetric oscillations produced larger resultant force) or there 
was no difference, so the second part of hypothesis #2 is false. 
3. Difference between forces produced by symmetric and asymmetric oscillation can be 
linked to the trailing edge kinematics in a quantifiable way 
This was shown in Chapter VI to be true and the number of useful kinematics 
variables available to researchers was large.  Indeed the kinematics variables covered 
different levels of sophistication and so should benefit engineers and biologists alike.
4. Wake patterns resulting from asymmetric kinematics will show a bias to one side of the 
fin centreline and vortex sizes will be unequal 
The wake patterns were shown in Chapter VII to be biased to the side on which the 
fast stroke ended although with some dependence on the frequency, so statement 
number #4 can be said to be true under certain conditions.  It was not possible to 
image the positive vortices reliably using the DPIV as set­up for this thesis, but there 
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was evidence that the vortices resulting from the slower half­strokes were larger, 
though not necessarily stronger. 
Chapter III concerned the experimental set up of the tank and the force sensor rig, highlighting 
factors that affected the fidelity of the experimental results.  Touching the tank or the rig during an 
experiment was found to greatly affect the results, as was the overloading of the sensors.  The tank 
was deemed suitable for the experiments to be undertaken, with no reported tank effects.   
The force experiments, detailed in Chapter IV, provided evidence in favour of a difference between 
the force production between symmetric and asymmetric kinematics.  Because the principal 
hypothesis was that asymmetric oscillations produced greater resultant force, the results of the force 
experiments were presented first.   
The fins were oscillated at each frequency and amplitude in the parameter space, using one 
symmetric and three asymmetric waveforms, and experiments were repeated to give six data sets.  
The unsteady and the steady­state (time averaged) forces were both examined. 
In the unsteady state, the traces in the thrust­lateral force space resulting from symmetric and 
asymmetric oscillations were very different.  At f = 1·5 Hz, the lateral force component from the most 
asymmetric oscillations was much larger on the faster half­stroke, and much smaller on the slower 
half­stroke, than for the symmetric kinematics.  Furthermore, the force traces indicated that more 
thrust was produced on one half­stroke than the other for the asymmetric oscillations.  At f = 4·0 Hz, 
the BIO force traces were very similar in size and shape but those from the NACA fin were quite 
different even though no difference was found in the resultant force magnitudes produced by the 
NACA fin at this point in the parameter space. 
In the steady state, the fins behaved differently to each other, as was found by Riggs (2010), and they 
also responded differently to asymmetry.  Both fins produced a larger resultant force magnitude at 
lower frequencies, which was attributable to a rise in both thrust and lateral force components.  At 
the higher frequencies, only the BIO fin showed statistically significant differences, however, at this 
point in the parameter space asymmetric oscillations produced lower resultant force than the 
symmetric oscillations did, and this was due to the difference only in the thrust component. 
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The angle of the resultant force was shown to be non­zero for the asymmetric oscillations, with more 
asymmetry giving a larger value.  However, this effect decreased with increasing frequency so that at 
f = 4·0 Hz, the angle of the resultant force from the BIO fin oscillating most asymmetrically was no 
different to that resulting from the symmetric oscillations of the BIO fin. 
The power to the fin was measured with a custom­made torque sensor, which I designed to be retro­
fitted to the existing equipment.  The same protocol was used as during the force experiments, giving 
four data sets for the BIO fin and five for the NACA fin.  Owing to the increase in the speed on the 
faster half­stroke, the theory dictated that the asymmetric oscillations should have used more power.  
This was shown to be true, although changes in the form drag and in the mass moment of inertia due 
to the flexibility of the fins meant that they used less power when oscillating asymmetrically than 
rigid fins would have done. 
In terms of force efficiency, the amount each newton cost in watts, it was concluded that increasing 
frequency and increasing amplitude both decrease the value of the force efficiency.  By examining the 
ratio of rms thrust to rms lateral force, it was revealed that as the frequency and amplitude increased, 
more lateral force was produced per unit of thrust, decreasing the efficiency.  When the effect of 
asymmetry is considered, along with the trends from the force production Chapter, several outcomes 
are possible.  In the low frequency high amplitude region, force production may be increased at a 
cost of the efficiency on both the BIO and the NACA fins by increasing the asymmetry.  At high 
frequency and high amplitude, increasing asymmetry will decrease the total force produced (only for 
the BIO fin) but does not seem to harm the efficiency.  Elsewhere in the parameter space, an increase 
in the asymmetry will adversely affect the efficiency with no difference the force produced. 
The analysis of the kinematics was also conducted in still water, but in a clear­walled tank to allow 
the fins to be filmed.  Image analysis was done for the symmetric and most asymmetric oscillations 
for all values of input kinematics in the parameter space for 110% of a full oscillation cycle.  The 
kinematics of the trailing edge were quantified and linked to the resultant force magnitude results 
from Chapter IV. 
Some of the parameters investigated showed a relationship with the force that was dependent on the 
frequency of oscillation, such as the trailing edge excursion, and others were frequency independent, 
such as the velocity of the trailing edge.  The normalised circulation, G, was proposed as a parameter 
that could be correlated with resultant force magnitude independently of frequency, amplitude and 
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fin type, since all this information was encoded into the calculation of the normalised circulation.  
This was further simplified, following the example that Wu (1977) used for estimating the thrust 
produced by swimming fish, to a parameter Cxii that depended on the frequency and trailing edge 
excursion.  The relationship between C and the resultant force magnitude was found to be linear, 
simple to calculate and, despite expectations, independent of the fin type.  Some fish are known to be 
able to actively move their tails throughout fin beat cycles and so my experiments demonstrated that 
this approach was applicable to passive trailing edge kinematics as well. 
The final results chapter, Chapter VII, considered the wake patterns behind the two fins.  The 
experiments were conducted in the same clear­walled tank as the kinematics experiments.  The fins 
were oscillated using the symmetric and most asymmetric kinematics at one input amplitude 
( = 16°) and at two frequencies (f = 1·5 Hz and f = 4·0 Hz) for one second of oscillation time.  Digital 
particle image velocimetry, DPIV, was used to visualise the wake and to quantify its general features.  
Since the vortices that were generated in the shadow of the fin could not be visualised, results 
pertaining to the circulation of the vortices produced by each half­stroke, which were generated by 
the kinematics experiments, were presented. 
From the combination of the wake visualisation and the half­stroke circulation data it was found that 
the faster half­strokes of the asymmetric oscillations produced higher circulation, though this 
decreased with increasing frequency.  At f = 1·5 Hz, the vortices generated during the slower half­
stroke were seen to move across the wake owing to a suction region created behind the fin as it 
effected its faster half­stroke, corroborating the findings of Xiao and Liao (2009).  It was hypothesised 
that the flexibility of the fins, in particular of the BIO fin, encouraged the development of this suction 
region.  The suction region caused the vortices shed at the end of the slower half­stroke to move 
across the centreline and create a general angular bias to the wake, opposite in direction to the 
resultant force.  Both symmetric and asymmetric oscillations of the NACA fin at f = 4·0 Hz produced 
a wake at an angle to the centreline although this was most likely caused by an idiosyncrasy in the 
servo motor set­up.  At f = 4·0 Hz, no cross­stream movement of the vortices was seen in the wake 
behind the BIO fin, which was attributed to the trailing edge effecting the return stroke quickly 
enough that the vortices did not have time to move across the centreline.   
xii Perhaps for “Collins number” 
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2. IMPACT OF THE FINDINGS
What has been shown in this thesis is that whilst the resultant force magnitude and direction are 
comparable for much of the parameter space, the unsteady forces are quite different as a move is 
made from symmetric to asymmetric­in­time kinematics.  This can be exploited by both animals and 
artificial craft alike. 
2.1. Asymmetrically oscillating fins and ray swimming 
The original inspiration for this work was the asymmetric­in­time wing beat of cownose rays 
associated with faster forward swimming.  If we take the fins as analogues for the wings of a ray, it is 
difficult to translate the two­dimensional effects examined here into the three­dimensional 
movement of the ray wings.  The first option is to assume the fin pitches about an axis parallel to the 
medial­lateral axis of the fish body, shown in Figure 101 (a).  This would result in the steady state 
force vector pointing rostrally (towards the nose of the fish), which at first seems like a good idea.  In 
reality this would only work if the body axes of the fish did not rotate themselves and for that the 
body needs to be much more massive than the water moved by the fins.  For a manta ray, the plan 
surface area can be divided into three almost equal parts: two wings and a body, so this scenario is 
an unlikely one for the fish.  For a submersible craft however, this arrangement of pitching fins is not 
only suitable but has been shown to work in the real world, e.g. (Kemp et al., 2003). 
C O N C L U S I O N S  & F U R T H E R  W O R K
243 
Figure 101 – The asymmetric oscillation of manta ray wings can be modelled in two ways by my 
oscillating foils: either by pitching about an axis parallel with the medial­lateral axis of the ray, 
the x­axis, as shown in (a), or by rotating about an axis parallel to the rostro­caudal axis (y­axis), as 
in (b).  The choice of model affects in which direction the resultant force vector points, though in 
reality the movement of ray wings is probably a combination of both scenarios. 
The second option is to assume that the fin shaft takes the place of the shoulder joint.  The rotation of 
our “wing” is then more like that of a real ray.  However, with two wings on both sides and a 
resultant force that is along the line of the chord, this would create two opposing forces which on the 
fish are along the medial­lateral axis pointing towards the body.  This arrangement may still work to 
provide forwards motion though.  On the fast upstroke, the unsteady forces are large and mainly on 
the ventral side of the animal.  Since the components in the medial­lateral direction of the animal 
cancel out, then the resultant force on the body is “downwards”.  Now, if the point of application of 
the force is not at the centre of mass, a moment is created which rotates the body.  Heine (1992) 
hypothesised that this was the case with cownose rays: that the movements of the wings served to 
pitch the body which was the main propulsor.  The faster of the two strokes and the musculature 
responsible for that movement are linked – Heine (1992) also showed that the dorsal muscles of 
cownose rays are heavier than the ventral muscles, implying that asymmetry is usually biased 
towards a faster upstroke.  From his results and using my own observations of manta rays (described 
in Chapter I), a ray body pitches in antiphase with the wings.  Heine’s data suggest that asymmetric 
pitching of the cownose ray wings is transmitted to the asymmetric pitching of the body.  This 
suggests that if the wings pitch faster on the upstroke, the body pitches faster on the downstroke 
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meaning the resultant force vector is directed rostrally (towards the nose) and dorsally (towards the 
back of the animal, which for a ray is “up”). 
Since rays are slightly negatively buoyant, an asymmetric wing beat, in which the wings pitch fast 
up, causing the body to pitch down fast, would allow the animal to create a steady­state force that 
opposed its weight and propelled it forward.  Thus despite the two­dimensional limitations of my 
results, they support the conclusions made by Heine (1992) about the mechanisms for ray swimming.  
It may be possible to provide further evidence for the body­as­the­propulsor hypothesis by 
conducting flow visualisation in the sagittal plane behind a swimming ray and examining the wake 
structure. 
2.2. Applications to submersibles 
In this work, the resultant force was chosen as the principal dependent variable, rather than thrust.  
Resultant force was chosen because it represents the largest magnitude force created by the system 
not a component of it.  By oscillating about an axis at an angle to the direction of motion, the 
resultant force angle could be reduced to zero and the largest force be used.  It was found in Chapter 
IV that the angle of the resultant force produced by oscillations at f = 2·0 Hz and under was non­zero 
if the kinematics were asymmetric.  These angles were largely unaffected by the amplitude of the 
stroke and reduced as the frequency increased, so that for the BIO fin, the resultant force angle was 
approximately zero at f = 4·0 Hz. 
That the angle of the resultant force operates in two distinct modes on the flexible fins is not only 
interesting, it is a useful and novel phenomenon that can be exploited by underwater propulsion 
systems.  Using oscillating fins for propulsion there are a few options for steering.  First, active 
structures used only for direction control, such as rudders and dive planes, can be used to change the 
balance of forces on a craft such that a turning motion is created and this can be a modification of the 
hydrodynamics or a change in the mass moment of inertia.  If using more than one propulsive unit, 
the force generated by each can be tuned to create a turning force, as with caterpillar tracks moving 
at different speeds.  Finally, the angle of the oscillation can be changed so that the resultant force 
angle is the desired direction of travel.  If it is not possible to change the angle about which the fin 
oscillates, then asymmetry­in­time can be used to alter the direction of travel.  The advantage to this 
approach is that two degrees of freedom can be controlled with a single motor with time as the other 
control variable, although the trade­off in this case is power consumption.  Chapter V found that the 
power needed to effect an asymmetric movement was higher compared with that needed for 
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symmetric oscillations, although lower than if a rigid fin were used.  A further advantage to this 
system is that no modification to the physicality of the system need be made (if running with a servo 
motor) and that one can choose to use asymmetry or not, the propulsion is not dependent on it.  This 
highlights another potential use: as a back­up system if conventional steering methods have failed. 
With more than one propulsor on a craft, it can be shown that using the asymmetrical modes of 
oscillation can create mutiple degrees of freedom.  By combining different kinematics, even two 
propulsors can give some pitch, some roll manoeuvrability and yaw, without changing the axis 
about which the fins oscillate.  This creates a manoeuvrable craft with only two propulsors. 
3. DIRECTIONS FOR FURTHER WORK
In this body of work, I have looked at the differences between symmetric and asymmetric­in­time 
oscillations of flexible fins (force and power experiments), and I have conducted experiments to find 
out why there are differences (kinematics and wake visualisation experiments).  From the 
conclusions drawn in each Chapter, and which are summarised in Section 1, there are subsequent 
research questions that come to mind, either to fortify the arguments made as part of this thesis or to 
advance the knowledge concerning asymmetry­in­time. 
3.1. Addressing limitations of the experiments 
The experiments presented in this thesis were hampered somewhat by noisy data and by the general 
problems that accompany empirical research.  Changing the experiments or some of the steps 
involved might have allowed the results to be more reliable and might have highlighted more 
differences between the behaviour of asymmetrically and symmetrically oscillating foils. 
A significant improvement could be made to the experimental design if the experiments could be 
conducted concurrently.  This was not possible for the work presented here since it was not possible 
to image the fins in the tank in which the force experiments were conducted and the clear­walled 
tank that was used for filming the fin was too small for wall effects not to interfere with the results of 
the force experiments.  By conducting the experiments concurrently, specific events in the unsteady 
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force traces could be linked to kinematics events, which could then be identified in the wake 
patterns.  This would allow a much more detailed examination of the unsteady force traces, which 
would assist in determining how asymmetric­in­time oscillations could be integrated into a working 
propulsion system. 
There are improvements that could be implemented to make the results of the kinematics 
experiments more reliable.  In Chapter VI, the kinematics experimental data were limited to 110% of 
an oscillation cycle.  Whilst this was often enough to determine relationships between the resultant 
force magnitude and the trailing edge kinematics, the paucity of the data meant that any missing 
pixels in the image analysis created large disturbances in the trailing edge kinematics.  This was 
overcome by filtering the trailing edge position data but more oscillation cycles would have 
improved the reliability of the measurements and would have given a measure of how repeatable the 
trailing edge kinematics were using the current equipment.  In addition, it would have been 
interesting to look at the spectra of the trailing edge kinematics (by doing FFTs) in order to see how 
much of the kinematics was filtered by the flexible body of the fins and this would only have been 
possible with more data, e.g. at least ten oscillations. 
The wake visualisation could also have been improved with more oscillation cycles; it was reported 
in Chapter VII that the DPIV data were limited to one second of recording, which was enough for 
150% or 400% of an oscillation cycle at the frequencies chosen.  By increasing the number of 
oscillations recorded, typical behaviour could have been established with more confidence.   
Another limitation of the DPIV was the fact that the vortices on one side of the fin were not visible 
owing to the shadow caused by the fin itself.  This is a common problem in DPIV and can be 
addressed by either having the laser light sheet entering the tank from another direction (and 
repeating the experiments) or by creating an additional light sheet.  Since a recommendation has 
already been to conduct as many experiments as possible concurrently, then creating an additional 
light sheet would be more useful.   
The DPIV was deliberately conducted in two­dimensions: a slice through the wake in the plane of 
symmetry of the fins, even though with a fin aspect ratio of one, three­dimensional effects were likely 
to be important.  It would be interesting to examine the wake structures in three dimensions, perhaps 
using dye injection as a first approach.  It has been shown, e.g. by von Ellenrieder et al. (2003), that 
vorticity is shed from all sides of a low aspect ratio fin and it would be interesting to see how the 
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vorticity that develops on the ends of the fin varied between symmetric and asymmetric kinematics 
and also how the flexibility affected the development of any horseshoe vortices created. 
3.2. Using models to predict trailing edge kinematics 
The results of Chapter VI, the kinematics experiments, showed that several of the trailing edge 
kinematics variables correlated with the resultant force magnitude, thus if the kinematics of the 
trailing edge can be reliably predicted, a good estimation of the resultant force can be made using the 
methods given in Chapter VI.  I propose two methods that could be investigated in order to predict 
the trailing edge kinematics.   
In Chapter VII it was proposed that a “black box” model could be made to represent the fins.  This 
model would analyse the input and output kinematics and using signal processing techniques and 
control systems theory to determine the transfer function that represented each fin.  This method 
would be simple to implement but the model may struggle with extrapolating out of the current 
parameter space – which would be its principal aim.  The main difficulty would be extrapolating the 
form of the input kinematics: how does one extrapolate from a waveform?  One way is to increase 
the asymmetry, either by increasing the asymmetry value or by adding more harmonics to the 
spectrum, depending on how the wave is represented in the model.  This may also work to turn the 
sawtooth, which is what the asymmetric tends to, into a triangle wave, but in each case, the model 
would have to start at a sine wave and add harmonics until the new wave had been achieved.  Each 
new type of wave would have to be characterised limiting the usefulness of the black box model. 
This approach could also be extended to include the servo motor in the chain of events so that an 
estimation of the added mass of the system could be found.  In Chapter IV, the maximum speed of 
the servo motor in an unloaded state was shown to be lower than the demands placed on it by the 
most asymmetric kinematics with certain frequency and amplitude values.  Given that the fin 
operating in the water represents a loaded condition, it was thought that more combinations of A, f
and  would be out of the range of the servo motor.  The difference between the true amplitude and 
the demand amplitude was a symptom of this problem: as the frequency increased and the servo 
motor demand speed was higher, and the discrepancy grew.  By creating a model of the servo motor 
and examining the output under different demand conditions, it may be possible to characterise the 
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servo motor response.  This in turn may lead to an estimation of the loading of the motor, hence an 
estimation of the added mass of water affecting the system. 
A more sophisticated representation of the fin could be made using a mass­spring­damper model in 
order to solve the equations of motion for the fin kinematics.  This was attempted as a side­project to 
the experimental work presented in this thesis but was not completed. 
The model would consist of a series of rigid elements, each connected by a spring and a damper, 
with the first element made to oscillate.  The spring and damping coefficients at each element would 
have to be estimated, as would the mass and moment of inertia of each section.  Since the model 
would represent the dynamics underwater, the influence of the water would have to be built in to the 
model, thus the mass of each section would have to include the added mass of the water.  The spring 
and damping coefficients could either be calculated from the material properties or by using the 
black box model of the fin, described above, to allow the model to solve for these parameters.  If the 
coefficients were estimated from the kinematics, it may then not be valid to predict the fin kinematics 
from the model without further verification. 
3.3. Expanding the parameter space 
In his thesis, Riggs (2010) hypothesised that the flexible NACA fins he used had another resonant 
mode that fell outside of his parameter space.  I chose my parameter space as a subset of the one used 
by Riggs (2010) because the range of frequencies used by the inspiring ray species was adequately 
covered and so that the maximum degree of asymmetry would not overload the force sensors.   
In Chapter VII, the different ways to increase the rate of momentum shedding were discussed, and so 
from an engineering point of view, it may be more interesting to investigate the higher frequency 
modes.  Increasing the amplitude would have limited success because there is a physical limit to the 
maximum useful angle of oscillation: as the amplitude increases, so do the lateral force components, 
which will cancel in the steady­state, thus reducing the efficiency. 
The parameter space may also be extended by considering different input kinematics.  One change 
that was easy to make, still using asymmetry, was to change the order of the quarter­periods of the 
stroke, so that the fast periods of the stroke were from the centreline to the maximum excursion or 
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vice versa.  This was the subject of a refereed conference paper: Collins et al. (2011) and a copy is 
available in the Supplementary Material on the accompanying DVD. 
Since the original inspiring animals of this work were the large oscillatory rays, a fin was cast that 
recreated the gross form of a ray and was referred to as the biomorphic fin.  The biomorphic fin was 
designed from data available relating to a lesser devil ray fin and is shown in Figure 102.  The fin was 
cast with three rods in the fin and these rods exited the end of the fin (root chord) and terminated in 
brass collars.  The collars were attached to the shaft by means of grub screws.  Each collar could be 
tightened to the shaft or left free to rotate.  To rigidly fix the entire fin to the shaft, all three collars 
were tightened; to allow waves to propagate along the fin, only the collar at the leading edge was 
tightened.  The length of the stiffening rods was set to follow the presumed curve of the body where 
the tissue was thought to be stiffer based on personal observation of manta ray swimming. 
The rig was used to test the biomorphic fin in the same manner as the other flexible fins but owing to 
the larger mass of the fin, the force sensors overloaded frequently.  As a consequence, there were 
only four kinematic combinations in the parameter space (out of a possible 64) for which all four 
asymmetries were not overloaded.  For this reason the biomorphic fin was excluded from the main 
thesis.   
Figure 102 – The biomorphic fin was tapered in two directions: chordwise with NACA profiles 
and spanwise with smaller chord widths.  The relative positioning of the chord profiles that make 
up the fin is taken from a lesser devil ray (Mobula hypostoma, Bancroft, 1831) data.  The stiffening 
rods can be fixed to the shaft or left free to rotate and are shown of equal length, though in 
practice the two outside rods were shorter than shown. 
Similarly, it was noted in Chapter IV that a rigid fin was cast to compare with the flexible fins, and 
some of the rigid fin experimental data are given in the Supplementary Material.  However, in the 
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unsteady state the rigid fin tended to overload the force rig, despite it being smaller than the flexible 
fins.   
There are three directions in which experiments with these fins can be taken.  The first is to redesign 
the rig to make it less sensitive to the unsteady forces.  The second option is to use the rig but without 
the force bed, examining the kinematics of the fins and the wake structures.  The third direction is to 
test the fins on one of the robotic craft that exist in the research group. 
3.4. Comparisons with the literature 
In Chapter VII it was shown that the wakes behind the fins when oscillating asymmetrically were 
similar to numerical simulations of the wakes behind rigid fins oscillating asymmetrically­in­time.  
This suggests that much of the rigid fin literature is applicable to the flexible case.  The experiments 
with flexible foils could be refined in order to make comparisons with other flapping fin experiments 
easier. 
The most obvious modification would be to conduct the experiments in a flow tunnel rather than a 
static tank.  Ignoring the difficulties associated with flow tanks (wall effects, being sure of laminar 
flow etc.), experimentation in a moving fluid brings many advantages.  First, more information about 
the functioning of the system is available.  The Strouhal number is a useful classifier of oscillating 
foils’ performance but requires a measure of the surrounding flow speed.  Whilst a flow existed 
around the fins in the static tank, it was not practical to measure it.  With a calibrated flow tunnel, 
this information is available.   
A flow tunnel can also be used to determine the real swimming speed of a craft using the fins as 
propulsors as suggested by Riggs (2010) and performed by McHenry et al. (1995).  By adjusting the 
flow speed of the tank so that the force produced by the fin is zero, the point at which thrust and 
drag are equal in magnitude is reached.  Thus for given kinematics, the swimming speed can be 
estimated empirically.  It would be interesting to determine the link between the kinematics and the 
drag they cause in a flow, as this may allow an estimation of swimming speed from static tank tests, 
which are easier to set up. 
With a flow in the surrounding fluid, I suspect that any differences between symmetric and 
asymmetric kinematics may be easier to detect (or they may only exist in this regime).  This may be 
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because with the extra energy in the fluid due to the flow, the resulting vortices have more energy 
and so any differences are effectively amplified.  This may be why numerical simulations of 
asymmetrically oscillating foils find a clear difference in force magnitude but my experiments were 
sensitive to frequency and amplitude. 
4. ORIGINAL CONTRIBUTION OF THE THESIS
In this body of work, I have provided evidence that unsteady and time­averaged forces resulting 
from asymmetric­in­time oscillations of flexible fins differ from those produced by symmetrically 
oscillating fins.  Depending on the input kinematics, both the resultant force magnitude and direction 
were altered.  I have demonstrated that flexible fins use more power when oscillating asymmetrically 
than symmetrically and provided evidence that asymmetric oscillations of flexible fins use less 
power than if the fins were rigid.  In addition, I have explored the trailing edge kinematics 
parameters and found that many of these are correlated with resultant force magnitude, sometimes 
independently of fin stiffness profile.  Furthermore, I have visualised the wake patterns and 
concluded that, under certain conditions, the wakes behind asymmetrically oscillating flexible fins 
are qualitatively similar to those behind asymmetrically oscillating rigid fins. 
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Appendix	
